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PREFACE 


TO 

^  THE    SECOND    EDITION. 

r 


1  HE  character  of  Infinitesimal  Calculus  as  a  pro- 
gressive  science  has  been  so  well  sustained  during 
the  last  few  years,  that  in  preparing  for  the  press 
this  second  edition  of  my  first  volume  I  have  found 
it  necessary  to  make  more  alterations  than  might 
otherwise  have  been  desirable.  In  Great  Britain,  no 
less  than  in  other  parts  of  the  world,  and  especially 
in  Germany  and  France,  have  the  boundaries  of  our 
science  been  advanced:  new  methods  and  new  pro- 
cesses have  been  devised,  new  theorems  have  been 
discovered,  and  to  new  forms  of  subject-matter  the 
principles  of  the  Calculus  have  been  applied.  Every 
one  who  has  watched  the  progress  of  the  science  will 
hardly  need  to  be  told  of  Sir  W.  R.  Hamilton,  Cayley, 
Boole,  Donkin,  Spottiswoode,  Sylvester,  Salmon,  Har- 
greave,  any  more  than  of  Jacobi,  Dirichlet,  Joachim- 
sthal,  Hesse,  Plucker,  Steiner,  Sturm,  Liouville.  To 
all  these  in  their  several  degrees  is  due  the  credit  of 
having  brought  the  subject  to  a  state  of  perfection 
never  heretofore  attained;  and  a  treatise  pretending 
to  be  didactic  and  educational  would  ill  deserve  those 
epithets  if  the  discoveries  of  such  eminent  mathe- 
maticians were  not  noticed  in  it. 
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The  character  of  my  treatise  is,  as  heretofore,  ele- 
mentary. I  have  endeavom^ed  to  explain  as  clearly 
as  possible  the  language,  the  symbols,  the  first  pro- 
cesses of  Infinitesimal  Calculus ;  and  with  the  object 
of  presenting  the  principles  in  a  form  less  repulsive 
than  is  usual  with  English  writers  many  illustra- 
tions are  introduced  which  may  at  first  sight  appear 
foreign  to  the  subject ;  yet  they  are  not  so ;  for  the 
thoughtful  reader  will  detect  in  these  applications  ab- 
stract conceptions  which  are  fundamental  in  the  Cal- 
culus. And  he  will  also  see  that  though  he  may  have 
been  ignorant  of  the  nomenclature  of  the  science,  yet 
that  neither  the  idea  nor  the  apparatus  of  it  is  entirely 
new  to  him.  Throughout  the  Treatise,  and  especially 
in  the  early  part  of  it,  examples  are  inserted  to  give 
the  student  an  aptness  in  applying  general  rules  to 
particular  cases,  as  well  as  to  aid  him  in  the  detection 
of  universal  principles  lying  under  particular  exam- 
ples. The  Treatise  also  includes  the  higher  parts  of 
the  science,  because  it  is  intended  for  the  use  of  the 
most  advanced  students  in  our  universities ;  and  thus 
in  many  parts  theorems  are  introduced  which  are 
close  upon  the  boundaries  of  our  knowledge. 

The  matter  was  first  delivered  orally  in  lecture, 
and  subsequently  written ;  whence  has  arisen  the 
colloquial  style;  and  which  it  has  been  thought  ex- 
pedient to  retain,  under  the  conviction  that  it  invests 
a  book  with  a  personal  and  living  character  more 
akin  to  the  explanations  of  a  speaking  teacher,  and 
thereby  infuses  life  into  what  might  be  otherwise  dry 
text;  and  in  some  few  passages  wherein  disputed 
questions  are  discussed,  objections  are  stated  aa  if 
urged  by  an  opponent. 
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I  do  not  care  to  claim  any  originality  as  to  the 
matter  of  the  Treatise ;  it  is  enough  for  me  if  I  have 
been  able  to  state  the  principles  of  our  science  with 
perspicuity,  and  to  arrange  its  several  parts  in  such 
order  as  to  remove  difficulties  which  I  venture  to 
think  are  not  necessarily  connected  with  the  subject. 
The  sources  whence  the  matter  is  derived  are  various, 
and  for  the  most  part  foreign ;  all  cannot  be  specified, 
and  probably  I  am  indebted  to  others  for  more  than 
I  am  aware  of;  every  book,  and  perhaps  every  sen- 
tence and  every  conversation,  may  leave  an  impress 
which,  unconsciously  to  himself,  modifies  an  author's 
opinions.  Almost  all  which  has  been  taken  from 
other  sources,  and  is  not  specially  acknowledged,  has 
been  so  long  known  and  commented  on,  as  to  have 
become  pnblici  juris ;  Euler,  Lagrange,  Lacroix,  Pea- 
cock, Monge,  Dupin,  it  is  quite  unnecessary  to  men- 
tion ;  a  few  names  occur  in  the  foot-  and  other  notes. 
I  am  however  under  especial  obligation  to  M.  Cauchy 
in  his  various  treatises  and  memoirs,  to  his  Bedacteur 
M.  TAbb^  Moigno ;  to  M.  Navier ;  to  the  late  Mr.  D.  F. 
Gregory ;  to  Professor  De  Morgan,  the  author  of  the 
treatise  published  by  the  Society  for  the  Difftzsion  of 
Useftd  Knowledge ;  to  Professor  Donkin ;  to  Mr.  W. 
Spottiswoode,  M.  A. ;  both  of  the  University  of  Oxford, 
and  from  whom  I  have  received  valuable  assistance 
and  advice  in  many  parts  of  the  Treatise :  and  gene- 
rally too  to  the  Journals  of  Liouville  and  Crelle,  mines 
of  precious  materials  to  the  mathematical  student. 

The  process  of  assimilating  a  body  of  matter  so 
large,  and  of  such  diverse  origin,  as  that  of  Infi- 
nitesimal Calculus,  is  necessarily  long;  and  in  the 
course  of  it  the  question  arises,  under  what  principle 
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is  all  to  be  harmonized  ?  the  parts  are  seemingly  dis- 
sonant, what  renders  them  consistent?  "whence  is 
the  string  obtained  on  which  the  pearls  are  to  be 
hung?" 

An  inquiry  of  this  kind  is  far  too  large  to  be 
answered  within  the  limits  of  a  preface,  but  some 
few  remarks  are  necessary  for  a  due  understanding 
of  our  method. 

Infinitesimal  Calculus,  both  in  its  pure  and  applied 
forms,  whether  of  Geometry  or  of  Mechanics,  is  a 
branch  of  the  science  of  Number ;  its  symbols  are  of 
the  same  kind,  and  are  operated  on  according  to  the 
same  laws ;  they  are  applied  subject  to  the  same  con- 
ditions, are  interpreted  on  the  same  principle,  and 
lead  to  analogous  results.  What  then  is  its  specific 
characteristic  ?  In  the  parts  of  the  science  of  Number 
which  are  supposed  to  have  been  previously  studied, 
viz.  in  Arithmetic  and  Algebra  (as  it  is  called),  num- 
bers are  finite  and  discontinuous;  but  Number  also 
admits  of  being  continuous;  that  is,  is  capable  of 
gradual  growth  and  of  infinitesimal  increase.  Number 
under  this  aspect  is  what  Infinitesimal  Calculus  con- 
templates :  and  investigates  the  new  properties  of  it, 
the  new  symbols  required  to  express  them,  and  the 
new  laws  to  which  they  are  subject;  it  has  thus  to 
create  its  own  materials,  and  these  materials  are  in- 
finitesimals. 

The  method  therefore  has  been  at  first  to  unfold 
those  properties  of  Number  which  are  necessary  to 
the  construction  of  the  science  of  infinitesimals ;  and 
then  so  to  describe  continuous  Niunber  and  the  in- 
finitesimal elements  of  its  growth,  in  their  essential 
qualities,  as  to  be  able  to  enunciate  certain  axiomatic 
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properties  of  them,  from  which  the  Calculus  may  be 
evolved.  These  are  stated  in  seven  Theorems  in 
Art.  9 ;  of  which  perhaps  the  most  important  is  Theo- 
rem VI,  presenting  the  character  of  infinitesimals  in 
their  broadest  view,  viz.  that  they  are  such  that  a 
finite  number  of  them  has  no  value  at  all  when  added 
to  a  finite  quantity.  These  Theorems  are  the  ulti- 
mate propositions  of  the  science:  from  them  the 
other  truths  are  inferred,  and  on  them  does  the  cor- 
rectness of  the  processes  depend.  In  order  to  the 
subsequent  use  of  the  advantage  in  the  way  of  in- 
ference possessed  by  algebraical  symbols,  we  express 
them  in  mathematical  language,  and  then  proceed  to 
deduce  the  consequences  with  which  they  are  preg- 
nant ;  and  this  deductive  process  is  continued  through 
the  Treatise.  In  the  course  of  it  however,  and  espe- 
cially in  the  applied  parts,  the  subject-matter  be- 
comes enlarged,  new  relations  are  introduced,  and 
new  names  are  required;  thus  definitions  become 
necessary,  and  these  are  so  constructed  as  to  contain 
in  germ  the  substance  of  the  Articles  dependent  on 
them. 

A  due  understanding  of  these  axioms  and  definitions 
is  plainly  of  the  utmost  importance;  because  on  it 
does  it  depend  whether  we  work  with  mere  symbols, 
or  whether  the  symbols  are  trtumeia  of  philosophical 
ideas  which  we  comprehend.  With  the  object  of 
guarding  against  such  superficial  knowledge,  which 
is  useful  neither  in  its  results  nor  as  an  intellectual 
exercise,  geometrical  interpretation  of  infinitesimals 
has  been  often  introduced,  and  magnified  diagrams 
exhibit  lines,  areas,  angles,  &c.  which  are  represented 
by  symbols  of  infinitesimals :  every  process,  nay  every 
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step  in  every  process,  admits  of  such  geometrical 
translation ;  and  it  is  most  desirable  that  the  student 
should  exercise  himself  in  it:  by  so  doing  he  will 
have  a  most  certain  test  whether  his  operations  are 
according  to  the  laws  of  correct  inference,  or  whether 
he  is  merely  applying  mnemonic  rules  and  groping 
his  way  in  the  dark  by  some  obscure  road,  and  draw- 
ing his  conclusion  as  it  were  only  by  riddles. 

The  Calculus  then  is  that  of  infinitesimals ;  but  as 
the  most  convenient  mode  of  forming  them  shews 
them  in  the  light  of  differences  between  two  states 
at  a  "  very  small"  distance  apart,  they  have  obtained 
the  name  of  Differentials;  and  hence  the  name  of 
"Differential  Calculus"  has  arisen;  the  latter  teiin 
is  retained,  although  it  refers  to  the  mode  of  gene- 
rating the  materials,  and  not  to  any  pregnant  pro- 
perty of  them  when  generated.  The  notation  also 
and  language  of  Lagrange's  Calculus  of  derived- 
functions  has  been  employed,  because  it  expresses 
in  a  most  convenient  form  some  of  the  earliest  re- 
sults of  operations  with  infinitesimals,  and  their  re- 
lations to  finite  quantities:  but  I  would  warn  the 
reader  especially  against  supposing  that  our  Calculus 
is  founded  on  the  notion  of  derived-functions  as  the 
coefiicients  of  the  terms  of  a  series;  they  are  not 
considered  in  that  relation  at  their  first  admission, 
and  it  is  only  by  a  course  of  reasoning  that  they 
afterwards  become  so.  Expansion  in  a  series  has 
been  admitted  fundamentally  but  once,  viz.  in  Art.  21, 
and  whatever  may  be  the  final  issue  of  the  question 
as  to  Convergent  and  Divergent  Series,  it  cannot 
affect  that  which  I  have  employed,  inasmuch  as  it 
is  proved  to  be  Convergent. 
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And  here  I  must  say  a  few  words  on  the  exactness 
of  our  processes.  It  is  supposed  that  the  results  can- 
not be  truly  accurate,  because  certain  quantities  are 
neglected ;  thus,  a  finite  number  of  infinitesimals  is 
neglected  if  it  is  added  to  or  subtracted  from  a  finite 
quantity ;  and  similarly  a  finite  quantity  must  be  and 
is  neglected  when  it  is  added  to  or  subtracted  from  an 
infinity.  And  it  is  supposed  that  an  error  is  hereby 
introduced,  which  vitiates  and  destroys  the  accuracy 
of  the  whole  work,  and  that  the  results  are  at  last 
true  only  because  a  compensation  is  made.  Now  let 
the  nature  of  our  Calculus  be  clearly  understood ;  it 
is  of  itself  a  part  of  the  science  of  number ;  its  subject 
matter  is  continuous  number;  and  according  as  its 
results  and  theorems  in  number  are  exact  or  not^so 
is  its  exactness  to  be  tested.  It  is  capable  of  applica- 
tion to  other  sciences ;  those  of  Geometry,  Motion,  &c.; 
but  its  truth  is  not  to  be  tried  by  the  results  of  these 
subjects,  because  their  matter  may  not  be  so  con- 
formable to  that  of  our  Calculus,  but  that  discrepancy 
may  be  between  them.  In  Infinitesimal  Calculus 
properly  so  called,  our  symbols  are  symbols  of  number 
only :  we  make  our  own  materials ;  our  infinitesimals 
and  infinities  are  created  by  us;  and  are  subject  to 
certain  conditions  which  we  choose  to  impose  on  them ; 
we  make  them  subject  to  certain  laws ;  and  so  long  as 
they  are  employed  consistently  with  these  conditions 
and  these  laws,  and  in  accordance  with  the  rules  of 
correct  inference,  the  conclusions  which  they  lead  to 
are  strictly  correct.  There  is  no  error :  the  neglecting 
of  infinitesimals  is  a  necessary  st^p  in  our  process,  C 
and  therefore  it  is  that  I  have  used  the  language  of 
necessity :  I  have  said  in  Theorem  VI  that  a  finite  sum 
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of  infinitesimals  must  be  neglected,  not  may  be  neglect- 
ed, when  it  is  added  to  or  subtracted  from  a  finite 
quantity:  were  this  not  done,  infinitesimals  would 
not  be  what  they  are,  and  our  rules  for  the  discovery 
of  them  would  be  other  than  they  are.  When  however 
we  apply  to  other  subject  matter,  say  of  space  or  of 
motion,  the  conception  of  infinitesimals,  it  may  be  that 
this  particular  subject-matter  does  not  admit  of  the 
continuous  infinitesimal  change  with  that  exactness 
which  the  conception  of  numerical  infinitesimal  growth 
is  capable  of;  it  may  be  that  there  is  a  discrepancy, 
and  consequently  an  error ;  for  which  afterwards  com- 
pensation has  to  be  made.  Thus»  for  instance,  we  may 
in  our  conception  of  the  infinitesimal  Calculus  as  ap- 
plied to, Geometry  assume  the  line  joining  two  con- 
secutive points  in  a  circle  to  be  straight,  and  represent 
it  by  a  symbol  which  denotes  a  straight  line ;  whereas 
from  the  geometrical  definition  of  a  circle  we  know 
that  the  curvature  of  a  circle  is  continuous,  and  that 
the  line  joining  two  points  of  it,  however  near  together 
they  are,  cannot  be  straight;  and  thus  our  symbols, 
though  representatives  of  such  straight  lines,  only  ap- 
proximately represent  them.  In  this  case  doubtless 
there  may  be  an  error ;  an  error  not  in  the  work  of 
the  calculus ;  that  is  true  and  exact ;  but  because  the 
geometrical  quantities  are  not  adequately  expressed 
by  the  symbols ;  but  when  by  means  of  integration  we 
pass  from  the  infinitesimal  element  to  the  finite  func- 
tion, then  the  finite  fimction  becomes  the  exact  and 
adequate  representative  of  the  geometrical  quantity, 
and  a  compensation  has  taken  place  in  the  act  of 
passing  from  the  infinitesimal  element  to  the  finite 
ftinction.    On  investigation  it  will,  I  venture  to  think, 
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be  found  that  the  exactness  of  the  Calculus  has  been 
impugned  on  these  and  sunilar  grounds;  and  there- 
fore that  it  has  been  unfairly  impugned :  let  it  be  tried 
on  its  own  principles ;  on  them  I  venture  to  say  it  will 
stand  the  attack.  It  creates  its  own  materials,  and  is 
subject  to  its  own  laws ;  let  it  not  be  condemned  be- 
cause other  materials,  which  you  try  to  bring  within 
its  grasp,  refuse  to  submit  to  these  laws. 

The  Volume  consists  of  two  Parts :  in  the  former 
are  investigated  the  Theorems  of  the  Differential  Cal- 
culus so  called,  and  in  the  latter  the  applications  to 
Geometry  of  two  and  three  dimensions  are  discussed. 

The  Chapters  mark  the  salient  divisions  of  the 
matter :  and  these  again  are  subdivided  into  Articles, 
which  for  the  sake  of  reference  are  numbered  con- 
tinuously through  the  Volume,  and  have  their  nu- 
merals placed  in  the  corners  on  the  top  of  the  pages. 
The  bracketed  numerals  attached  to  the  more  im- 
portant equations  are  separate  for  each  Chapter ;  and 
the  references  are  usually  made  to  the  numbers  of 
the  equation  and  of  the  Article.  The  Analytical 
Table  of  Contents  exhibits  a  r^sum^  of  the  matter 
of  the  Treatise. 


Pbmbrokb  Collbob,  Oxford, 
JuNB  6,  1857. 
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INFINITESIMAL   CALCULUS, 


PRELIMINABY  THEOREMS. 

As  the  following  Algebraical  Theorems  will  be  frequently 
applied  in  the  course  of  the  treatise^  it  is  convenient  to  prove 
them  once  for  all,  and,  for  the  sake  of  reference,  to  place  them 
at  file  beginning  of  the  work. 


If  there  be  any  number  of  ecrwaZ  fractions  -r^,  -r-,  -^,  ...  -r^, 

1.     P*u  •  1*  Ox      b2      0^  On 

each  of  them  is  equal  to 

fll  +  g2  +  g8+ 4-gn. 

uid,  if  mi,  iTtj,  nts, m^  be  any  multipliers,  to 

•^*^  W-f  02^  +  08'+ -fan^* 

Let  each  of  the  fractions  =  r,  that  is,  let 

—  =  —  =  —  =  =  — =  r- 

fti       *2       As       *n 

.-.      fli  =  6,r  mifli  =  mibiv  a^  =  fti^r* 

Oa  =  ftg''  w*2«3  =  rrhb^r  a^  =  A2*»'* 


Whence,  by  addition  and  division, 
^  _  gi-hfl2-fq8+ +«». 

*l  +  »2+-*3+ +*n' 

_   »>lgl->-Wt2fl24-W>8a3+ -yn^nO^n  . 

""  wtiAi-f  wi2ia+»»3A8+ -{-m^bn^ 

_    {gl*'hfl2'  +  fl8'-f -|-fl»'}*_    «!    _    g2    _.  _    «» 

{Ai^+V+AsH +6n^}*       *i  ""  *a       *«* 

Q.  £.  D. 
PJllCE,  VOL.  I.  B  -  T 
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The  geometrical  form  of  the  first  of  these  theorems  is  the 
twelfth  proposition  of  the  fifth  book  of  Euclid. 
Similarly^ 

a^^oi^  _  flU  _  {qi^'+fla'^-f -hflU*"}* 

*i        **  *»       {*i''+fta'^+ +V}*' 

IL 

When  three  unknown  quantities  are  involved  in  three  (so 
called)  linear  equations  of  the  forms 

«i«?+*iy+Ci^  =  di  (1) 

a2^+*»y  +  Ca^  =  di  (2) 

(h^+hy  +  c^z  =  1^  (8) 

the  following  is  the  most  convenient  method  of  determining 
each  of  the  unknown  quantities  in  terms  of  the  constants. 
Multiply  (1)  by  Xi,  (2)  by  ^2,  (8)  by  X^,  and  add;  then 
(aiXi  +  flaX,  +  03  A,)  a?  +  (*iXi  +  AfX,  +  AsA«)  y 

+  (CiXi  +  c,X,  +  CsX8)2r  =  rfiXi+c^Xj  +  i^A,, 

As  three  undetermined  quantities^  viz.  Xi  Xt  X3,  have  been 
introduced,  we  may  make  three  suppositions  respecting  them : 
leaving  one  to  be  determined  hereafter,  let  two  be,  that  the 
coeflicients  of  y  and  z  be  equal  to  zero;  so  that 

*iXi  +  *jXa  +  A3Xa  =  0,  CiXj  +  CaXa  +  CsAa  =  0; 

whence  by  elimination, 

^1         __         X2 Xa 

ijCs — c^bz       b^Ci — C3&1       biC%-^Cib% 

But  thus  the  ratio  only  of  the  multipliers  has  been  determined, 
and  therefore  any  numbers  bearing  to  one  another  the  above 
ratio  would  satisfy  the  requisite  conditions;  to  take  however 
the  most  simple  numbers,  let  the  third  condition  be  introduced, 
and  be,  that  each  of  the  above  fractions  be  equal  to  unity; 
and  therefore 

Xi  =  ^2^3 — ^2^1         ^2  =  ^^1 — ^8^i>         ^  =  ^1^2 — ^1^2  9 
and  therefore 

«i(42C8-C2i8)  +  a2(*3Ci-<f3Ai)  +  a8(*iC2— ^1*2)' 
By  similar  processes,  if  the  coefficients  of  z  and  a^  had  been 
equated  to  zero,  the  result  would  have  been 
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y  = 


di  (c^Os-OiCg)  -t-^CCstfi— flsCi)-t-<^(gxfl«-gi<^) 


and  if  the  coefficients  of  x  and  y  had  been  equated  to  zeroi 

This  method  of  elimination  is  generally  known  by  the  name 
of  Lagrange's  Bole  of  Cross-Multiplication,  the  origin  of  which 
term  is  suffidenily  obvious  firom  the  form  of  the  multipliers : 
two  examples  are  subjoined  for  the  sake  of  practice^  but  the 
student  is  recommended  to  exercise  himself  in  many  others. 

£x.l. 

Zx^^y^-^z  s  49 
Zx^hy^^z  =  64 
4«+Sy+4j7  ss  56 

the  values  of  the  multipliers  corresponding  to  the  several  vari- 
ables being  arranged  in  the  annexed  vertical  rows :  whence 

x{      4-  8-4)  =        98-  64-  55      .-.     ar  =  7l 
y(    48-604-9)=      588-768  +  165 
xr(-55  +  60-8)  =  -589+640-110 

Ex.2. 


» 

y 

Z 

2 

12 

-11 

-1 

-12 

10 

-1 

8 

-2 

z  =  8j 


s 

9 

« 

7 

4 

1 

-1 

-1 

-1 

-29 

-17 

-8 

z  =  7j 


8a?— 7y+42r  = 

— 5a?+9y—  z  =s 

a?— 2y+  z  = 

the  values  of  the  several  multipliers  being  arranged  as  before : 
whence 

x{    21+5-29)  =  7-22        .-.    ;r  =  5' 

y(-.28-9+84)  =  4-22 

zi      4+1-  8)  ==  1-22 

The  following  is  a  particular  case  to  which  thp  preceding 
process  of  cross-multiplication  is  applicable. 
Let  there  be  three  equations  of  the  forms 

«i^+*iy  +  ^i^  =  0] 
Os^+day  +  Cs^r 
fls^+Aay+^g^ 

X  ti 

which  involve  only  two  unknown  quantities,  say  -  and  - ;  be- 

z         z 

cause  each  equation  may  be  divided  through  by  z ;  hence  it  is 
evident  that  a  relation  exists  between  the  coefficients:  this 
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relation  is  to  be  determined ;  and  may  be  found  in  the  follow- 
ing manner.  Since  di^d^  =zd9  =  0,  if  we  multiply  the  first, 
second,  and  third  severally  by  the  multipliers  determined  ^» 
above,  we  shall  have,  after  addition, 

fli(*aC8-Ca*3)  +  fl2(*8<?i— Ci  48)4-08  (61  Cj—Ci*?)  =?=  0, 
which  is  the  relation  among  the  coefl^qients  of  the  three  pre- 
ceding equations,  when  they  coexist. 

This  theorem  is  one  pf  tixe  simplest  in  the  method  of  Deta:^ 
minants :  the  general  principles  of  which  are  explained  in 
Mr.  Spottiswoode^s  "  Elementary  Theorems  relating  to  Deter- 
minants/' Crelle's  Mathematical  Journal,  Vol.  LI,  Berlin,  1856; 
and  in  the  Appendix  to  ''Salmon's  Higher  Plane  Curves/' 
Dublin,  185*. 

III. 

If  ai,  og,  as, On  are  quantities  of  the  same  sigp,  and 

01,08,08^ On  are  any  other  homogeneous  quantities  cptpaUe 

of  addition  and  subtraction,  then  ai  ai  +  02  <>2  H-  Os  ^8  +  . . .  +  o^  a^ 
is  equal  to  (01  +  02+09+  •••  +a„)  multiplied  into  some  quantity 
greater  than  the  least,  and  less  than  the  greatest,  of  the  quan- 
tities a,,  08,08,  ...On. 

The  proof  of  this  proposition  depends  on  the  fact,  if  both 
terms  of  an  inequality  are  multiplied  or  divided  by  a  positive 
number,  the  sign  of  inequality  remains  the  same ;  that  is,  the 
quantity  which  was  greater  before  the  multiplication  is  the 
greater  after  it ;  but  if  the  terms  are  multiplied  by  a  negative 
number,  the  sign  of  the  inequality  is  reversed :  that  is,  a  >  is 
changed  into  a  < ,  and  a  <  into  a  > .  This  is  easily  shewn  by 
an  example ;  as^  for  instance,  5  is  greater  than  2 ;  l^t  each  side 
be  multiplied  by  +  4,  then  20  >  8 ;  again,  let  each  ^ide  be  mul- 
tiplied by  a  negative  number,  as  —  2 :  the  > is  changed  into  a<  ^ 
— 10<  —  4,  because  —10  is  less  than  —4. 

Let  L  be  the  least  and  o  the  greatest  of  the  quantities  Oi,  02, 

03, On',  then,  with  the  exception  of  the  two  cases  of  the 

greatest  and  the  least  of  the  quantities,  whereby  however  the 
final  result  is  not  vitiated,  wc  have  the  following  inequalities, 

fli  is    >    L,    <    G 
Oa  is    >  L,   <   6 


On   is     >    L,     <     G; 
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Fiarst,  hi  the  quantities  ax,  0^,09, Pn  be  positive^  so  that  tfae 

signs  of  the  above  inequalities  will  not  be  changed  when  they 
are  multiplied  as  follows : 

aiOi  is    >   Lai,   <    oai 

OiO^  is   >   hOi,  <   oog 


OnOn  is    >  La„,   <    oa„ ; 
and  therefore  by  addition 

«iai-fflia2+ -fflnOfi  is    >   L(ai  +  a2  + H-O 

<   G(ai  +  aa+ +a„) 

•'•      «lOl+«ja2+ +anaw  =  (01  +  02  +  08+ +  an) 

X  some  mean  value  of  the  a^s 

f 

signifying  by  mean  value,  a  quantity  greater  than  the  least,  and 
less  than  tiie  greatest. 

Secondly,  if  ai,  02, On  be  negative,  the  signs  of  the  ine- 
qualities would  have  been  changed  in  the  first  multiplication^ 
and  would  have  been  again  changed  in  the  final  result,  because 

01+02+ +an  would  be  a  negative  quantity,  and  thus  the 

same  result  would  follow:   and  therefore  the  proposition  is 
proved. 

IV. 
If  ^,  ^,  ^, ^  is  a  series  of  fractions,  the  nume- 

Oi       O2       Os  On 

rators  of  which  are  of  either  sign,  and  the  denominators  all  of 
the  same  sign,  then  f      ?^  ?*  is  equal  to  some  quantity 

^  *l+*2+...+*»  ^  1  / 

greater  than  the  least  and  less  than  the  greatest  of  the  given 
fractions. 

First,  let  all  the  denominators  be  positive,  and  let  l  be  the 
least  and  c  the  greatest  of  the  fractions ;  then 


Ol 

is 

>    L,    < 

0 

02 

• 
is 

>    L,    < 

0 

is 

>    L,    < 

\ 

Let  the  inequalities  be  severally  multiplied  by  the  positive 

Digitized  by  VjOOQIC 


6  PRBUHIKABT  THEOBBKS. 

quantities  61,  b^  b^, ...  bn,  by  which  process  the  signs  are  not 

changed;  then 

ai  is  >  l6i,  <   obi 

Os  is   >  hbt,  <   obt 

«»  is  >  l4»,  <  oJ„j 

and  therefore  by  addition 

«i+fla  +  fls-l- .-.  +«»  iH  >  ^(bi+b2+b9+  ...  +6») 
i»  >o(*i  +  *B+A!r+. .-+&«), 

and  therefore 

1^  ,  x* .  V — '"     r    i«  >  !*»  <  »»  and  therefore  is  equal 
to  some  mean  value  of  the  fractions,    q.  b.  d. 

Secondly,  let  61,  b^  bs, ...  bn  be  negative;  then,  as  before, 

-—•   IS    >    L,    <    G 
-P    IS     >    L,    <    O 

^  18   >  L,  <   o; 

let  these  inequalities  be  severally  multiplied  by  the  negative 
quantities  bi,  ^2,  £9,  ..••..  ^n?  so  that  the  signs  of  them  are 
changed;  then 

Hi  is  <   Lbi,   >  obi 

Oa  is  <   hbt,   >  ob% 

On  is  <  lJ»,   >  obn; 
.-.    «i+a«+a8+.-+«U  is  <  L(ii+A,-f  ...+&») 

is  >  G(fti-ffta+...+6„); 

Whence,  bearing  in  mind  that  the  sign  of  an  inequality  is  changed 
when  it  is  divided  by  a  negative  quantity, 

T 7 7 r-  IS  >  L,    <  G. 

Q.  E.  n. 
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DIFFERENTIAL   CALCULUS. 


PART   I 
ANALYTICAL  INVESTIGATIONS. 


CHAPTER  L 

QENEBAL  PRINCIPLES^  AKD  EXPLAKATIOK  OF  TERMS. 

Section  1. — Introductory;  on  Number,  Us  properties^  affections, 

and  science. 

Article  1.]  Infimtesimal  Calculus  is  a  branch  of  that  science^ 
the  aggregate  of  the  rules  and  operations  of  which  French 
writers  caU  ^^  Le  Calcul^^  but  for  which  we  have  no  more  spe- 
cific name  than  the  Science  of  Number  *.  A  metaphysical  in- 
quiry into  the  origin  and  nature  of  number  would  be  out  of 
place  in  a  didactic  treatise  such  as  the  present,  and  would  also 
be  superfluous ;  because  it  will  be  sufficient  for  the  student  to 
have  that  notion  of  it  which  an  ordinary  knowledge  of  arithmetic 
and  algebra  implies ;  but  it  is  well  to  recall  his  attention  to  cer- 
tain axiomatic  properties  of  it,  and  to  bring  into  greater  promi- 
nence those  firom  which  the  Infinitesimal  Calculus  is  deduced. 

Number  is  the  ratio  or  relation  which  two  quantities  of  the 
same  kind  bear  to  one  another  in  respect  of  quantig)licity.  By 
quantity  I  mean  whatever  is  capable  of  measurement ;  whether 
it  be  geometrical  space,  or  weight,  or  time,  or  heat,  or  light,  or 
velocity,  or  any  thing  else ;  that,  viz.,  of  which  we  can  predi- 
cate muchness  in  reply  to  the  question  '^how  much?''  or 
number  of  times  in  answer  to  ''how  many  times?''  The  above 
phaenomena  may  be  severally  the  substrata  of  mixed  sciences, 
as  they  are  called,  but  they  can  only  be  treated  of  in  accord- 

*  M.  Comte  writes,  "  Le  Calcul  a  pour  objet  propre  de  r^soudre  toutes  ks 
que&taons  de  mombres." — Pkilosophie  Positive,  vol.  i.  p.  143. 
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ance  with  the  rules  of  the  science  of  number,  because  they  are 
capable  of  addition  and  division  and  measurement,  at  least  in 
conception,  if  not  in  act ;  and  it  is  only  when  a  problem  can  be 
reduced  to  a  question  of  pure  number  that  it  can  be  brought 
within  the  domain  of  the  Calculus ;  and  when  this  condition  is 
satisfied,  the  science  of  number  supplies,  as  it  were,  the  skeleton 
or  framework  on  which  such  mixed  science  is  treated;  and 
considers  the  subject-matter  not  in  its  concrete  and  physical 
and  phsenomenal,  but  in  its  abstra<it  state,  as  measured,  and  in 
the  measure,  as  the  correct  representative  of  it.  It  does  not 
take  cognizance  of  this  or  that  weight  or  colour,  but  of  the 
nuwber  of  times  such  a  weight  contains  another  weight,  and  so 
on;  and  this  is  what  I  mean  by  the  terms  '^in  respect  of 
quantuplicity''  in  the  above  definition  of  number;  and  thus  it 
is  that  the  science  is  so  general,  almost  universal,  because  all 
the  subject-matter  of  the  Phy^cal  Sciences  conforms  to  its  re- 
quirements in  respect  of  admitting  of  measurement. 

2.]  There  are  two  modes  of  measuring  quantities,  and  thus 
of  arriving  at  abstract  numbers  from  the  concrete  magnitudes. 
Firstly,  a  certain  amount  of  the  given  quantity  is  taken,  which 
for  the  sake  of  convenience  is  called  an  unit  of  that  particular 
quantity,  and  with  it  any  other  amount  is  compared,  the  prin- 
ciple of  comparison  being  assigned  by  the  particular  science 
whose  subject-matter  the  quantity  is ;  and  if  the  latter  amount 
be  divisible  into  two  or  three  or  more  parts,  severally  equal  to 
each  other  and  to  the  unit,  we  say  that  the  latter  amount  is 
twice  or  three  times  or  more  times  the  unit,  and  thus  arrive 
at  the  abstract  number ;  and  the  problem  of  determining  other 
relations  arising  out  of  this  one  belongs  to  the  science  of 
number.  The  unit,  it  is  to  be  observed,  is  arbitrary ;  thus,  for 
instance,  if  a  certain  volume  of  matter  of  given  density,  say 
a  cubic  inch  of  distilled  water,  be  considered  the  volume-unit, 
and  its  density  be  called  the  density-unit,  then  if  two  cubic 
inches  of  distilled  water  could  be  compressed  into  one  inch, 
its  density  would  be  two.  Hereby  we  arrive  at  abstract  number 
by  directly  comparing  any  given  concrete  quantity  with  the 
unit  of  that  quantity.  Secondly,'  we  may  estimate  quantity 
without  formally  introducing  the  unit ;  for  suppose  of  two  un- 
equal quantities,  one  to  be  divisible  into  two  equal  parts,  and 
the  other  into  three  parts,  equal  to  each  other  and  to  each  of 
the  divided  paints  of  the  former  quantity ;  then,  although  if  one 
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of  the  equal  parts  were  taken  as  the  unit,  one  quantity  would 
contain  two  and  the  other  three  units :  yet  we  may  omit  the 
unit,  and  say  that  the  ratio  of  one  quantity  to  the  other  is  that 
of  the  numbers  two  to  three.  Thus,  if  two  lines  admit  of  being 
resolved  into  3  and  7  parts  respectively,  which  are  equal  to  each 
other,  the  ratio  of  the  lines  will  be  represented  by  the  numeri- 
cal ratio  3:7;  and  this  mode  of  measuring  quantities  is  inde- 
pendent of  the  amount  of  the  chosen  unit ;  for  if  the  above 
lines  had  been  divided  into  6  and  14  equal  parts  respectively, 
or  into  3ii  and  In  equal  parts  respectively,  the  unit 'would  have 
been  only  one-half  or  one-nth  part  of  what  it  was  in  the  pre- 
vious resolution ;  and  yet  the  ratio  of  the  lines,  or  of  the  num- 
bers which  represent  them,  viz.  6  :  14,  or  3«  :  7«,  would  have 
been  the  same  as  before.  And  this  mode  of  representing  lines 
by  numbers  is  equally  applicable  to  areas,  hours,  weights,  &c. 
all  of  which  may  be  so  related  to  each  other  as  to  admit  of  reso- 
lution into  3  and  7  equal  parts  respectively,  and  thus  be  repre- 
sented by  the  ratio  of  the  numbers  3:7.  It  is  manifest  that 
only  quantities  of  the  same  kind  can  be  measured  in  either  of 
the  above  methods,  and  hence  it  is  only  from  comparing  homo- 
geneaus  quantities  that  numbers  can  be  formed.  The  principle 
and  mode  of  comparison  however  must  be  assigned  by  the 
particular  science  whose  subject-matter  the  quantity  is ;  thereby 
are  its  concrete  materials  abstracted  and  brought  within  the 
range  of  the  Science  of  Number,  which  has  thus  to  deal  with 
only  abstract  quantuplicities ;  and  thus  (which  is  a  point  of  the 
utmost  importance,  and  deserves  the  most  careful  attention) 

the  symbols  2,  3,  4, «,  A,  e, x,y,x,  do  not  represent 

concrete  quantities,  such  as  2  ounces,  or  a  hourSy  or  x  feet^  but 
abstract  numbers;  and  it  is  the  properties  of  these  that  the 
Science  of  Number  has  to  discuss  *. 

3  J  The  distinguishing  characteristic  of  such  numbers  is,  that 
they  remain  after  any  operation  the  same  in  kind  which  they 
were  before.  When  two  numbers  are  added  or  subtracted,  the 
sum  or  difference  is  a  number;  when  two  numbers  are  multi- 

*  The  two  modes  of  measuring  quantities  and  of  thereby  forming  num- 
bers, correspond  to  the  two  aspects  in  which  arithmetical  fractions  are  viewed ; 
one  in  which  the  denominator  assigns  the  unit,  and  the  numerator  the  num- 
ber of  times  it  is  to  be  taken,  and  the  other  in  which  they  are  considered  as 
the  expressions  of  arithmetical  ratios.  See  Peacock's  Algebra,  2nd  edition, 
vol.  i.  pp.  54, 165. 

PRICE,  VOL.  I.  C^  , 
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plied  or  divided,  the  resultant  is  the  same  in  kind  as  each  of 
the  components :  as  they  are  numbers^  so  is  it  number.  Thus 
2x3  =  6^  and  6  is  an  abstract  number  of  the  same  kind  as  8 
and  8 ;  that  is^  twice  thrice  is  equivalent  to  six  times;  8-7-4=2, 
that  is^  one-fourth  part  of  eight  times  is  twice.  The  same  is 
also  true  of  the  operations  of  Involution  and  Evolution.  These 
remarks  are  important^  because  if  the  symbols  represent  con- 
crete quantities  the  results  would  be  otherwise;  thus  in  the 
analogous  operation  of  geometrical  multiplication,  if  two  linear 
inches  be  "  multiplied^'  by  three  linear  inches,  the  result  is  six 
square  inches:  and  therefore  in  the  process  we  have  changed 
from  linear  to  super6cial  quantity.  And  so,  if  the  six  super- 
ficial inches  be  multiplied  by  four  linear  inches,  the  result  is  24 
cubic  inches,  or  inches  of  volume,  and  thus  by  the  last  process 
we  have  passed  from  superficial  magnitude  to  solid  content. 
By  the  operations  then  the  kind  has  changed ;  and  as  all  the 
dimensions  which  space  admits  of  have  been  exhausted,  it  is 
impossible  to  multiply  together  more  than  three  geometrical 
lines;  thus  two  linear  inches  multiplied  into  themselves  four 
times  is  an  impossibility ;  or,  in  other  words,  a  geometrical  line 
cannot  be  raised  to  any  power  above  the  third.  And  the  possi- 
bility of  extracting  roots  is  confined  within  narrower  limits; 
thus  the  square  root  of  a  superficial  area  is  a  possible  quantity, 
and  so  is  the  cube  root  of  a  solid  content,  being  in  each  case  a 
line.  The  case  of  geometrical  multiplication  is  the  most  favour- 
able one,  for  in  other  subject-matter,  which  is  only  uni-dimen- 
sional,  we  cannot  at  all  multiply  the  concrete  quantities,  and 
can  only  divide  them  when  they  are  homogeneous.  It  is  absurd 
to  speak  of  a  pound  multiplied  into  a  pound,  or  of  the  product 
of  an  hour  by  an  hour :  such  operations  are  impossible,  and 
have  no  meaning ;  but  we  can  divide  two  pounds  by  one  pound, 
and  thereby  arrive  at  the  abstract  number  2,  because  the  in- 
verse process  is  possible,  and  may  therefore  be  undone;  that 
is,  because  we  can  multiply  any  concrete  unit  by  an  abstract 
number ;  but  we  can  no  more  divide  pounds  weight  by  pounds 
sterling  than  we  can  multiply  hours  by  degrees  of  heat.  These 
remarks  on  the  abstract  character  of  Number  are  relevant  to 
the  present  subject,  inasmuch  as  they  prove  the  correctness  of 
an  expression  such  as 

ay^  -f  Aa?y  -h  cx^  -f  rfy  -f  ear  -f /; 
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because  each  symbol  by  itself  expressing  a  number,  each  term^ 
whether  consisting  of  one  or  two  or  three  factors,  is  a  number 
also:  and  thus  they  may  be  added,  and  the  whole  expression 
is  homogeneous  and  correct.  Whereas,  did  such  symbols  re- 
present concrete  quantities^  as,  for  example,  geometrical  lines, 
the  first  three  terms  would  represent  solid  content,  the  next 
two  superficial  area,  and  the  last  lineal  length :  and  thus  they 
would  be  heterogeneous,  and  could  not  be  added.  Also  from 
such  a  point  of  view,  a  term  ay',  consisting  of  more  than  three 
dimensions,  would  be  uninterpretable  and  impossible. 
Hence  we  conclude,  that 

(1)  The  symbols,  whose  laws  and  combinations  are  con- 
sidered in  the  Science  of  Number,  express  the  number  of  times 
any  thing  is  taken ;  and  the  science,  disregarding  the  concrete 
thing,  discusses  the  properties  of  the  abstract  number. 

(2)  As  Infinitesimal  Calculus  is  a  branch  of  the  Science  of 
Number,  the  symbols  which  will  be  employed  in  the  following 
work  represent  number  only ;  and  the  properties  of  number  will 
be  considered  only  as  they  are  represented  by  symbols. 

This  latter  conclusion  is  important,  as  it  restricts  the  subject- 
matter  to  symbols,  and  our  discussion  to  their  laws  and  pro- 
perties. 

4.]  The  numbers  or  quantities  which  are  employed  in  the 
following  treatise  are  of  two  kinds,  constants  and  variables. 

Constant  numbers  are  those  which  have  the  same  determinate 
value  throughout  a  given  operation  or  problem  :  though  in  an- 
other operation,  or  considered  in  another  relation,  they  may 
vary.  Such  are  the  symbols  2, 8, 4,  and  for  the  most  parts  those 
in  algebra,  which  are  represented  by  the  early  letters  of  the  al- 
phabet :  constant  numbers  are  specific  in  form  and  value. 

A  variable  number  is  that  which  is  capable  of  receiving  values 
diflerent  from  each  other,  and  generally  admits  of  any  value, 
though  it  may  by  the  conditions  of  a  problem  be  restricted  to 
values  of  a  particular  kind,  or  within  certain  limits ;  variable 
quantities  are  general  in  form,  though  they  ^dinit  of  specific 
values:  they  are  generally  represented  by  the  later  letters  of 
the  alphabet. 

5.]  That  we  may  avoid  misconception  as  to  the  fdlowing 
terms,  which  will  be  frequently  employed,  it  is  necessary  to 
give  detailed  explanations  of  them;  viz.  Definite^  Indefinite; 
Infinitey  Finite,  Infinitesimal. 
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Definite  means  determinate  and  assigned;  thus  constants  are 
definite.  Indefinite  numbers  are  those  whose  values  are  not 
assigned;  they  are  represented  by  general  symbols,  and  may 
therefore,  so  far,  have  any  value. 

To  form  an  accurate  and  due  conception  of  the  latter  three 
terms,  and  of  the  means  of  symbolizing  and  estimating  them, 
requires  a  knowledge  of  the  whole  Calculus:  we  must  there- 
fore have  recourse  to  analogous  illustration,  in  hope  that  the 
student  may  glean  from  it  such  notions,  imperfect  though  they 
will  be,  as  will  enable  him  to  understand  the  technical  language 
of  the  science. 

By  finite  we  generally  mean  that  which  is  within  reach,  or 
may  be  brought  within  reach,  of  our  senses.  Thus  a  ton,  or 
an  ounce,  may  be  taken  as  the  unit  of  weight,  and  any  number 
of  tons  or  ounces  which  the  senses  perceive  would  be  con- 
sidered a  finite  weight;  and  many  animalculae,  which,  on  ac- 
count of  their  minuteness,  are  beyond  the  power  of  unassisted 
vision,  would  nevertheless  be  considered  finite,  because  they 
may  be  brought  within  it  by  means  of  the  microscope,  and  may 
be  measured.  Or  again,  inasmuch  as  the  senses  are  the  media 
by  which  impressions  of  external  objects  are  conveyed  to  the 
mind,  and  as  the  mind  conceives  them  when  so  conveyed,  we 
apply  the  term  finite  to  those  magnitudes,  the  relation  of  which 
to  other  magnitudes  of  the  same  kind  the  mind  is  capable  of 
conceiving*.  The  powers  therefore  of  our  senses  and  mind 
place  the  limit  to  the  finite ;  but  those  magnitudes  which  seve- 
rally transcend  these  limits  by  reason  of  their  being  too  great 
or  too  small,  we  call  infinite  and  infinitesimal  (or  infinitely  small). 
Thus,  when  our  senses  fail  to  perform  their  office  of  trans^ 
mitting  to  the  mind  what  it  would  think  about,  by  reason  of 
the  object  being  too  large  or  too  small,  or  when  for  a  similar 
reason  the  mind  fails  to  be  capable  of  considering  the  relation 
of  such  objects,  and  when  the  most  delicate  subsidiary  instru- 
ments for  assisting  the  senses  are  employed  to  bring  within 
their  reach  what  was  beyond  them,  and  yet  in  vain,  then  we 
are  on  the  boundary  of  the  infinite  or  infinitesimal :  of  the  infi- 
nite if  the  object  be  too  vast,  of  the  infinitesimal  if  it  be  too 
minute.  Physical  Science  afibrds  instances  of  both  these  cases. 
The  distances  of  those  fixed  stars  of  which  the  parallax  has  not 

*  Peacock's  Algebra,  vol.  ii.  p.  294. 
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been  discovered  must  be  so  great^  that  400  millions  of  miles 
are  not  appreciable  in  comparison  of  them ;  considering  then 
these  millions  of  miles  to  be  a  finite  quantity,  yet  no  sensible 
change  is  made  in  the  distance  of  a  star  by  the  addition  or 
subtraction  of  them.  Nay^  more  than  this ;  we  can  employ  our 
millions  of  miles  to  greater  advantage ;  we  can  make  them  the 
base  of  a  triangle  whose  vertex  is  the  star^  and  yet^  great  as  is 
the  delicacy  of  our  astronomical  instruments^  the  sides  of  the 
triangle  are  to  all  appearance  parallel.  This  then  is  a  case 
where  we  cannot  compare  two  geometrical  distances,  on  ac- 
count of  the  immensity  of  one  of  them.  Consideriug  then  the 
400  millions  of  miles  to  be  a  ^nt/^  quantity,  the  distance  of  the 
star  is  infinite.  Again :  if  one  grain  weight  of  aloetic  acid  be 
added  to  five  pounds  of  pure  water,  the  whole  will  after  a  short 
time  assume  a  fine  crimson  colour,  which  could  not  happen 
imless  the  grain  of  aloetic  acid  had  been  divided  and  equally 
diffused  throughout  the  whole  volume.  Now  it  is  possible  to 
see  a  quantity  of  water  as  small  as  a  thousandth  pait  of  a  grain, 
and  such  a  portion  of  the  solution  would  contain  a  thirty-five 
millionth  part  of  a  grain  of  aloetic  acid.  We  have  therefore 
actually  divided  this  substance  into  thirty-five  millions  of  parts, 
and  the  most  delicate  microscope  does  not  so  far  magnify  the 
atoms  of  the  acid  that  they  should  be  separately  visible  in  the 
water ;  yet  there  they  are,  and  are  so  small  as  to  be  beyond  the 
limit  of  our  vision,  even  though  it  be  increased  many  thousand 
times :  they  are  infinitesimal,  though  the  sum  of  them  is  finite ; 
and  as  they  are  so  small,  there  must  be  an  infinity  of  them. 
Hence  also  we  have  a  new  aspect  of  such  quantities.  In  refe- 
rence to  a  finite  quantity,  infinity  and  infinitesimal  are  reci- 
procal terms,  each  implying  the  other ;  the  finite  quantity  may 
be  the  infinitesimal  infinitely-quantupled,  and  the  infinitesimal 
an  element  of  the  finite  quantity,  when  it  is  resolved  into  an 
infinity  of  parts.  Again :  an  infinite  quantity  may  be  so  large, 
as  not  only  to  surpass  the  compass  of  our  senses,  but  also  to 
surpass  quantities  which  are  from  their  magnitude  beyond  them ; 
that  is,  there  may  be  infinite  quantities  beyond  infinite  quan- 
tifies, and  others  again  beyond  these :  and  thus  there  may  be 
quantities  infinitely  greater  than  infinities,  and  there  may  be 
ortiers  of  infinities.  Astronomy  supplies  instances  of  such  quan- 
tities, to  an  extent  within  the  reach  of  sight,  by  means  of  the 
telescope,  but  beyond  the  range  of  the  micrometer  as  a  means 
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of  measuring  distance ;  assuming  as  the  unit  of  length  the  mean 
radius  of  the  eai^th's  orbit,  which  is  about  95  millions  of  milea^ 
vre  can  compare  with  it  the  mean  radii  of  the  orbits  of  the  other 
planets,  and  thus  determine  the  reUUive  sizes  of  their  orbits; 
but  when  we  extend  our  observations  to  other  bodies  in  the 
celestial  space,  we  find  stars  situated  at  such  a  distance  from 
the  sun,  that,  taking  the  star  to  be  the  vertex  of  an  isosceles 
triangle,  and  the  base  to  be  a  line  through  the  sun's  centre  and 
of  190  millions  of  miles  in  length,  the  vertical  angle  of  the  tri- 
angle is  less  than  1'',  and  in  the  case  of  Capella  is  computed  to 
be  0".046;  were  the  vertical  angle  V'y  it  can  easily  be  shewn 
that  the  distance  would  be  20  billions  of  miles ;  and  as  it  is  de- 
terminable, we  may  say  that  it  is  comparable  with  finite  quan- 
tities, though  on  the  verge  of  the  infinite.  "  In  such  numbers 
the  imagination  is  lost ;  the  mode  we  have  of  conceiving  such 
intervals  at  all  is  by  the  time  which  it  will  take  light  to  traverse 
them.  Light,  we  know,  travels  at  the  rate  of  192  thousand 
miles  per  second;  it  will  occupy  therefore  three  years  and 
eighty-three  days  to  traverse  the  distance  in  question.  Now 
as  this  is  an  inferior  limit,  which  it  is  already  ascertained  that 
even  the  brightest  and  therefore  (in  the  absence  of  all  other  in- 
dications) the  nearest  stars  exceed,  what  are  we  to  allow  for 
those  innumerable  stars  of  the  smaller  magnitudes  which  the 
telescope  discloses  to  us?  What  for  the  dimensions  of  the 
galaxy  in  whose  remoter  regions  the  united  lustre  of  myriads  of 
stars  is  perceptible  in  powerful  telescopes  as  a  feeble  nebulous 
gleam  *  ?"  Here  then  we  have  not  only  finite  but  also  infinite 
distances,  and  spaces  infinitely  greater  than  these  infinite  dis- 
tances ;  that  is,  we  have  successive  orders  of  infinities,  and  in 
an  ascending  scale  from  finite  distances,  of  which  our  senses  are 
cognizant,  to  those  infinite  spaces  which  surpass  our  powers  of 
measurement. 

So  again  may  any  one  of  the  small  particles  of  the  aloetic 
acid  which  has  been  dissolved  in  the  water  be  conceived  to  be 
analysed  into  other  parts  infinite  in  number,  each  one  of  which 
will  therefore  be  infinitesimally  small  in  comparison  of  its  ori- 
ginal particle ;  that  is,  one  small  partide  may  be  conceived  to 
be  distributed  through  a  finite  volume,  and  thus  to  be  resolved 
into  other  particles  infinitely  less  than  itself:  and  thus  we  may 

*  Sir  John  Herschel's  Outline8  of  Astronomy,  Art.  800  and  following. 
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arrive  at  orders  of  infinitesimaLs^  each  one  being  infinitesimally 
less  than  that  of  which  it  is  an  element.  It  is  also  to  be  ob- 
seryed,  that  in  the  resolution  of  a  finite  quantity  into  infini- 
tesimals of  successive  orders,  different  orders  of  infinities  arise 
which  severally  correspond  to  the  orders  of  infinitesimals,  to 
which  they  are  so  related  that  the  product  of  the  infinity  and 
infinitesimal  of  the  same  order  is  equal  to  the  original  finite 
quantity. 

Here  perhaps  it  may  be  asked,  when  does  a  quantity  pass 
from  the  finite  to  the  infinite  and  to  the  infinitesimal  ?  How 
xnany  finite  quantities  must  be  added  to  make  an  infinity,  and 
into  how  many  parts  must  a  finite  quantity  be  resolved  so  that 
each  should  be  infinitesimal  ?  An  answer  to  such  questions  may 
be  beyond  our  power  \  and  it  may  be  a  matter  of  words  only : 
but  it  is  also  beside  the  object  and  requirements  of  the  Calculus. 
We  have  nothing  to  do  with  concrete  quantities ;  the  instances 
above  cited  are  for  the  sake  of  illustration  only :  to  give  the 
reader  a  rough  notion  of  the  principles ;  such  as  may  serve  their 
purpose  until  other  and  more  accurate  ones  take  their  place; 
our  subject-matter  is  number,  and  number  as  represented  by 
symbols :  and  the  form  of  the  symbols,  and  the  subsidiary 
symbols  which  will  be  derived  from  them,  as  wiU  be  shewn  in 
the  sequel,  enable  us  to  overcome  the  apparent  difficulty.  For 
we  shall  create  our  numbers,  and  our  subsidiary  numbers,  sub- 
ject to  certain  laws :  and  therefore,  so  long  as  they  are  applied 
within  the  conditions  prescribed  by  these  laws,  all  results  cor- 
rectly inferred  will  also  be  correct. 

6.3  To  resiune  then  the  course  of  the  exposition  from  the 
end  of  the  4th  Article :  variable  number  may  change  value  in 
two  ways,  either  continuously  or  discontinuously. 

A  quofdUy  or  number  varies  discontinuously  when  it  passes 
abruptly  from  one  value  to  another,  as  by  the  addition  of  a 
finite  quantity.  -  Thus  the  passage  from  1  to  2,  and  from  2  to  3, 
and  so  on,  is  made  discontinuously,  viz.  by  the  abrupt  addition 
of  the  number  1 ;  similarly,  if  x  is  finite,  we  pass  from  2  j;  to 
4^,  and  from  4^  to  8^,  by  the  successive  addition  of  %x  and  4sx ; 
and  the  changes  are  made  *'  per  saltus.'' 

But  continuous  increase  is  when  number  grows,  that  is,  passes 
from  one  value  to  another  only  by  going  through  all  the  inter- 
mediate numbers,  whereby  the  successive  increments  or  aug- 
ments which  the  numbers  receive  are  infinitesimal ;  thus,  if  we 
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pass  from  3  to  4  not  only  by  going  through  3.1,  3.2,  3.3,  and 
if  we  pass  from  3  to  3.1  not  only  by  going  through  3.01^  3.02, 
3.03, ...  and  if  we  pass  from  3  to  3.01  not  only  by  going  through 
3.001,  3.002, ...  and  so  on  to  Kny  finite  number  of  divisions,  the 
increase  is  discontinuous;  but  if  the  number  of  divisions  be 
infinite,  and  if  the  lesser  number  pass  into  the  greater  number 
by  receiving  at  each  successive  step  an  infinitesimal  increase, 
the  mode  of  increase  is  continuous.  For  the  sake  of  illustra- 
tion let  us  consider  the  case  of  motion.  Consider  the  gliding 
motion  of  a  worm,  and  suppose  it  to  pass  uniformly  over  an 
inch  in  a  minute;  if  the  space  through  which  the  worm  has 
passed  be  estimated  at  the  end  of  each  minute  only,  the  space 
will  apparently  be  discontinuously  increased  by  an  inch :  but  if 
the  space  be  measured  at  the  end  of  each  infinitesimal  or  very 
short  lapse  of  time,  the  increase  during  that  instant  will  be 
very  small,  and  if  the  instants  be  infinitesimal,  the  space,  we 
say,  will  have  increased  by  infinitesimal  increments.  The  earth's 
motion  in  its  orbit,  the  running  out  of  water,  the  gradual  radia- 
tion of  heat,  the  growth  of  a  tree,  are  all  instances  of  a  similar 
continuous  increase ;  and  it  is  worth  observing,  that  it  was  from 
such  cases  that  the  Calculus  had  its  origin.  But  if  we  count 
horses  or  men,  we  count  discontinuously :  we  pass  ''per  saltum'^ 
from  one  man  to  two  nien ;  we  cannot  divide  a  man  into  in- 
finitesimal elements ;  each  man  is  an  unit  whose  personal  exist- 
ence does  not  admit  of  such  infinitesimal  subdivision.  Hence 
it  appears,  that  numerical  continuity  requires  infinite  numerical 
divisibility,  and  expresses  the  property  of  quantity  considered 
under  the  aspect  of  generation  by  growth :  thus  the  difference 
of  the  two  modes  of  increase  is  one  of  degree  and  not  of  kind. 
Hence  also  we  have  a  criterion  of  them ;  the  difference  between 
two  successive  numbers  is  finite  or  infinitesimal,  according  as 
the  mode  of  increase  is  discontinuous  or  continuous. 

7.3  The  subject-matter  of  arithmetic  and  of  algebra  (com- 
monly so  called)  is  discontinuous  number.  The  numbers  8,  9^ 
10, ...  a,  A>  c, ...  a?,  y,  2r, ...  as  they  are  commonly  employed,  are 
discontinuous ;  we  pass  from  one  to  another  ''  per  saltns,''  and 
do  not  contemplate  the  mode  of  continuous  increase.  The  dis- 
tinction between  the  two  sciences  appears  to  be  the  following : 
In  arithmetic  are  discussed  the  properties  of  numbers  which 
have  certain  determinate  values,  and  can  have  none  other ;  in 
algebra  we  treat  of  symbols  which  are  general  in  form,  and 
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either  have  specific  yalaes,  as  the  constants  a,b,c;  or  admit  of 
having  one  or  more  such  values,  as  the  variables  s^  y,  z. 

Infinitesimal  Calculus,  on  the  contrary,  considers  number  in 
its  aspect  of  continuous  growth.  In  this  lies  its  distinctive 
character :  for  whereas  Arithmetic  and  Algebra  treat  of  finite 
and  discontinuous  number,  it  treats  of  continuous,  and  espe- 
cially of  infinite  and  infinitesimal  number. 

These  terms  however  are  at  present  too  vague  to  be  the 
foundations  of  philosophical  investigations^  and  therefore  I  pro- 
ceed in  this  and  the  four  following  Articles  to  enuntiate  certain 
axioms  concerning  infinitesimals  and  infinities,  their  orders  and 
their  relations^  which  flow  from  an  adequate  conception  of  con- 
tinuous number,  and  which  do  not  admit  of  proof  by  deduction 
from  more  general  principles.  Thus  our  method  of  inquiry  is 
similar  to  that  of  pure  geometry ;  and  we  shall  shortly  find  our 
notions  of  the  materies  of  infinitesimal  calculus  sufficiently  defi- 
nite to  enable  us  to  deduce  from  them  results  which  will  not  be 
wanting  in  precision. 

The  value  towards  which  an  expression  converges  nearer 
than  by  any  assignable  difference,  while  the  symbol  on  which 
it  depends  approaches  to  any  assigned  value,  is  called  a  limit  or 
limitvng  value.  If  the  assigned  value  of  the  symbol  be  zero, 
the  limit  is  called  the  inferior  limit;  and  if  the  value  be  in- 
finity, it  is  called  the  superior  limit. 

Thus  the  inferior  limit  of  :; is  1 ;  although  for  every  value 

of  ^  greater  than  0  the  quantity  is  less  than  1,  yet  the  nearer  x 

approaches  to  0,  the  less  becomes  the  difference  between  = 

and  1 ;  and  the  superior  limit  is  0 ;  for  as  a?  increases^  the  quan- 
tity becomes  less  and  less^  and  ultimately,  when  x  is  greater 

than  any  assignable  quantity,  the  difference  between  -= 

and  0  is  less  than  any^^uantity^  and  thus  the  limit  is  zero.  So 
again,  as  the  difference  between  x  and  •— 1  becomes  less  than 

any  assignable  quantity,  = approaches  to  infinity ;  similarly 

the  inferior  limit  of  tan  a?  is  0^  and,  as  x  becomes  ^,  the  differ- 

ence  between  tan^  and  infinity  vanishes,  and  infinity  is  .the 

limit  of  tan  ^ . 
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Again :  suppose  that  we  have  a  series  of  the  fom 

2     8     4  n+1 

1'   2'   8' n     ' 

the  number  of  terms  of  which  is  infinite ;  although  the  terms 
become  less  and  less  as  we  proceed  from  left  to  right,  yet  the 
value  of  the  last  term  does  not  approach  to  0  but  to  unity^  as 
is  manifest  from  the  form  of  it ;  unity  then  is  the  limit  of  the 
last  term  of  the  series. 

In  geometry  a  circle  is  the  limit  towards  which  the  perimeter 
of  an  inscribed  polygon  converges,  as  the  number  of  sides  is 
infinitely  increased^  and  as  thereby  the  lengths  of  the  sides  be* 
come  infinitesimally  small.  Some  examples  of  finding  limits  will 
be  given  in  the  sequel.  Hence  absolute  zero  is  the  inferior  limit 
of  an  infinitesimal^  and  absolute  infinity  is  the  superior  limit  of 
a  quantity  which  is  greater  than  any  assignable  quantity. 

8.]  The  symbols  by  which  we  shall  represent  an  infinity  and 
an  infinitesimal  are  oo  and  0 :  the  relation  of  which  is,  that  if  a 

represent  a  finite  quantity,  <»  =  n »  *^d  0  =  —  •  ^c  ^^all  at- 

tach  a  more  definite  meaning  to  these  relations,  if  we  consider 
a  dividend  to  be  the  product  of  the  divisor  and  quotient ;  thus 
there  is  no  finite  quantity  which,  when  multiplied  into  an  in- 
finitesimal, will  produce  a  finite  product :  nothing  short  of  an 
infinity  can  do  it ;  and  .from  the  illustrations  of  Article  5  it  ap- 
pears  that  it  must  be  an  infinity  of  a  particular  kind.  It  will 
be  observed,  that  0  does  not  represent  absolute  zero,  and  that 
00  does  not  express  absolute  infinity. 

If  then  any  finite  numerical  quantity  be  divided  into  any 
number  of  equal  or  unequal  parts,  as  the  case  may  be,  the 
larger  the  number  of  parts  is,  the  smaller  is  each  part;  and  if 
the  number  of  parts  be  infinitely  great,  each  part  is  an  infini- 
tesimal :  and  the  less  the  difference  is  between  the  number  of 
parts  and  absolute  infinity,  the  less  is  also  the  difference  be- 
tween each  part  and  absolute  zero.  Suppose  a  to  be  a  finite 
determinate  quantity,  and  to  be  divided  into  w  equal  parts; 

then  each  part  =  -;  and,  if  ^  is  infinitely  great,  ~  is  an  infini- 
tesimal, X  and  -  being  thus  symbols  of  an  infinity  and  an  infi- 
nitesimal, which  mutually  imply  and  are  reciprocal  to  each  other. 
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Suppose  again  -  to  be  divided  into  x  eqnal  parts,  then  each 

part  is  eqnal  to  -^ ,  and  or'  is  the  number  of  parts  into  which  a 
has  been  divided :  thus  x^  and  -j  severally  represent  an  infinity 

and  an  infinitesimal,  which  are  reciprocal  to  and  mutually  imply 
each  other.    By  similar  and  subsequent  divisions  we  may  find 

9^y  -3, ^^  — ,  and  therefore  other  infinities  and  infini- 
tesimals which  are  relative  to  each  other. 

Or  again,  suppose  i  to  be  an  infinitesimal  element  of  a,  so 
that  a  is  divided  into  -r  equal  parts,  then  -?  is  an  infinity,  and 
is  relative  to  the  infinitesimal  i.  And  again,  suppose  a  to  be 
resolved  into  elements  each  of  which  is  equal  to  «^  then  -^ 
ia  the  number  of  equal  parts,  and  -7|-  is  an  infinity  which  is 
relative  to  the  infinitesimal  t';  similarly  by  subsequent  resolu- 
tions may  other  infinitesimals  and  infinities  «',  -;^, ^^  "^f 

be  formed,  which  mutually  involve  each  other. 

Now  although  generally  infinities  and  infinitesimals  are  sym- 
bolized respectively  by  qo  and  0,  yet  it  is  manifest  that  aU  of 
each  kind  are  not  equal ;  not  only  do  infinitesimals  differ  from 
absolute  zero,  but  they  may  also  differ  from  each  other :  and  so 
may  infinities  differ  from  each  other,  and  from  a  quantity  which 
transcends  every  assignable  quantity,  that  is,  from  abs(dute  in- 
finity.   Hence  the  need  of  classifying  such  quantities^ 

Asmming  then  the  order  to  depend  on  the  exponent,  it  is 
phdn  that  such  orders  must  exist  relatively  to  a  certain  de- 
terminate quantity,  which  is  the  subject  of  the  exponent,  and 
which  we  call  the  base.    Taking  therefore  or  to  be  the  base  of 

infinities,  let  x\  a^, s^  be  infinities  of  the  second,  third,. 

fith  orders;  and  taking  i  to  be  the  base  of  infinitesimals> 

let  i^  t', t**  be  infinitesimals  of  the  second,  third, nth 

orders  respectively.    Similarly  -,  -j, -r  are  infinitesimala 

X     X  X 

of  the  first,  second, nth  orders,  if  ;r  be  the  infinity-base; 

and  T.  -7^^ -^  are  infinities  of  the  first,  second, nth 

D  % 

Digitized  by  VjOOQ  iC 


20  ON  INFINITIES  AND  INFINITESIMALS;  [8» 

orders^  if  t  be  the  infinitesimal-base :  such  properties  evidently 

involve  each  other,  if  i  and  x  are  so  related  that  j?  =  -,  or  «  =  - . 

t  X 

These,  it  is  to  be  observed^  are  the  definitions  of  the  orders  of 
infinities  and  infinitesimals.  Similarly^  if  x^  be  the  infinity-base, 

x,xi,x^ would  be  infinities  of  the  second,  third,  fourth 

orders;  and  if  t*  be  the  infinitesimal-base,  i*,  t,  i* would 

be  infinitesimals  of  the  second,  third,  fourth  orders  respectively. 
Order  then,  it  is  to  be  remembered,  is  relative  to  a  certain  base. 
Hence  then  it  appears,  that  there  will  be  a  scale  of  infinities 
and  of  infinitesimals  in  regular  sequence :  such  that  an  infinity 
of  the  nth  order  must  be  infinitely  subdivided  to  produce  an 
infinity  of  the  («  — l)th  order,  and  infinitely  quantupled  to  pro- 
duce one  of  the  (n  +  l)th  order:  infinitesimals  also  bear  such 
relations  to  those,  on  either  side  of  them  in  the  scale,  that  they 
are  infinitesimal  parts  of  the  one,  and  the  aggregate  of  an  in- 
finity of  the  other.  Thus,  if  x  be  the  symbol  of  infinity  aa 
above,  x^  will  be  the  symbol  of  the  finite  quantity,  and  the 
scale  will  be 

-J**!  n/»m         <m1  <mO  '••""1  «»~3  <*»— W  • 

and  if  i  be  the  symbol  of  an  infinitesimal,  i^  will  represent  the 
finite  quantity,  and  the  scale  will  be 

the  order  in  each  scale  being  a  descending  one.  Hence  also, 
using  the  general  symbols  of  such  infinitesimals  and  infinities, 
viz.  0  and  oo ,  the  scales  become 

0-»,  ...0-2,   0-1,   0^   OS   02,  ...0», 

00*,  ...   002,      00\      00®,  *  QO"\      00-2,  ^^^  q^-ii^ 

Thus  then,  although  the  mind  is  incapable  of  forming  adequate 
notions  of  infinities  and  infinitesimals  as  they  were  described  in 
rough  outline  in  Article  5,  yet  they  may  be  brought  within  its 
grasp  when  they  ai*e  symbolized  as  above*.  It  is  true  that 
they  do  not  always  present  themselves  under  the  simple  forms 
herein  investigated ;  but  in  a  subsequent  chapter  methods  will 
be  discussed  for  determining  the  orders  of  the  more  complex 
forms :  and  it  wiU  then  appear  that  we  can  always  determine 
the  order  of  an  infinity  or  of  an  infinitesimal  relatively  to  a 

♦  See  Poisson,  Traits  de  M^canique,  Tome  I,  pp.  14, 16,  2**  ed.  Paris,  1833. 
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given  base;  and  we  can  thus  arrange  and  collect  into  groups 
all  those  which  are  of  the  same  order.  Primarily,  the  chief  work 
of  the  Calculus  will  be  the  formation  of  subsidiary  infinitesimals 
and  infinities  by  means  of,  and  from,  finite  quantities :  but  ere 
we  enter  on  that  work,  we  must  plainly  state  the  laws  to  which 
such  infinitesimals  and  infinities  are  to  be  subject :  these  laws 
are  of  the  utmost  importance ;  they  are  indeed  the  conditions 
under  which  our  subsidiary  infinitesimals  and  infinities  exist  at 
all ;  to  us,  at  present,  it  is  immaterial  whether  they  are  geome- 
trical or  other  representatives,  or  only  analogues :  but  it  is  neces- 
sary that  they  should  be  of  a  nature  which  is  not  inconsistent 
with  the  nature  of  number.  If  any  one  hesitates  to  accept  the 
following  propositions,  which  I  have  called  Theorems,  but  which 
are  in  fact  axiomatic  statements  of  infinitesimals  and  infinities, 
let  him  bear  in  mind,  that  our  quantities  are  what  they  are  only 
by  virtue  of  these  conditions.  In  all  the  following  Theorems 
the  base  is  assumed  to  be  the  same. 

9.]  Theorem  I. — Infinities  and  infinitesimals,  like  finite 
quantities,  admit  of  being  multiplied  and  divided  by  finite  num- 
bers, and  their  order  is  not  thereby  changed :  but  multiplication 
or  division  by  the  base  or  any  power  of  it  changes  the  order  of 
the  infinity  and  of  the  infinitesimal. 

Thus  ai^  and  2«r^  are  infinities  of  the  same  order,  and  i  and 

•J  are  infinitesimals  of  the  same  order ;  i"  x  »*"  ^  i**"*"**,  that  is, 

by  multiplication  of  the  base  raised  to  a  power  the  order  of  the 
infinitesimal  is  changed.  / 

• 
Theorem  II. — ^The  product  of  an  infinity  and  of  an  infinitesi- 
mal of  the  same  order  is  a  finite  number. 

Thus  a?*x-^==a;  ix-r  =  a. 

Theorem  III. — ^The  product  of  an  infinity  and  of  an  infini- 
tesimal of  different  orders  is  an  infinity  or  an  infinitesimal,  ac- 
cording as  the  order  of  the  infinity  is  higher  or  lower  than  that 
of  the  infinitesimal ;  and  the  order  of  the  product  depends  on 
the  difference  of  the  orders  of  the  component  factors. 

Thus  ar'  X  -  =  ax^ ;  a?**  x  —-  =  aa?*»-*"  =  -—- ,  the  former  or 
X  x^  a?**""" 
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latter  form  being  taken  according  aa  n  is  greater  or  less  tlian 
m,  and  therefore  the  result  accordingly  ia  an  infinity  or  an  in- 

finitesimaL     Similarly^  i*  x  -7^  =  -r,- . 

Theorem  IY. — ^The  ratio  to  each  other  of  two  infinities  or 
infinitesimals  of  the  same  order  is  finite. 

Let  a  and  b  be  two  finite  numbers,  and  thus  let  -;— ,  -:-  be 

two  infinities  of  the  same  (viz.  the  nth)  order;  then  their  ratio 
in  a  :  b;  similarly^  if  ai^,  bi*  be  two  infinitesimals  of  the  nth 
order,  their  ratio  is  a  :  6^  that  is,  the  same  as  before.  This  is 
also  manifest  geometrically.  Let  there  be  two  concentric  circles, 
the  radius  of  one  of  which  is  double  that  of  the  other^  and  in 
them  let  two  regular  polygons  of  the  same  number  of  sides  be 
described ;  each  side  of  the  larger  is  always  double  each  side  of 
the  smaller ;  and  as  this  is  true  whatever  is  the  number  of  the 
sides,  it  is  true  when  the  number  is  infinitely  great;  in  which 
case  each  side  becomes  infinitesimally  small :  and  if  the  number 
in  both  polygons  is  the  same,  the  sides  are  infinitesimals  of  the 
same  order,  and  bear  to  each  other  the  finite  ratio  of  2  : 1. 

Hence  also  it  follows  that  quantities,  whose  symbolical  form 

is  ^,  are  indeterminate  by  virtue  of  that  form,  and  may  be 

either  infinite,  finite,  or  infinitesimal,  and  that  such  determi- 
nate values  depend  on  the  relation  of  the  order  of  infinitesimal 
in  the  numerator  to  that  in  the  denominator;  that  is,  if  the 
infinitesimal  in  the  denominator  be  of  a  higher  order  than  that 
in  the  numerator,  the  determinate  value  is  infinite;  if  the  orders 
are  the  same,  the  value  is  finite;  and  if  that  in  the  numerator 
is  higher  than  that  in  the  denominator,  the  value  is  infini- 
tesimal. 

Thus  ^ — _        =  ^  when  j?  =  a;  but  dividing  out  (a— ar)*, 

the  result  is  -^^ -r-  =  — jr-  =  ^ j  when  ^=  a. 

„.    .,    ,    a(l— ir«)      flxO       -  ,         o(l-|-«)      2a 

J  (o— a?)»      0       ,  a— 07       0      , 

^^^  'Zi — ;:J  =  n>  ^^^^  d?=:a,  =  — -— =  5~  when  j?  =  a. 
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Similar  results  are  also  manifestly  true  of  infinities  and  their 
diffSerent  orders. 

Theorem  V. — ^The  sum  of  two  infinities  or  infinitesimals  of 
the  same  order  is  the  product  of  the  infinity  or  infinitesimal  by 
the  sum  of  their  coefficients ;  and  the  difierence  is  an  infinity  or 
infinitesimal  of  the  same  order^  except  when  the  coefficients  are 
equal,  in  which  case  it  is  absolutely  zero. 

Thus  ai"+At»=(a+A)t»,  ai"— 6t~=(a— ft)i»,  at»— fli"  =  0. 

Theorem  VI. — Since  an  infinitesimal  is  derived  from  a  finite 
number  by  the  resolution  of  the  finite  number  into  an  infinity 
of  parts,  the  ratio  of  a  finite  number  of  such  infinitesimals  to 
the  original  number,  is  that  of  0  to  1 ;  a  finite  number  there- 
fore of  such  infinitesimal  parts  can  have  no  value  at  aU  when 
added  to  a  finite  quantity :  it  must  be  neglected. 

Thus  if  a  and  b  are  finite  numbers,  and  i  be  an  infinitesimal, 
of  such  an  expression  as  a + 6i,  the  latter  part  must  be  neglected ; 
bi  has  no  value  at  aU  when  added  to  a. 

Theorem  YII. — For  a  similar  reason  a  finite  quantity  can 
have  no  value  when  added  to  an  infinity,  and  must  therefore  be 
n^lected. 

Thus  of  ax-^-b,  if  a  is  a  finite  number  and  a?  is  an  infinity, 
the  finite  quantity  b  must  be  neglected,  and  the  expression  is 
equal  to  ax. 

Similarly,  in  expressions  involving  the  sum  or  difierence  of 
infinitesimals  of  different  orders  which  have  finite  coefficients, 
all  the  higher  infinitesimals  must  be  neglected,  and  the  lower 
ones  alone  retained.  Thus  let  a  and  b  be  two  finite  quantities, 
and  i"  and  t^*^**  two  infinitesimals;  then 

the  hitter  part  of  which  is  equal  to  a  by  Theorem  YI ;  and  there- 

^^^  a%''  +  b%^-^^  =  ai\ 

Similarly,        a+ At+ci*+  ...  +  *i*  =  a. 

And  similarly,  if  an  expression  involves  the  algebraical  sum  of 
infinities  of  various  orders,  whose  coefficients  are  finite,  the  ex- 
presaion  is  equal  to  the  infinity  of  the  highest  order,  and  all 
the  others,  and  the  finite  quantities,  can  have  no  value,  when 
added  to  it,  and  must  be  neglected. 
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10.]  To  enable  the  student  to  appreciate  the  importance  of 
the  above  theorems^  some  examples  are  subjoined : 

Ex.  1.   To  find  the  inferior  and  superior  limits  of 

By  Theorem  YI  the  inferior  limits  of  the  numerator  and  deno- 
minator are  severally  e  and  q,  and  by  Theorem  YII  the  supe- 
rior limits  are  severally  aof^  and  mafi ;  hence  the  superior  and 

inferior  limits  of  the  fraction  are  severaDy  —  and  - . 

'^  m         q 

Ex.  2.   To  find  the  inferior  and  superior  limits  of 

If  a?  =  0,  the  inferior  limit  becomes =• ;  and  if  ^  =  oo ,  the 

-r  j  y  which  is  00  or  0^  according  as  a  is  greater  or  less 
than  b. 

11.]  If  any  one  idea  or  conception  is  pregnant  with  the 
whole  Calculus^  it  is  that  contained  in  Theorems  YI  and  YII ; 
they  enuntiate  the  essential  properties  of  infinitesimals  and  their 
reciprocal  infinities :  such  as  flow  immediately  from,  inasmuch 
as  they  are  involved  in,  any  adequate  notion  of  such  a  mode  of 
resolution  as  the  Calculus  contemplates ;  were  not  the  proper- 
ties of  infinitesimals  such  aa  the  theorems  import,  the  Calculus 
would  not  be  what  it  is :  from  them  it  takes  its  rise,  and  what- 
ever its  genius  be,  such  have  they  imparted  to  it. 

On  inspecting  the  scales  of  infinities  and  infinitesimals  which 
are  given  above,  it  will  be  observed  that  the  finite  quantity  is 
represented  by  the  symbol  which  has  0  for  its  exponent :  the 
reason  of  which  by  the  common  law  of  indices  is  manifest  from 
the  examples  given  in  illustration  of  Theorem  lY  of  Article  9 ; 
and  on  the  correctness  of  thus  representing  it  more  will  be  said 
hereafter.  And  it  will  also  be  observed,  that  all  the  symbols  on 
one  side  of  it  represent  infinities,  and  all  on  the  other  infinitesi- 
mals ;  but  it  is  quite  arbitrary  which  grade  shall  be  considered 
finite,  or  the  one  intermediate  to  the  infinite  and  the  infinitesi- 
mal. Borrowing  an  analogy  from  the  senses,  as  explained  above, 
we  make  them  the  test  of  finiteness,  but  such  is  not  necessary ; 
and  doubtless,  were  our  senses  much  more  delicate  than  they 
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are,  we  should  dtart  from  some  order  lower  than  we  do,  and  call 
that  finite  which  we  now  call  infinitesimal ;  and  if  we  were  living 
amongst  bodies  and  distances  which  were  comparable  with  the 
distances  of  the  fixed  stars  from  the  sun,  they  would  doubtless 
be  our  finite  quantities,  and  what  are  now  finite  would  become 
infinitesimal. 

A  pertinent  illustration  of  the  preceding  Theorems  is  found 
in  the  modern  treatises  on  algebraical  geometry.  The  general 
equation  of  the  first  degree  is  assumed  to  be  of  the  form 

A^-f-By  +  c  =  0, 

where  a,  b  and  c  are  finite  constants ;  and  in  the  course  of  the 
discussion  of  this  equation  we  meet  with  the  paradoxical  result 
c  =  0,  where  c  is  not  and  does  not  admit  of  being  zero.  Thus, 
for  instance,  we  may  in  the  course  of  an  investigation  arrive  at 
the  equation  5  =  0;  and  this  equation  is,  whether  for  satisfac- 
tory reasons  or  otherwise  I  will  not  now  inquire,  said  to  repre- 
sent a  straight  line  at  an  infinite  distance  from  the  origin.  Now 
we  have  here  the  reason  for  this  seeming  impossibility :  if  c  =  0, 
it  is  implied  that  c  is  one  term  of  an  equation^  the  other  terms 
of  which  are  infinite ;  and  that  in  addition  or  subtraction  with 
them,  the  term  c  must  be  omitted ;  in  other  words,  the  other 
terms  of  the  equation  satisfy  the  equation,  and  the  constant 
term  c  must  be  omitted :  in  order  however  that  the  nature  of 
the  equation  may  not  be  forgotten  or  overlooked,  it  is  left  in  * 
the  seemingly  paradoxical  form 

c  =  0. 

Thus  if  the  preceding  equation  takes  the  form  c  =  0,  where  c  is 
not  zero,  it  is  implied  that  x  and  y  are  infinite,  and  have  dif- 
ferent signs,  and  that  the  equation  is  satisfied  by  them ;  and 
thus  the  equation  represents  a  line  at  an  infinite  distance.  For 
many  cases  of  this  curious  result  I  may  refer  the  reader  to 
Salmon's  Conic  Sections,  Dublin,  1855,  3rd  edit.  Art.  64. 

12.3  Thus  far  we  have  spoken  of  single  symbols,  and  of  their 
properties ;  it  is  of  amtiwujous  variables  that  we  shall  treat,  and 
we  shall  not  introduce  discontinuous  ones  without  special  state- 
ment. Now  it  is  plain  that  two  or  more  such  variables  may  be 
combined  with  constants  in  an  equation,  and  may  be  such  that 
a  change  of  value  of  one  may  involve  a  corresponding  change  of 
▼alue  of  one  or  more  of  the  others ;  when  this  is  the  case,  such 
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variables  are  said  to  depend  on^  and  to  be  functions  of,  each 
other :  and  the  equation  which  expresses  the  mode  of  depend- 
ence is  said  to  be  a  function  of  snch  variables. 

If  one  variable  is  involved  in  such  an  expression,  it  is  said  to 
be  a  function  of  one  variable ;  if  two  variables  are  involved,  to 
be  a  function  of  two  variables;  and  so  on.  Thus  sin;?,  e^, 
log^,  \/(o^— a?2),  are  functions  of  one  variable,  viz.  a?;  e^+'»', 
tan  {ax-\-  by),  x^  are  functions  of  two  variables,  x  and  y ;  xyz^ 
^*4-y^  +  ^*  are  functions  of  three  variables:  similarly  we  may 
have  functions  of  more  variables.  Functions  are  designated  by 
the  symbols  f,/,  </>,  \/r,  &c.  Thus  ^(x)  means  a  function  of  one 
variable  x^  combined  or  not  with  constants  as  the  case  may  be ; 
y(x^)  means  a  function  of  x^ ;  ^{x^  y)  symbolizes  a  function  of 
two  variables ;  t/r(^,  y,z)  a  function  of  three  variables :  thus  these 
functional  symbols  are  general,  and  the  specific  forms  of  them 
are  the  particular  functions  which  arise  from  operations  in  alge- 
bra, tingonometry,  &c.  Thus  if  F(a?)  =  cosa?,  f  is  the  general 
symbol  of  an  operation  of  which  cos  is  the  specific  instance; 
similarly  would  tan^,  log^,  e^,  ^/(a^— .r*),  be  all  represented 
by  t{x);  and  log(a?H-y)  would  be  represented  hyf(x,y). 

Now  as  such  equations  represent  the  mode  of  mutual  inter- 
dependence of  two  or  more  variables  in  their  symbolized  state, 
so  in  their  unsymbolized  state  they  express  the  relation  between, 
and  the  law  of,  certain  causes  and  effects.  Suppose  a  mass  of 
metal  to  have  been  heated  to  a  certain  temperature,  and  that 
we  have  to  find  the  temperature  at  any  subsequent  time ;  this 
latter  quantity  will  depend  on  (say)  three  circumstances,  viz. 
the  original  temperature,  the  law  of  radiation  of  heat,  and  the 
length  of  intervening  time.  Moreover  suppose  the  law  of  rela- 
tion of  these  four  circumstances  to  be  known,  (which  it  is,)  and 
it  to  be  possible  to  express  that  law  in  a  symbolical  form;  then 
the  equation  of  dependence  will  involve  four  variables,  viz.  the 
original  temperature,  the  time  elapsed,  the  law  of  radiation,  and 
the  present  temperature,  and  thus  will  be  a  function  of  four 
variables ;  but  we  shall  also  say,  that  the  present  temperature  is 
a  function  of  three  other  variables,  and  write  it  as  follows : 

Present  temperature  =  f  (original  temperature,  time,  law  of  radiation). 
Now  it  is  possible  that  any  one  of  the  last  three  variables 
may  vary  without  involving  any  change  of  the  other  two,  in 
which  case  however  the  "  present  temperature^'  must  vary  also ; 
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and  as  a  similar  variation  of  any  other  of  the  three  may  take 
place,  there  may  be  three  separate  variations  of  it  due  to  the 
aeparate  variations  of  each  of  the  three  variables  on  which  it 
depends.  On  this  account  it  is  called  a  dependent  variable,  and 
each  of  the  others  is  called  an  independent  variable. 

13.]  Functions  are  said  to  be  implicit  and  explicit^  according 
as  they  assume  the  form  of  one  or  the  other  of  those  of  the  last 
Article.    When  by  any  artifice  or  operation,  as,  for  instance,  by 
the  algebraical  solution  of  an  equation,  one  variable  is  expressed 
in  terms  of  all  the  others,  then  it  is  said  to  be  an  explicit  func- 
tion of  them ;  but  when  it  is  not  solved,  and  all  the  variables 
remain  involved  in  one  expression,  then  the  function  is  said  to 
be  implicit.    Thus  the  illustrating  case  of  the  last  Article  will 
be  an  implicit  function  of  four  variables,  if  the  quantities  are 
combined  in  the  form, 
F  (original  temperature,  time,  law  of  radiation,  present  temperature)  =  0 ; 
and  the  present  temperature  becomes  an  explicit  function  of 
three  variables,  if  it  is  written  in  the  form. 
Present  temperature  =  f  (original  temperature,  time,  law  of  radiation). 

Thus  «*-f  y*— o^  =  0  is  an  implicit  function  of  two  variables, 
but  y  =  (a*— J?*)*  is  an  explicit  function  of  one  variable,  of 
which  y  is  the  dependent  and  x  the  independent  variable ;  and 
yz=f{x)  is  the  general  form  of  such  explicit  functions,  and 
*  (Sy  y)  =  c  (c  being  a  constant)  is  the  general  form  of  an  im- 
plicit function  of  two  variables :  and  in  these  forms  x  and  y  are 
<salled  the  subjects  of  the  functional  symbols  /  and  f.    So  again : 

m2  «*2  4»2 

— =r  +  TT  +  --*  =  1  is  an  implicit  function  of  three  variables  of 

the  form  f  (x,  y^z)^ci  whereas  z^c\\ 8""fs(  >  ^*^ich 

is  of  the  form  -?=/(«2?,y),  is  an  explicit  function  of  two  vari- 
ables.   Implicit  functions  are  often  written  in  the  form, 

tt  =  F  (j?,  y,  jgr, ...)  =  c,  or  =  0,    ' 
as  the  case  may  be. 

The  terms  dependent  and  independent  variables  have  reference 
to  explicit  functions.  When  functions  are  implicit,  there  are 
no  general  marks  whereby  to  determine  the  variable,  which  may 
.'first  most  conveniently  change  value. 

E  2 
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14.]  Fanctiona  have  again  been  divided  into  two  classes, 
algebraical  and  tranBcendental :  the  former  being  those  functions 
which  involve  the  operations  of  addition,  subtraction,  maltipU- 
cation,  division,  involution,  and  evolution,  or  the  algebraical  sum 
of  many  such  functions ;  the  latter  those  wherein  the  operations 
symbolized  are  such  as  e',  log^^,  sino?,  see"* or;  that  is,  where 
they  are  either  exponential,  logarithmic,  or  circular.  This  how- 
ever is  a  division  not  necessary  to  our  present  purpose. 

Functions  again  may  be  simple  or  compound;  that  is,  accord- 
ing as  one  or  many  operations,  the  results  of  which  are  the 
functions  in  question,  are  involved.  Thus  ^  =  sin^,  y  =  loga^, 
are  simple  functions  of  x ;  but  y  =  log  sin  or,  y  =  e*"<"  are  com- 
pound functions;  compound  functions  are  thus  functions  of 
functions. 

It  is  necessary  to  observe,  that,  if  two  functions  are  repre- 
sented by  the  *same  functional  symbol,  they  are  formed  in  the 
same  manner  by  means  of  the  variables  which  they  involve. 

Thus  if  /(a?)  =  sin  x,  f{y)  =  sin  y ;  if  f{x)  =  e^,  f{y)  =  e^. 

15.]  Functions  may  be  either  continuous  or  discontinuous.  A 
contiuuous  function  is  subject  to  the  two  following  conditions : 

Ist.  As  the  variable  gradually  changes,  the  function  must 
gradually  change. 

2nd.  The  law  symbolized  by  the  functional  character  must 
not  abruptly  change. 

When  these  two  conditions  are  not  satisfied,  the  function  is 
discontinuous. 

Thus,  for  instance,  both  conditions  are  fulfilled  in  the  functions 
y  =  a^-f6,     y  =  sin^; 

in  which,  as  the  variable  x  changes,  the  value  of  the  function 
also  changes,  but  changes  gradually,  and  there  is  no  abrupt 
passage  from  one  value  to  another ;  and  the  law  symbolized  by 
the  functional  character  does  not  change,  but  always  remains 
the  same :  but  if  the  function  were  such  as  to  express  a  line  of 
the  form  in  fig.  1,  so  that  ba  should  be  a  continuous  curve 
drawn  after  some  determinate  law,  but  at  a  the  law  suddenly 
should  change,  and  the  curve,  from  being,  say,  a  circle,  become 
a  straight  line,  then  the  second  of  the  above  conditions  is  not 
satisfied,  and  the  function  is  discontinuous,  a  is  called  a  poiiit 
of  discontinuity.  As  an  instance  of  a  function  of  this  description 
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the  foUowing  may  be  mentioned.  Bepladng  the  circular  quanti- 
ties by  their  exponential  values,  it  may  easily  be  proved  that 

8in(a-§) 

cosa-f  co8(o  +  /3)-fco8(o  +  2/3)-f  ...ad  infin.  = 


Suppose  that  a  =  ~  ^  then  the  series  becomes 

cos a  +  cos  3a  +  co8  5a+ ...  ad  infin.  =  —  ;r-= — • 

2  sm  a 

but  if  a  =  any  multiple  of  v,  the  sum  of  the  series  assumes  the 

indeterminate  form  ~ ;  hence  we  have  this  remarkable  result, 

each  term  of  the  series  varies  continuously  with  a,  but  the  sum 
of  the  series  varies  discontinuously^  being  always  zero,  except 
when  a  passes  through  some  multiple  of  tt,  when  the  sum  of 

the  series  suddenly  and  abruptly  becomes  ^;  that  is,  some  in- 
determinate quantity;  thus  we  have  a  series  of  points  of  dis- 
continuity. 

It  is  of  continuous  functions  of  continuous  variables  generally 
that  we  shall  treat ;  and  if  discontinuous  functions  are  intro- 
duced^ they  will  be  considered  only  for  those  values  of  the  vari- 
ables for  which  they  are  continuous. 

16.]  There  are  two  different  modes  of  viewing  such  continu- 
ous functions  and  variables,  both  of  which  will  be  convenient 
for  the  future  purposes  of  the  treatise.  Firstly,  suppose  Xi  and 
Xt  to  be  two  definite  values  of  a  variable  number  w,  of  which 
Xt  is  the  larger;  and  suppose  the  difference  x^—xi  to  be  finite, 
and  to  be  resolved  into  an  infinite  number  of  equal  parts,  each 
of  which  is  therefore  an  infinitesimal ;  then  the  passage  from 
j?i  to  ^  may  be  made  by  the  successive  addition  of  such  infini- 
tesimal elements,  the  whole  sum  of  which  is  of  course  the  finite 
quantity.  Secondly^  the  idea  of  motion  or  continuous  growth 
may  be  introduced,  and  we  may  conceive  number  to  be  in  a 
gradually  increasing  state ;  and  thus,  if  the  rate  of  increase  be 
finite,  the  increment  due  to  a  finite  time  will  be  finite^  and  that 
due  to  an  infinitesimal  interval  of  time  will  be  an  infinitesimal. 
The  former  mode  we  have  hitherto  invariably  considered^  ex- 
cept in  the  illustrations  of  Art.  6,  but  as  we  have  now  to  deduce 
infinitesimals  from  finite  quantities,  and  the  latter  method  is 
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more  convenient  for  that  purpose,  we  shall  apply  it.  Both 
manifestly  lead  to  identical  quantities  and  results ;  for  whereaa 
in  the  one  we  consider  a  qiiantity  during  the  process  of  genera- 
tion, and  the  infinitesimal  elements  as  they  are  successively 
produced  ;  so  in  the  other,  we  resolve  the  finite  quantity  when 
generated  into  its  infinitesimal  elements :  in  the  latter  then  we 
arrive  at  the  finite  quantity  from  the  elements,  in  the  former  we 
derive  the  elements  from  the  finite  quantity.  The  latter  idea  is 
the  more  complex,  inasmuch  as  it  involves  motion  and  perhaps 
time,  but  adapts  itself  more  readily  to  mechanical  questions; 
and  the  former  is  undoubtedly  best  suited  to  geometry.  The 
former  of  these  two  ideas  is  that  on  which  Leibnitz  conducted 
his  investigations;  the  latter  is  for  the  most  part  that  which 
sir  Isaac  Newton  has  embodied  in  the  Principia,  although  some 
of  the  lemmas  involve  the  former. 

Thus  suppose  we  consider  the  arc  of  a  quadrant  of  a  circle  of 

radius  a ;  its  length  is  -^,  which  if  we  resolve  into  infinitesimal 

elements,  each  element  will  be  the  distance  between  two  con- 
secutive points:  and  the  two  points  will  be  taken  so  near  to- 
gether, that  the  line  joining  them  tniist  be  considered  straight; 
and  thus  must  the  circle  be  conceived  to  be  made  up  of  an 
infinity  of  infinitesimal  straight  lines,  and  the  tangent  at  any 
point  is  the  line  which  coincides  with  the  straight  line  joining 
the  point  and  its  consecutive  point ;  that  is,  the  tangent  is  the 
element  produced.  In  elementary  treatises  on  conies,  the  tan- 
gent to  a  conic  is  defined  to  be  the  straight  line  passing  through 
two  points  on  a  curve  infinitesimally  near  to  each  other,  and  its 
equation  is  derived  from  this  definition.  Similarly  must  all 
continuous  curves  be  considered  as  composed  of  infinitesimal 
straight  lines,  and  all  surfaces  of  infinitesimal  plane  areas,  and 
all  solids  of  infinitesimal  elements,  and  all  concrete  bodies  as 
made  up  of  infinitesimal  corpuscles.  Or  if  we  consider  the 
quadrant  to  be  generated  by  a  point  moving  according  to  a 
given  law,  and  the  motion  to  be  carried  on  during  a  finite  time, 
and  the  time  to  be  resolved  into  very  short  instants,  then  the 
space  passed  over  in  one  of  these  instants  is  the  infinitesimal 
increment  of  the  curve ;  and  the  direction  in  which  the  point 
is  moving  at  the  time  of  generating  the  element  is  that  of  the 
tangent  of  the  circle  at  the  point.  In  this  view  points  generate 
lines,  lines  generate  surfaces,  and  surfaces  generate  solids. 
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17.]|  Let  us  now  investigate  these  properties  with  greater 
precision,  and  with  reference  to  symbolized  number;  and  let 
the  first  subjects  of  our  consideration  be  continuous  functions 
of  continuous  variables ;  and  let  us  take  the  simple  case  of  an 
explicit  function  of  one  variable,  of  the  form 

y=/W;  (1) 

let  us  consider  it  in  two  successive  states,  and  first  at  a  finite 
interval  apart. 

Let  A  be  used  as  an  abbreviation  of  difference,  and  represent 
a  finite  increment  of  a  function  or  of  a  variable;  so  that  a  a?* 
and  Ay  represent  the  finite  increments  which  x  and  y  receive, 
and  A/(a?)  represents  the  finite  change  in  f{x)  due  to  the  finite 
augment  of  the  independent  variable  a?;  whence  we  have, 

A/(a?)  =  Ay=/(j7  +  A^)~/(a?).  '    (2) 

Thus  a/(^)  is  the  quantity  by  which  f{w)  is  increased,  as  the 
variable  on  which  it  depends  is  increased,  and  is  therefore  called 
the  difference  of /(a?). 

Now  suppose  these  increments  to  become  infinitesimal,  in 
which  case  we  shall  use  d^  the  abbreviation  of  differential  or 
small  difference,  to  symbolize  them :  so  that  dx  and  dy  repre* 
sent  the  infinitesimal  increments  which  x  and  y  receive,  and 
df{^)  the  infinitesimal  increment  which  f{x)  receives,  owing  to 
the  infinitesimal  increment  of  its  independent  variable ;  so  that 
(2)  becomes        ^^^^^  ^  ^^  =/(^+dr)-/(^).  (3) 

Thus  df(x)  is  the  infinitesimal  quantity  by  which  f{x)  is  in- 
creased, by  reason  of  the  infinitesimal  increase  of  the  variable 
on  which  it  depends,  and  is  therefore  called  the  differential  of 

As  the  symbols  d  and  a  will  be  employed  throughout  the 
treatise  in  the  meanings  here  assigned  to  them,  let  the  differ- 
ence between  them  be  noticed.  Also  let  it  be  observed,  that 
when  they  are  prefixed  to  ^  or  y  or  f{x)y  they  have  not  the 
efiect  of  multiplication :  that  is,  dx  is  not  d  times  x ;  but  their 

*  Ad?  may  be  negative;  id  which  case  it  might  perhaps  be  more  properly 
called  a  decrement;  but  in  the  foUoviring  treatise  we  shall  use  the  words 
augments  and  increments  to  express  the  variations  in  the  values  of  the  vari- 
ables, whether  such  variations  cause  them  to  increase  or  decrease. 
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power  is  that  of  an  operation  performed  on  the  subject  to  which 
they  are  prefixed :  thus  dx  is  the  differential  of  x,  the  infinitesi- 
mal increment  of  w,  or  the  infinitesimal  quantity  by  which  x 
grows:  so  ^0?)  is  the  infinitesimal  increment  of/(<r)  when  x 
has  been  increased  by  the  infinitesimal  quantity  dx. 

From  the  form  (3),  which  the  most  convenient  mode  of  de- 
termining such  infinitesimal  increments  takes^  has  the  name 
''Differential  Calculus''  arisen. 

The  operation  of  determining  the  values  of  the  differentials 
of  the  functions  due  to  the  differential  increase  of  the  variable 
is  called  Differentiation,  and  is  the  first  work  of  the  Calculus ; 
and  we  are  said  to  differentiate  the  function  with  respect  to  that 
variable,  owing  to  the  change  of  which  the  function  changes. 
Hereby  the  materials  will  be  formed,  which  are  subject  to  the 
axioms  previously  enunciated,  and  the  other  laws  of  which  will 
be  subsequently  developed.  We  shall  generally  differentiate 
directly  and  without  the  intervention  of  any  other  symbols  than 
those  introduced  above^  but  sometimes  it  is  convenient  to  put 
the  result  in  the  following  form. 

18.]  Since  the  left-hand  member  of  equation  (3)  is  an  infini- 
tesimal of,  say^  a  first  order,  the  right-hand  member  must  be 
an  infinitesimal  of  the  same  order ;  an  infinitesimal  must  there- 
fore be  a  factor  of  it.  But  the  only  infinitesimal  that  it  in- 
volves is  dx,  therefore  we  may  reasonably  presume  that  dx  will 
be  the  factor ;  the  presumption  however  must  be  verified  by  sub- 
sequent investigations.    Dividing  both  sides  by  dx^  we  have 

dy  ^  d,f(x)  ^f(x  +  dx)--f{x)^ 
dx  dx  dx  ^ 

of  which  the  last  member  is  of  the  form  ^^  but  will  be  a  finite 

quantity,  if  our  presumption  is  correct.  Let  us  represent  it  by 
f'{x)y  so  that 

r.     dy  =  d,f(x)  ^f(x)dx:  (5) 

and  therefore  from  (3), 

fix)  dx  =  fix  +  dx)  -fix),  (6) 

f\x)  is  called  the  derived  fmction  of  fix),  and  represents  the 
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ratio  of  the  diffiBrential  of  the  function  to  the  differential  of  the 
Tariable;  and  therefore  if  it  is  known^  the  absolute  change  of 
tiie  function  dne  to  the  change  of  the  variable  is  also  known. 
Also  fim)  is  caUed  the  differential  confident,  because  it  is  the 
eoeflkient  ijtdicm  the  equation  d.f{w)  =  f'iof)  dx ;  and  f{w)  dx 
is  by  (6)  the  excess  of  the  function  when  its  sulgect  variable  is 
infinitflsJTnaHy  increased  over  its  value  when  the  subject  is  not 
increased. 
It  is  also  manifest^  that  generally 

fet^Z=Af)  =/'(.)+.,  (7) 

AX 

when  R  is  some  residual  quantity^  which  must  be  neglected 
when  AX  becomes  dx. 

The  process  by  which  derived  functions  are  determined  is 
eaDed  Denoatitm :  and  evidently  by  it  a  function  becomes  the 
parent  of  some  other  function.  On  this  principle  Lagrange, 
one  of  the  most  eminent  mathematicians  of  the  eighteenth  cen- 
tury, has  constructed  his  works  on  the  Infinitesimal  Calculus, 
vis.  '^Thforie  des  Fonctions  Analytiques/'  and  its  sequel  '^Le- 
(ons  snr  le  Calcul  des  Fonctions.'^  It  is  however  beside  my 
presmit  purpose  to  unfold  the  process,  because  it  is  so  different 
to  that  which  I  have  made  fundamental ;  and  it  is  impossible 
adequately  to  discuss  the  reasons  why  the  preceding  principles 
sre  preferred,  because  fully  to  do  so  requires  a  knowledge  of  all 
the  Calculus.  On  the  latter  subject  however  a  few  words  are 
said  in  the  Preface. 

19.]  Similarly,  in  ccmsidering  a  function  of  many  variables, 
sudias  .  . 

we  shall  use  a  and  d  to  symbolize  respectively  finite  and  in- 
finitesimal changes :  so  that  ak,  ao?.  Ay, ...  represent  finite,  and 
ds, dx,dy,dz  ...  infinitesimal  quantities ;  wherefore 

Afc=  r(a?  +  Aa?,  y  +  Ay,  ...)-p(d?,y, ...)  (8) 

du  =  p(a?-h*p,yH-rfy,5r-frf-2r,  ...)-F(^,y,2r, ...).  (9) 

It  ii,  however,  more  convenient  to  reserve  the  complete  inquiry 
into  the  variations  of  functions  of  many  variables  for  a  later 
put  of  our  treatise. 
raiCE,  VOL.  I.  r 
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20.]  Hence  we  may  describe  the  Differential  Calculus  as 
follows : 

The  Differential  Calculus  is  a  general  method  and  system  of 
rules  by  which  are  determined  the  corresponding  changes  of 
functions  and  variables,  when  the  variations  of  the  variables 
are  infinitesimal ;  and  the  code  of  laws  to  which  they  are  sub- 
ject, and  conformably  to  which  they  may  be  applied  to  ques- 
tions of  Geometry  and  Physics. 

Before  however  we  proceed  to  give  either  general  rules  for 
the  differentiation  of  functions,  or  to  illustrate  the  process  by 
particular  examples,  it  is  necessary  to  determine  the  values  of 
two  functions  for  certain  values  of  the  variables,  which  will  be 
frequently  applied  hereafter. 


Section  2. — Fundamental  Lemmas  of  the  Infinitesimal  Calculus, 

I 
21.]   Lemma  I.    To  evaluate  (l-fa?)',  when  a?  is  an  infini- 
tesimal. 

By  the  Binomial  Theorem 

1  n(n— 1)   ,     «(»  — l)(n— 2)    , 

let  n  =  -, 

X 

.     (l  +  -)'  =  l  +  iW-(--l)i;^  +  -(---l)(--2)j^  +  .. 

,     ^      1-a?     (l-a?)(l-2a?) 
=  ^-^^  +  T2-^  1.2.3  -"- 

Let  X  be  some  small  positive  fractional  number;  then  it  is 
plain  that  each  factor  in  the  numerators  of  the  several  terms  of 
the  series  is  less  than  1 ;  and  therefore,  no  term  being  negative, 
the  whole  series  is  greater  than  its  first  two  terras,  that  is,  is 
greater  than  2.    Also  since 

o     1     /,     ir^    T    1    1     1      1 

8  =  l+(l-g)    =1  +  1  +  5  +  ^2  +  23+  — 

each  term  of  this  after  the  second  is  greater  than  the  corre- 
sponding term  in  the  series  above,  and  therefore  the  whole  series 
is  greater ;  and  therefore,  when  ^  is  a  small  positive  fractional 

number,  (1  +  x)*  is  equal  to  some  number  greater  then  2  and 
less  than  3. 
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Let  X  be  an  infinitesimal,  and  thus  be  symbolized  by  0,  in 
which  case  by  virtue  of  Theorem  VI,  Art.  9,  we  have 

(i+o)*  =  i+i+jL  +  _i_  +  _^  +  _|_+... 

which  mnst  be  aummed  arithmetically  as  follows : 
1  =       1- 

1  =       1-0000000 

1 


1.2 

1 
1.2.8 

1 
1.2.8.4 

1 
1,2... 4.5 

1 
1.2...5.6 

1 
1.2...6.7 

1 
1.2... 7.8 

1 
1.2.. .8.9 


■5000000 
•1666666 
•0416666 
•0088383 
•0018888 
•0001984 
0000248 
•0000027 


trhence  by  addition  ve  have 

1  +  1+1^  +  1^+...   =   2-7182818 

which  is  the  correct  sum  of  the  series  to  seven  places  of  deci- 
mals. This  arithmetical  number,  which  is  incommensurable* 
with  any  digit  of  the  decimal  scale  of  notation,  and  which  is 
identical  with  the  base  of  the  Napierian  logarithms,  is  sym- 
bolized by  e;  so  that  we  have 

(l  +  ;p)'  =  2.7182818 

=  e,  (10) 

when  «  is  an  infinitesimal;  and  wherever  «  is  met  with  in  the 
course  of  this  work,  it  is  used  as  the  symbol  for  this  arith- 
metical quantity. 

Again,  if  x  were  a  small  negative  fractional  quantity,  then 

*  Peacock's  Algebra,  Vol.  I,  Art.  203,  Cambridge,  1842.  >^ 
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1  +  0?  is  a  positive  quantity  less  than  1 ;  let  1  +  a?  =  :r ,  where 

jzr  is  a  small  positive  quantity  less  than  1,  and  becomes  infini- 
tesimal simultaneously  with  9 ;  then 

which^  when  z  is  infiniteaima],  becomes  e  by  the  former  part  of 
the  Lemma. 

Hence  we  conclude  that  when  jr  is  a  small  positive  or  nega- 

tive  quantity^  approximating  to  0,  (1  +  x)*  approximates  to  the 
value  e\  that  is,  differs  from  e  by  a  quantity  less  than  any 
assignable  quantity,  when  x  diminishes  without  limit;  that  is, 

when  X  is  an  infinitesimal,  (1  -f  xy  =  e. 

Corollary  I.    Hence,  taking  Napierian  logarithms  of  both 
sides  of  the  last  equation, 

-log,(l  +  ^)  =  log^c  =  l; 
•'•     log«  (1  +  07)  =  07,  when  x  is  an  infinitesimal.        (11) 
CoR.  II.    And  taking  Ic^arithms  to  the  base  a,  we  have 
-;loga(l  +  a7)  =  logae, 

,  by  the  theory  of  logarithms ; 


log,  a 

X 

-'•     loga  (1  +  ^)  =  f ,  when  x  is  infinitesimal.     (12) 

CoR.  III.  As  the  above  deterriiination  of  the  value  of  e  is 
independent  of  any  previously-expanded  logarithmic  series,  it  is 
well  to  shew  how  other  results  follow  from  it. 

{(1  +  ^)'}''=  (1  +  ^)^ 

-l  +  y-h-i;2-+ OX "^•- 

Let  X  be  infinitesimal,  whence 

Again,  since 

(1  +  0?)*  ^  e*^       * 
expanding  both  sides  we  have 
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,      y     y{y-x)     y{y-x){3f-2x) 
^^\^     1.2     "•"  0:3  "*"•• 

=  1  + 1  lo&(l  +  a?)  +  ^  1^  {lbg,(H- a?)P  +  ... ; 

cancelling  the  units,  dividing  through  bj  y,  making  y  infinitesi- 
mal,  and  equating  the  finite  terms,  we  have 

log.(l  +  g)  ax*      afl 
X '^~T  +  T"T+    • 

<m2  <m3  4m4 

.-.     loge(l  +  »)  =*  *^--2"  +  -8*""-4  +  — 

32.]  Lemma  II.  To  prove  that  tan  ^,  x,  and  lin  x  may  be 
used  indifferently  for  each  other,  when  dr  i«  an  infinitesimal  are, 
and  the  radius  is  finite. 

Let  AP  (see  fig.  2)  be  the  arc  of  a  circle  whose  radius  =  1, 
and  let  the  arc  ap  =  ^,  w  being  the  circular  measure  of  the 
angle  pca;  let  at  be  the  tangent  and  pm  the  sine  of  the  arc. 
At  p  draw  a  tangent  to  the  circle,  viz.  pi<,  and  draw  the  other 
lines  as  in  the  figure;  then,  since  tp^  is  a  right  angle,  tt'  is 
greater  than  PT',         .      ^,>^^^y,. 

and  because  two  sides  of  a  triangle  are  greats  than  the  third, 

rt'-I-t's  >  Rs; 

.*.     h fortiori  at>ar  +  R8  +  8P: 

and  similarly,  if  tangents  are  drawn  to  the  arc  at  points  between 
A  and  Q  and  q  and  p,  it  may  be  shewn  that  the  sum  of  all  the 
lines  similar  to  s&  is  less  than  at;  but  the  limit  of  all  such 
lines  is  the  circular  arc ;  therefore  at  is  greater  than  the  arc. 

Again,  the  chord  ap  is  greater  than  pm,  which  is  the  sine  of 
Xj  and  PQ-f  QA  is  greater  than  ap  ;  therefore 

pq+qa:>pm: 

and,  drawing  other  chords  firom  a  and  p  to  intermediate  points 
on  the  arcs,  it  may  be  shewn  that  the  sum  of  such  chords  is 
greater  than  the  chord  ap,  and  therefore,  a  fortiori,  than  pm  ; 
and  as  the  arc  ap  is  the  limit  of  all  such  chords,  it  follows  that 
it  is  greater  than  the  sine  pm.  Therefore  the  arc  is  less  than 
its  tangent  and  greater  than  its  sine. 

Again,  bearing  in  mind  that  cos  x  by  its  definition  =  1,  when 
4^  is  an  infinitesimal,  we  have 
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2 =  COS  4?  =  1,  when  w  is  an  infinitesimal ; 

tana?  ' 

whence  it  follows  that  sin  ^  =  tan  x,  when  x  is  an  infinitesimal ; 
and  since  x  is^  as  above  shewn,  always  intermediate  to  these,  it 
is  clear  that  all  three  are  equal  to^  and  therefore  may  be  used 
indifferently  for,  each  other. 

Hence,  when  a?  is  an  infinitesimal, 

8in^  =  07  =  tan^;  (13)    - 

which  proposition  is  frequently  expressed  in  the  fcNrm, 

The  limiting  ratio  of  the  sine,  the  arc,  and  the  tangent  is  that 
of  equality. 

This  result  is  also  involved  in  the  former  Lemma.    Th^  ex- 
ponential value  of  the  sine  gives  us, 


sm^  = 


a>v/3l 


^  "'    -  'p«xvri_ 


To  evaluate  e**'^^— 1,  when  j?  is  an  infinitesimal; 
let        e^'^^^-^l  =  z, 
so  that  (V  and  z  are  simultaneously  infinitesimal; 
.-.     ^2*^^=  l  +  xr, 
and     2d?>v/^  =  loge(l  +  -?) 

=  ^> 
when  z  is  an  infinitesimal,  by  Cor.  I,  Lemma  I. 

Hence  c*'^'^- 1  =  2a?  V^^ ;  '     ^ 


smo?  = 


2>v/^ 


=  a?c-*^^^ 
=  J?, 
when  0?  is  an  infinitesimal. 
Hence  also  it  follows  that 

tana?  =     , — ^= r=  =  a?,  when  x  is  an  infinitesimal. 


Cor.  I.    When  a?  is  an  infinitesimal,  chord  X:=x.   . 

Google 


0? 

For  since  ch  a?  =  2  sin  g , 
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and  by  Lemma  II,  sin  ^  =  ^ ,  when  j?  is  an  infinitesimal, 


.*.     ch  ^  =  2  ^  =  j?y  when  a?  is  an  infinitesimal : 

that  is,  the  chord  of  an  infinitesimal  arc  is  equal  to  the  arc ; 
which  is  the  Vllth  Lemma  of  the  first  Section  of  Book  I  of 
Newton's  Principia. 

Cob.  II.    Hence  also,  if  j?  is  infinitesimal, 

sin-^o?  =  a?  =  tan-^a? :  (14) 

that  is,  the  sine  and  the  tangent  may  be  used  indifferently  for 
the  arc,  when  the  arc  is  infinitesimal. 

23.]  Although  it  may  be  beside  our  defined  path,  yet  it  is 
worth  while  to  shew,  that  the  arc  and  the  sine  are  equal,  when 
the  arc  is  infinitesimal,  only  by  omitting  terms  of  a  higher 
order,  and  which  tmat  be  neglected  in  accordance  with  Theo- 
rem VI,  Art.  9. 

Assuming  the  validity  of,  the  trigonometrical  proof  of  the 


smj?  =  a?—  ,  ^  Q  4- 


1.2.8  ^  1.2.8.4.5        •' 

if  X  is  an  infinitesimal,  x^^  ^^, ...  must  be  neglected  as  they  are 
algebraically  added  to^,  and  we  have 

sin  ^  =  0?. 
Also  since 

versed-sine  ol  x  =  1  —  cos  ^ 


""  ^      r      1.2  "^  1.2.3.4        -f 


"■  1.2       1.2.8.4  ^  ••• 

it  follows  by  reason  of  Theorem  Y I,  Article  9,  that,  if  a?  is  in- 
finitesimal, 2 
versin  d?  =  -^ ; 

and  therefore,  if  the  arc  is  an  infinitesimal  of  the  first  order, 
the  versed-sine  of  it  is  an  infinitesimal  of  the  second  order.  The 
geometrical  proof  of  this  truth  is  so  manifest,  that  it  is  unneces- 
sary to  do  more  than  to  suggest  it  to  the  student. 
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Section  3. — Examples  of  the  Infinitesmal  method. 

24.]  The  principles  above  e2q[>lained  are  sufficient  for  a  va- 
riety of  problems;  examples  of  which  are  subjoined,  to  give  the 
student  an  insight  into  the  kinul  off  processes  which  he  has  to 
perform. 

Ex.  1.  To  differentiate  zr^  that  is,  to  det^mine  the  change 
of  x^  due  to  an  infinitesimal  change  of  value  of  x. 
Let  y  =  a?*, 

.'.       y  +  Ay  =    {X^AX)\ 

,\     Ay  =  (4?-f  A^)*— d?* 

and  therefore,  taking  differentials  instead  of  differaices, 

dy  =  rf.a?*  =  Zxdx^ 
omitting  the  term  {(dx)\  which  can  have  no  value,  because  it  is 
an  infinitesimal  of  the  second  order,  and  added  to  one  of  the 
first  order. 

Hence  ^  =  S^r,  and  therefore  if,  in  accordance  with  the 

notation  of  derived  functions, 

/W  =  ^\ 

which  result,  and  others  of  a  similar  kind,  as  will  be  shewn 
hereafter,  justifies  the  presumption  of  Article  18,  that  the  ratio 
of  the  infinitesimal  variation  of  f{x)  to  that  of  ^  is  a  finite 
quantity. 
The  above  process  may  thus  be  explained  geometrically : 
Let  X  represent  the  straight  line  af,  fig.  S;  and  suppose  ap 
to  be  increased  by  fq,  which  is  represented  by  ax]  then  from 
the  figure  it  is  plain  that  the  square  is  increased  by  the  rectan- 
gles DB,  BQ,  and  the  square  br,  the  values  of  which  vae  xxax, 
XX  AX,  {ax)^\  whence 

Ay  s=  4.a?*  =  2a?A4?-f  (ao?)*. 
Now  let  FQ  be  infinitesimal,  that  is,  let  ax  become  dr,  whereby 
also  Ay  becomes  rfy,  and  we  have 

dy  =  d,x^  =r  2x  dr-f  («te)*; 
but  {dx)^  must  be  omitted  for  the  following  reason :  x  dx  sym- 
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bolizes  approximately  a  straight  line^  of  which  the  length  is  x^ 
and  the  breadth^  if  one  may  so  speak,  is  dx ;  bat  {dx)^  repre- 
sents a  square  whose  side  is  dx ;  and  as  dx  is  an  infinitesimal, 
its  square  is  a  point,  and  as  it  will  require  an  infinity  of  such 
points  to  make  a  straight  line^  and  as  the  coefficient  of  {dx)^  is 
not  infinity,  we  must  neglect  it ;  that  is,  in  calculating  the  en- 
largement of  the  square  due  to  the  enlargement  of  a  side,  we 
take  account  of  the  infinitely  narrow  rectangles  which  adjoin 
the  sides,  but  must  neglect  the  small  point  which  is  required  to 
complete  the  square,  and  which  is  situated  at  one  of  the  angles, 
as  at  B,  and  no  error  is  committed  by  our  so  doing.  Or,  if  we 
introduce  the  idea  of  motion,  the  enlargement  of  the  square  is 
due  to  the  moving  forwards  of  the  two  sides  fb  and  cb,  and 
the  rectangles  by  which  the  square  is  increased  are  the  several 
spaces  passed  over  by  the  sides,  which  are  the  spaces  contained 
between  the  lines  before  and  after  the  motion;  and  as  the 
spaces  through  which  the  lines  have  passed  are  very  small,  the 
lines  being  considered  to  be  in  two  immediately  successive 
positions,  the  small  element  at  b  becomes  a  point,  and,  as  we 
have  not  an  infinity  of  such  points,  the  accuracy  of  our  result 
is  not  destroyed  by  neglecting  this  small  quantity ;  and  there- 
fore, again,  the  increase  of  the  square  due  to  the  infinitesimal 
increase  of  the  side  is  Zx  dx, 

Ex.  2.  To  difierentiate 


Let  y  = 


X 

Ay  = 


X-^-liX 


X-\'^X  X 


_  (x-\-Ax){a^+3fi}^''X{a^^afl  +  2x£^x-\'(ikX)^}^ 

and  expanding  the  second  member  of  the  numerator  by  the 
Binomial  Theorem,  and  neglecting  the  terms  involving  the 
square  and  higher  powers  of  A.r,  which  will  become  infinitesi- 
mals of  an  order  to  be  omitted,  we  have 
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whence,  taking  differentials^  and  omitting  dx^  where  it  is  added 
to  the  finite  quantity  x,  we  have 

a^dx     ^  ^      dy  a* 


rfy  = 


{a»+a^}»'  ''     dx       {a2^^}|' 


and  therefore,  if  f{x)  =  — ; ^^ ,  f\x)  = 

Ex.  3.   To  differentiate 


e' 


At/  = ■ 

y       e'+^-fl      c'  +  l 

to  evaluate  e^— 1,  when  ax  becomes  an  infinitesimal  dx; 

let  c^-l  =  r, 

so  that  AX  and  2r  are  simultaneously  infinitesimal ; 

.'.     c^=l  +  2r,  Aar  =  loge  (1  +  z), 

.-.     rfa?  =  r,  by  Oor.  I,  Lemma  I; 

.-.     e***-!  =  dx; 

replacing  therefore  e^— 1  by  its  equivalent  in  the  above  equa- 
tion, and  omitting  dx  when  added  to  the  finite  quantity  x,  we 

have  -  , 

,  e'dx 

dy  = 


If  therefore 

Digitized  by  VjOOQ  IC 


04*1  ISXAMPLES  OF  THE  INFINITESIMAL  METHOD.  43 

Ex.  4.    To  differentiate  cos  <r  sin  2  a?. 
Let  y  =  cos  x  sin  2x^ 

.'.     y  +  Ay  =  cos  (a?  4- AO?)  sin  2  (a? -I- A  J?); 
Ly  =  cos(^-i  A^)  sin  2(07  + AO!^)  — cos  A?  sin  2a? 

=  (cosjrcosAo?— 8ina?sinAa?)(8in2j?cos2Aa?4-cos2a?sin2Aa?)  . 

—cos  07  sin  2a?; 
and  taking  differentials  instead  of  differences^  and  therefore  by 
reason  of  Lemma  II  replacing  the  sine  of  an  infinitesimal  arc 
by  the  arc  itself,  and  the  cosine  by  unity,  we  have 

dy  =  (cos  x—dxmi x)  (sin 2a? 4-  2 c£r  cos  2x)  —  cos x  sin  2.r, 
dy  =  2dx  cos  x  cos  2a?  —  do?  sin  a?  sin  2a?, 
omitting,  as  is  necessary,  the  term  involving  (dx)^.    If  therefore 
fix)  =  coso?  8in2a7,      fix)  =  2cosa7  co82a?—sina7  sin2a*. 

The  above  examples  are  instances  of  differentiating  from  first 
piinciples. 

Ex.  5.  To  determine  the  perimeter  and  the  area  of  a  circle  of 
giyen  radius. 

As  in  this  and  the  two  following  examples,  and  indeed 
throughout  the  whole  work,  it  is  necessary  to  have  a  clear  no- 
tion of  the  relation  between  circular  and  gradual  (that  is,  by 
degrees)  measures  of  angles,  I  propose  once  for  all  to  say  a  few 
words  on  the  subject. 

In  Euclid,  Book  VI,  Prop.  XXXIII,  it  is  proved  that  in  the 
same  circle,  or  in  equal  circles,  angles  at  the  centre  have  the 
same  ratio  which  the  arcs  on  which  they  stand  have  to  each 
other:  hence  we  conclude  that  in  the  same  circle,  or  in  equal 
circles,  the  arcs  vary  as  the  angles  which  they  subtend  at  the 
centre. 

Also  let  us  suppose  in  two  circles  of  unequal  radii,  which  we 
will  assume  to  be  concentric,  although  this  assumption  is  un- 
necessary, two  regular  polygons  of  the  same  number  of  sides  to 
be  inscribed ;  then  the  perimeters  of  these  polygons  evidently 
vary  as  the  radii  of  the  circles.  Let  the  number  of  the  sides  be 
infinitely  increased,  so  that  each  side  becomes  a  straight  line  of  - 
infinitesimal  length :  the  lengths  of  these  sides  evidently  still 
vary  as  the  radii;  for  the  infinite  increase  in  the  number  of 
these  sides,  and  thereby  the  infinitesimal  diminution  of  the 
lengths  of  the  sides,  does  not  change  this  ratio.     But  when  the 
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number  of  the  sides  is  infinite,  the  polygon  becomes  a  circle^ 
and  its  perimeter  becomes  the  circumference  of  the  circle ;  so 
that  by  this  method  we  infer  that  the  perimeters  of  circles  vary 
as  their  radii.  The  same  relation  is  also  true  of  any  parts  of 
the  perimeters ;  and  therefore  of  two  concentric  circles  the  arcs 
subtending  the  same  angle  at  the  common  centre  vary  as  the 
radii  of  the  circles.  If  therefore  we  combine  this  result  with 
the  preceding^  we  have  the  following  proposition : 

The  circular  arcs  subtending  different  angles  with  different 
radii  vary  conjointly  as  the  angles  and  the  radii  of  the  arcs. 

Let  s^  r,  $  be  the  symbols  representing  an  arc,  a  radius,  and 
the  subtended  angle;  these  symbols  expressing  numbers;  the 
length-unit  of  the  radius  and  arc  being  the  same,  and  the  angle- 
unit  being  at  present  undetermined.  Let  A  be  a  coefficient  of 
variation.  So  that  the  preceding  proposition  expressed  mathe- 
maticaUy  is  ^  ^  ^^^ 

But  k  is  undetermined ;  to  determine  it,  let  us  assume  the  umt- 
angle  to  be  thaty  the  subtending  arc  of  which  is  equal  to  the  radius ; 
let  the  importance  of  this  assumption  be  noted.  Then  in  the 
preceding  eqiiation  ^ = 1,  when  s  =  r\  and  therefore  A:  =  1 ;  and 

s  =  re,  (15) 

and  e^t.  (16) 

r 

Now  a  right-angle  is  a  quantity  independent  of  any  arbitrary 
assumption.  In  ordinary  trigonometry  it  has  been  found  con- 
venient to  divide  it  into  90  equal  parts  or  angles,  each  of  which 
is  caUed  a  degree :  this  indeed  is  the  definition  of  a  degree. 

Here  then  are  two  different  unit-angles.  The  latter  is  much 
more  arbitrary  than  the  former ;  we  might  divide  a  right  angle 
into  100  or  into  any  other  number  of  equal  parts,  if  such  a 
division  were  more  convenient  than  that  into  90  equal  parts. 
But  the  principle  of  the  former  is  founded  on  certain  geometri- 
cal properties  of  the  circle.  Thus  then  we  have,  what  we  will 
call  technically,  the  unit-angle,  and  a  degree.  A  question  arises, 
what  relation  exists  between  these  angles  ?  can  the  relation  be 
expressed  by  a  fraction  ?  or  by  any  other  number  ?  We  reply,  no ; 
no  number  commensurable  with  our  scale  can  express  it.  We 
may  roughly  get  a  notion  of  the  relation  in  the  following  way : 

The  unit-angle  is  that  of  which  the  subtending  arc  is  equal 
to  the  radius :  now  the  chord  of  60  degrees  is  equal  to  the  ra- 
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dius ;  and  the  chord  is  less  than  the  arc :  so  that  the  unit-angle 
is  less  than  60^;  it  ultimately  results  that  the  unit-angle  is 
57.29578 ...  degrees.  Let  us  however  assume  the  number  which 
gives  the  ratio  of  two  right  angles  to  the  unit-angle  to  be  repre- 
sented by  TT :  so  that  ir  is  the  number  of  times  the  unit-angle  is 
contained  in  two  right  angles.     Thus  if  e  represents  the  unit- 

*^8le,  IT  X  e  =  180P.  (17) 

The  numerical  value  of  tt  (to  five  places  of  decimals)  is  3.14159... 
and  the  fraction  which  most  conveniently^  although  of  course  not 

correctly,  represents  it  is  j^ ;  the  number  is  however  incom- 
mensurable, and  has  actually  been  calculated  within  the  last  four 
years  by  Mr.  Shanks  of  Houghton  le  Spring  in  the  county  of 
Durham,  to  the  astonishing  number  of  607  places  of  decimals. 
Let  the  reader  therefore  be  careful  as  to  the  meaning  of  the 
symbol  ir:  it  is  a  number,  and  a  number  only.  By  some  authors 
it  has  been  used  as  equivalent  to  two  right  angles  or  180°: 
spch  an  use  is  incorrect  as  to  form;  and  although  commonly 
used  can  be  justified  only  by  understanding  it  to  be  the  coefiB- 
cient  of  s,  which  is  the  unit-angle ;  and  thus  makes  the  quantity 
ire  to  be  a  concrete  angle. 

In  the  same  way  I  would  observe,  that  when  the  symbol  x  or 
0  is  used  for  an  angle  the  symbol  is  a  number,  and  implies  that 
X  times  or  $  times  the  unit-angle  is  taken. 

One  other  remark  must  be  made ;  the  sine,  cosine,  tangent, 
&c.  are  affections  of  angles,  and  not  of  circular  arcs :  but  since 
by  the  preceding  equation  s^B,  if  r  =  1 ;  the  trigonometrical 
functions  become  affections  of  arcs  of  a  circle,  if  the  radius  is 
unity :  and  thus  if  ^  is  an  arc,  sin  s,  tan  j*,  &c.  are  intelligible. 

Now  to  return  to  our  problem :  let  acd,  fig.  4,  be  the  circle, 
of  which  let  the  radius  be  a ;  take  o  the  centre,  and  let  the 
angle  aoc  be  the  nth  part  of  four  right  angles,  and  ac  be  the 
side  of  a  regular  polygon  of  n  sides  inscribed  in  the  circle ;  and 
make  a  construction  such  as  is  represented  in  the  figure. 

Then  if  2ir  is  the  symbol  for  four  right  angles, 

2ir  ,  IT 

AOC  =  — ,    and  aob  =  -: 

.     TT  IS 

.'.     AB  =  asin-,    oB  =  acos-: 
n  n 

.  - .    the  perimeter  of  the  polygon  =  n.AC  =  2n.AB  =  2na  sin  -  ; 
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the  area  of  the  polygon  s  n  x  area  of  triangle  oac  =  h.ab.ob 

.      TT  IT 

=  na^  sin- COS -. 
n       n 

Now  when  the  number  of  the  sides  of  the  polygon  is  infinitely 
increased,  the  perimeter  and  the  area  coincide  respectively  with 

the  perimeter  and  the  area  of  a  circle ;  in  which  case  -  becomes 

an  infinitesimal  angle,  and  its  sine  must  be  replaced  by  the  arc 
to  the  radius  unity,  and  its  cosine  by  unity.     Hence  we  have 

Perimeter  of  circle  =  2 no-  =  2wa: 

n 

Area  of  circle  =    na^-  =  tra*. 
n 

Ex.  6.  To  determine  the  convex  surface  and  content  of  a 
right  circular  cone. 

Let  A^  fig.  5,  be  the  vertex  of  the  cone,  and  c  be  the  centre 
of  its  circular  base ;  let  ac  =  a^  cb  =  &,  aud  let  pq  be  a  side  of 
a  regular  polygon  of  n  sides  circumscribing  the  circular  base, 

so  that  PCQ  =  — ;  whence  it  is  plain  that 

IT 

FQ  =  2pb  =  26  tan-, 
n 

Therefore  the  area  of  the  triangle  apq  ~  abxbp 

=  {a2  4-6«}*6tan-; 

therefore  the  whole  convex  area  of  the  circumscribed  pyramid  of 
n  sides,  each  of  which  is  similar  to  apq,  =  n6{a*  +  **}*tan-. 

But  when  n  is  infinitely  increased^  the  surface  of  the  pyramid 
coincides  with  the  convex  surface  of  the  cone^  and  replacing 

IT  IT 

tan  -  by  -  in  accordance  with  Lemma  II,  we  have 
n        n 

Convex  surface  of  cone  =  nb{a^-\  A*}*- 

ft 

that  is,  the  convex  surface  of  a  cone  is  equal  to  the  product  of 
the  slant  side  by  the  semi-circumference  of  the  base. 

This  proposition  may  also  be  arrived  at  by  the  following  pro- 
cess. If  the  convex  surface  is  developed  into  a  plane  surface, 
and  it  is  clearly  capable  of  such  developement,  it  becomes  a 
sector  of  a  circle,  of  which  the  centre  is  the  vertex  of  the  cone, 
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the  length  of  the  arc  is  the  circumference  of  the  base  of  the 
cone,  and  the  radius  is  the  slant  side  of  the  cone.  And  as  the 
sector  may  be  resolved  into  infinitesimal  triangles  with  a  com- 
mon vertex^  and  all  of  the  same  altitude ;  so  the  area  of  it  is 
equal  to  half  the  rectangle  of  which  two  adjacent  sides  are  the 
radius  of  the  circle  and  the  length  of  the  containing  arc :  and 
thus  as  the  containing  arc  =  SttA^  and  the  radius  =  (a^  +  b^)^, 
the  convex  surface  of  the  cone  =  Trbia^-i-b^)^. 

As  the  area  of  the  base  of  the  cone  =  irb^,  the  whole  surface 
=  ir&«-|-7rA{a2^.i2}*.. 

Again^  by  Euclid  XII,  7,  the  content  of  the  pyramid  apqc 
18  one-third  of  that  of  the  prism  of  the  same  altitude  and  the 
same  base ;  and  therefore 

92 

Content  of  circumscribed  pyramid  =  ^.ac.cb.bp 

o 

=  Trdi^tan  -. 
3  n 

Let  the  number  of  the  sides  of  the  polygon  circumscribing 

the  base  be  infinitely  increased,  in  which  case  the  pyramid  as- 

sumes  the  limiting  form  of  the  cone,  and  -  becomes  an  infini- 

n 

tesimal  angle,  so  that  it  must  replace  tan  ~ ,  and  we  have 

Content  of  cone  =  ^  ab^  - 
o         n 

Ttab^ 


3     • 
Now  it  is  plain  that  ?7a&^  is  the  content  of  a  cylinder  of  alti- 
tude a  described  on  the  circular  base  whose  area  is  ttA^;  hence 
it  follows,  that  the  content  of  a  cone  is  one-third  of  that  of  its 
circumscribed  cylinder. 

Ex.  7.  To  determine  the  surface  and  content  of  a  sphere  of 
given  radius. 

Suppose  the  circle  acbd,  fig.  6,  to  be  a  plane  central  section 
of  the  sphere,  or  to  be  that  by  the  revolution  of  which,  about 
its  diameter  boa,  the  sphere  is  generated.  Let  the  radius  =  a, 
and  be  divided  into  n  equal  parts,  each  of  which  is  therefore 

equal  to  -,  and  suppose  mn  to  be  one  of  these  parts,  then 
w 

a 

MN   =  -. 

n 
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Draw  the  ordinates  mp,  nq^  including  between  them  the  arc 
PQ  of  the  circle.  Then^  if  pq  is  infinitesimal,  and  which  there- 
fore must  be  considered  straight,  the  zone  of  the  sphere  gene- 
rated by  the  revolution  of  pq  about  ao  is  equal  to  a  rectangle, 
of  which  one  side  is  pq  and  the  other  is  the  circular  path  de- 
scribed by  p,  as  it  revolves ;  that  is^ 

the  surface  of  the  zone  =  pq  x  2^  x  mp. 

LetpoA  =  d;       .'.     PQ  =  MNcosecd= — r-—:, 

n  sm  ^ ' 

MP  ^  asind; 

.•.     surface  of  zone  = . 

n 

And  since  the  surface  of  the  whole  sphere  is  equal  to  29z  times 

the  surface  of  such  a  zone,  we  have 

the  surface  of  the  sphere  =  4tra^ 

and  is  equal  therefore  to  four  times  the  area  of  a  great  circle 
of  the  sphere. 

Now  suppose  a  cylinder  to  be  described  about  the  sphere,  and 
to  be  of  the  same  altitude  as  the  sphere,  and  to  be  generated  by 
the  revolution  of  the  rectangle  aefb  about  the  diameter  ba; 
and  suppose  two  planes  drawn  through  m  and  n,  perpendicular 
to  BOA,  so  as  to  intercept  a  zone  of  the  cylinder  whose  height  is 
pV  or  mn  :  then,  since  a  is  the  radius  of  the  cylinder^  the  sur- 
face of  the  intercepted  zone  =  2ira  x  mn  ;  but  from  above^ 

corresponding  surface  of  zone  of  sphere  =  Zita -  =  2?ra  x  mn. 

Hence,  if  a  cylinder  be  described  about  a  given  sphere,  and  if 
the  surface  of  the  cylinder  be  divided  into  zones  by  planes  per- 
pendicular to  its  axis^  the  surfaces  of  the  intercepted  zones  of 
the  cylinder  and  the  sphere  are  equal ;  and  therefore, 

The  whole  surface  of  the  sphere  is  equal  to  the  convex  sur- 
face of  its  circumscribed  cylinder. 

Again^  to  determine  the  content  of  a  sphere. 

Let  a  polyhedron  be  described  about  the  sphere ;  let  s  =  the 
area  of  a  face,  and  a  =  the  radius  of  the  sphere ;  then  the  content 
of  the  pyramid^  whose  vertex  is  at  the  centre  of  the  sphere  and 

base  is  s,  is  -5- :  and  a  similar  expression  is  true  of  each  face ; 
o 

let  the  number  of  faces  be  infinitely  increased,  and  let  each  face 

become  infinitesimal ;  then  the  polyhedron  ultimately  coincides 
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with  the  sphere,  and  the  sum  of  the  s's  becomes  the  surface  of 
the  sphere^  and  is  therefore  equal  to  47ra';  therefore  the  con- 
tent of  the  sphere  =  — 5— . 

Ex.  8.    To  determine  the  area  of  a  parabola. 
Let  OPQBA,  fig.  7;  be  an  area  bounded  by  the  parabola  opb, 
the  axis  oa,  and  the  ordinate  ab  which  is  parallel  to  the  tan- 
gent at  the  vertex  o. 

Let  OM  =  07)  OA  =  a) 

MP  =  yy        AB  =  fi J  ' 

.• .     the  equation  to  the  curve  is  y*  =  — a?. 

Let  AB  be  divided  into  n  equal  parts^  and  through  the  several 
points  of  division  let  lines  be  drawn  parallel  to  oa  ;  let  &  and  l 
be  respectively  the  rth  and  the  (r + l)th  points  of  division,  and 

therefore  kl  =  -;  then,  if  n  is  taken  very  large,  the  area  of 

PQLK  =  KLXKP. 

But  KP  =   OA  — OM 

=   fl--j3MP^ 


a  (   b\ 


=  a ^a 


b  i        r*     ) 
.-.     area  PQKL  =  - -5 a ^a\ 


and  as  this  expression  is  true  of  every  slice  similar  to  pqrl^  the 
whole  area  is  the  sum  of  all  such^  which  are  obtained  by  giving 
to  r  snccessively  the  values  1, 2, 8, ...  (»  —  1),  «;  therefore 


the 


ab  (1*  2*  »2  J 

areaofthe  parabola  =  —|l-^-hl-^-h...-hl-^^ 

S 


abi        P  +  2»+. 

=  —  <n r 

n  (  n* 

abi        (2n  +  l)n  («  +  !)) 

=  iri^ e;? \ 

PEICB^  VOL.  I.  ^C  ^  \ 

Digitized  by  VjOOQ  IC 


50  BXAHPLES  OF  THB  INFINITESIMAL  METHOD.  [24. 

the  area  of  the  parabola  =  ai  jl  -  <^"  +  ^>  («  +  !)) 


6n« 


2     A 


when  n  becomes  infinity. 

Hence  the  area  of  such  a  parabola  is  equal  to  two-thirds  of 
that  of  the  circumscribed  rectangle. 

This  last  example^  however^  more  properly  belongs  to  the  In- 
tegral Calculus. 

The  student  will  find  no  difficulty  in  applying  the  infinitesi- 
mal method  to  the  proof  of  the  following  problems : 

(1)  The  tangent  of  an  ellipse  makes  equal  angles  with  the 
focal  distances. 

(2)  The  tangent  of  a  parabola  makes  equal  angles  with  the 
focal  distance  and  a  line  through  the  point  of  contact  and  paral- 
lel to  the  axis. 

(8)  The  curve  which  cuts  a  series  of  confocal  ellipses  at  right 
angles  is  a  confocal  hyperbola. 

(4)  The  area  of  an  ellipse  is  to  that  of  a  circle  whose  radius 
is  the  semi-axis  major  of  the  ellipse  as  the  axis  minor  is  to  the 
axis  major. 

Many  other  problems  wUl  be  introduced  hereafter. 
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CHAPTER  II. 

CONSTRUCTION  OF  BULBS  FOB  THB  DIFFBRBNTIATION 
OF  FUNCTIONS. 

Section  1. — The  differentiation  of  explicit  Junctions  of  one 

variable. 

25.]  The  nature  of  infinitesimals,  their  mode  of  discovery, 
the  means  of  expressing  them^  and  the  kind  of  problems  to 
which  they  are  applicable^  have  been  explained  in  the  preceding 
Chapter.  I  propose  therefore  to  investigate  in  the  first  place 
certain  properties  which  are  generally  true  of  all  functions,  and 
in  the  second  place  to  consider  certain  special  forms ;  because 
we  shall  thereby  construct  rules  which  will  be  useful  subordi- 
nately^  and  we  shall  be  spared  the  labour  of  continually  having 
recourse  to  first  principles.  The  convenience  of  this  method  is 
manifest. 

If  a  constant  is  connected  with  a  function  of  a  variable  by 
the  symbol  of  addition  or  subtraction,  it  disappears  in  the  pro- 
cess of  differentiation. 

Let  y  =^f(x)±c, 

.-.     Ay  =/(a?-fAj?)-/(ar), 
dy  =/(^+dir)-/(^) 
=  d.f(w) 
=  /'(a?)  £te,  by  Art.  18.  (1) 

This  result  is  manifest  from  the  very  nature  of  constants, 
which  do  not  admit  bf  increase,  and  therefore  have  the  same 
value  in  both  states  in  which  the  function  is  considered,  and 
therefore  disappear  in  the  subtraction ;  thus  we  may  say,  that 
the  differential  of  a  constant  is  zero. 

Ex.  1.  y  =  a-\-x,  dy  =  dx. 

Ex.  2.  y  =  x—a,  dy  =  dx. 


H  2 
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26.3  A  constant  connected  with  a  function  of  a  variable  by 

the  processes 
differentiation. 

of  multiplication  or  division  is  not  changed  hj 

Let 

y  =  cf{x), 

y  +  Aff  =   cf(X  +  AX), 

Ay  =  c  {fix + AX)- fix)}, 

dy  =  c{f(x+dx)-f{x)} 

=  cd.f{x) 

Or  again: 

=  c/'(x)dx.                                     (2) 

y  =  J/W, 

Let 

dy  =  ^{f(x+dx)-f{x)} 

Suppose  c=  —1,  then 

dy  =  -rf./W 
=  -f'(x)dx. 

Ex.  1.         y  =  ax+b,  dy  —  adx. 

SB  dOB 

Ex.  2.         y  = c,  rfy  =  — . 

27.]  The  differentiation  of  an  algebraical  sam  of  functions. 

Let      y  =/(^)±F(^)±<^(a?)-f 

y  +  Ay  =/(a^  +  Aj?)  +  F(a?+A^)±^(a?4-Aa7)-f 

Ay  =/(a?4-Aar)— /(a?)±  {p(a?4-A^)  — p(a?)} 

±  {<^(a?-f  Aar)-<(>(ar)}  -h 

.-.     dy  =/(a?+*P)— /(a?)±  {F(a?-|-dir)  — F(j?)} 

±  {<^(a?  +  rfa?)~<(>(a?)}  ± 

=  d.f{x)±d,v{x)±d.it>(x)± 

=  f\x)dx±if\x)dw±4l(x)dx± (8) 
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Hence  the  differential  of  the  algebraical  snm  of  functions  is 
equal  to  the  sum  of  the  differentials  of  the  functions. 

Ex.  1.  y  =  or— 6/(a?)-f  c, 

.-.     dy  =  adx''bf{x)dx» 

From  the  last  two  Articles  it  is  plam,  that  if  the  function  to 
be  differentiated  is  of  the  form 

y  =/(^)+ V'^^J^C^), 

one  of  the  functions  being  what  is  commonly  called  imaginary 

or  impossible,  

dy  =  d.f{x)-\-'/^d.i^{x) 
=  fix)  dx  -h  v^^  0'(iP)  dx. 

Whence  it  appears  that^  in  the  differentiation  of  impossible 
quantities,  we  may  treat  the  symbol  of  impossibility  in  the  same 
way  as  we  treat  an  ordinary  constant  or  symbol  of  affection. 

28.]  Differentiation  of  a  product  of  two  functions  of  a  variable. 
Let  y  =  f{x)  X  <^(a?), 

.-.     y  +  Ay  =:/(a?-f  Aa?)  X  <^(^-f  AO?), 

.-.     Ay  =/(a7-|-Aa?)  x<^(4?.  +  A^)-/(a?)x^(^)j 
whence^  adding  and  subtracting  the  required  quantities^ 

Ay  =  {/(^  +  Aa?)~/(ar)}0j(^)-|-{<^(a?  +  A^)-<^(a?)}/(a?) 

-h  {/(a7-f  Aa?)-/(a?)}  {0(a?  +  AJ7)-<^(x)}, 
.-.     rfy  =  d.f{x)  X  it>{x)  +  rf.0(.r)  xf{x)  +  d.f{x)  x  rf.<^(^) ; 

and  omitting  the  last  term^  which  is  an  infinitesimal  of  the 
second  order,  we  have 

dy  =  d.f{x)  X  <ti{x)  +  d.<ii{x)  xf{x\ 

=  fi^)  <t>i^)dx-^  <t>\3o)f{x)  dx,  (4) 

Hence  it  follows  that,  the  differential  of  the  product  of  two 
functions  is  the  sum  of  the  products  of  each  function^  and  the 
differential  of  the  other. 

Ex.  1.         y  =  {b'\-cx)  {e—ax)y 

.•.     dy  =  cdx{e'-ax)—adx(b'\-cx), 
=  {ec—ab^Zacx)  dx. 

29.]  Differentiation  of  the  quotient  of  two  functions. 

Let       t/--^^^^  t,.^t,-/(^±:^. 
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/(^  +  Aa?)       fix) 


Ay  = 


dy  = 


^(^)  0(0? -fAO?) 

{/(or+AO?)-/(a?)}0(a?)~{»(j?  +  AO?)~<»(a?)}/(j?) 

4>(x)<f){X'\'AX) 

d.f(x)  X  *(j?)-rf.<^(a7)  x/(a?) 


omitting  the  infinitesimal  dx  in  the  denominator,  because  it  is 
added  to  the  finite  quantity  x ;  and  therefore 

_  f\x)<t>(x)dx--<f>'(x)f(x)dx 

Ex.  1.       y  =  ^-^— -, 

,    _^  bdx(b'\-ax)  —  adx{a-\-bx) 


80.]  Differentiation  of  07^         /.  ..  f.    J   ^--     1> 
Let  y  =  a?»,  y-f^y  =  (ar+Ao?)*, 


.-.     Ay  =  (ay+Aa?)**— o?" 

so  that  &x  and  xr  are  simultaneonBly  infinitesimal; 

Let  AX  and  xr  become  infinitesimal ;  then  by  Cor.  I,  Lemma  I, 
Art.  21,  ^ 


n  — 

X 

=  z 

> 

therefore  when  ax  is 

infinitesimal^ 

(1+ 

")"- 

-1  is  to  be 

re- 

placed  by  n — : 

X 

• 

.    rfy  = 

x^n 
nx^- 

dx 
x' 
-idx; 

that  is^ 

d.x*  = 

nx^- 

-^dx. 

(6) 
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Therefore  to  differentiate  x^  we  have  the  following  rale :  Mul- 
tiply by  the  exponent^  diminish  the  exponent  by  unity,  and 
multiply  by  dx. 

Suppose  the  exponent  to  be  negative,  then 

y  =  a^-»,  dy  =  —  na?"('*+^^dii?. 

And  suppose  »  =  —  1, 

Suppose  the  index  to  be  fractional,  n  =  -; 

y  =  d?«,  dy  =  -a?«     dx. 

Also,  since  -r-  =  «^"""^,  it  is  manifest  that  if  f{x)  =  a?», 
ax 

f\x)  =  »a?"-^ ;  that  is,  the  derived  function  of  x^  is  nx^"^. 

The  above  rule  for  differentiating  x^  might  also  have  been 
determined  as  follows : 

y  =  ^»,  y  +  Ay  =  (j?  +  Aar)"; 

W       «      1  W(W 1)        -      •  /  v« 

.-.     Ay  =  ar»  -h  Y 4?"-i  Aa?  -h     \  ^^      a?"-*  (Ad?)*  -f 

=  Y^~-i  Aa?  4-     ^  ^    '  JF«-a  (Aa?)»  4- . . . ; 

let  the  increments  be  infinitesimal,  and  we  have 
dy  =  nx^-'^dx, 

Ex.  1.        y  =  a-h&F^  .-.     dy  =  Sbx^dx. 

Ex.  2.        y  =  oV'^,  rfy  =  ^-j^. 

Ex.3.        y  =  c^.  — ,  rfy  =  -— j. 

a?»  2x^ 

„      .  a  ,  2ad!r 

Ex.  4.      y^-2'  ^y= — ^8-- 

Ex.  5.        y  •=  (a  +  *^")  (c— ear"), 


—  J?" 


Ex.6. 


a*  +  x^' 

2xdx(a^-\-x^)  —  2xdxx^ 

i^Tx^ 

2a^xdx 

(a^^xy 

Digitized  by  VjOOQ  iC 


56  DIFPBKBNTIATION  OP  A  COMPOUND  FUNCTION.        [31, 

31.]  Differentiation  of  a  compound  function,  or  of  a  function 
of  a  function. 

Thus  far  we  have  calculated  the  change  of  value  of  a  function 
of  0?,  due  to  a  small  variation  of  j; ;  but  suppose  the  function  to 
be  compound^  and  thus  to  depend  on  ^,  not  immediately,  but 
by  means  of  some  function ;  what  modification  must  the  princi- 
ples and  results  of  the  preceding  Articles  undergo  ?  The  only 
condition  to  which  x  is  subject  is,  that  it  is  a  contiimous  and 
finite  variable  for  the  values  assigned  to  it ;  and  this  condition 
will  be  fulfilled^  if  x  is  replaced  by  any  continuous  and  finite 
function  of  x,  and  if  its  variation  due  to  a  small  variation  of  x 
is  infinitesimal:  in  this  case  therefore  the  original  function 
will  vary  in  consequence  of  the  variation  of  this  latter  function. 
Pari  ratione  this  latter  function  may  be  a  compound  function, 
and  therefore  not  vary  immediately  by  reason  of  the  variation 
of  its  variable,  but  only  through  some  other  function ;  and  so 
on  to  any  number  of  functions.  Taking  then  our  former  nota- 
tion^ in  this  case  ^  is  a  fimction  of  a  function  of  x,  or  a  function 
of  many  functions  of  x^  and  its  differential  must  be  calculated 
as  follows :  and  let  us  first  take  the  case  in  which  only  two  func- 
tions are  involved :  viz.  where  y  =/{0(«2?)}.  Since  if  y  =:f{x), 
dy=^f\x)dx;  therefore,  if  x  is  replaced  by  <t>(x),  dx  must  be 
replaced  by  the  differential  of  (t>ix),  that  is,  by  <f/(x)dx;  and 
therefore  if 

y  =  f{4>(^)h  dy  =  f{<i>{x)}  <i>\x)  dx. 

And  so  again^  if  the  x  involved  in  ^{x)  is  a  function  of  x, 
say  y^(x),  <f>{x)  will  be  replaced  by  <^{^(a?)},  and  <t/(x)dx  by 
<t>{^i^)}  ylr'{^)dx;  and  a  similar  notation  will  adapt  itself  to 
a  function  of  a  function (to  n  functions)  of  x.    Thus  if 

y  =  f{<f>bkW]h  dy  =  f{4>[^|r{x)']}  *'[^(a?)]  ylf\x)  dx. 

Or  we  may  substitute  as  follows : 

Let        y^{x)  —  z,  ..    dz  —  ^\x)dx, 

0[Vr(a?)]  =  ^(z)  =  tt,  .-.    du  =  i^\z)dz, 

/{*[^(^)]}  =/(t*)  =  y,  .-.    dy  =:f\u)du', 

.-.     dy=:f(u)du 

=  f\u)<t>'{z)dz 
=  f{u)<t>'{z)ylf\x)dx 
dy  du  dz  J 


du  dz  dx 
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But  as  generally  it  is  convenient  to  make  as  few  substitu- 
tions as  possible,  the  former  value  of  dy  is  preferable  to  the 
latter ;  the  latter  also,  it  is  to  be  observed,  is  an  identity. 

Hence,  by  reason  of  the  last  Article,  if 

Ex.  1.       y  =  f{x±  a),  dy  =  f{x±a)  dx. 

Ex,  2.       y  =  f{cx)y  dy  =  cf{cx)  dx. 

Ex.  8.        y  =  /iflw?"  +  4),        rfy  =  anf\ax''  ±  b)  j?~-*  dx. 

Ex.  4.        y  =  (or"  +  c)",        dy  =  m  {ao^  +  c)**~^  n  ar""^  dir. 

Ex.  5.        y  =  (a+A^*)*  (o-^)*, 

tfy  =  (a  +  to')  (a— a?)* 5 oa?. 

,    _  3(ar  +  3)»(a?a~2)*<to-4a?(jpg-2)(^-f3)»Ar 
^^  ^,  (a?2-.2)* 

^  (^4-8)^^~j?»-12^-6) 
t  <A^*— 2)* 

32.]  Differentiatipn  of  a'. 

Let        y  =  a',  y  +  Ay  =  a'+^; 

.-.     Ay  =  a'+^— a*, 

=  a'{a^--l}. 

Let  a^—lss  j2r,  so  that  ^x  and  z  are  simultaneously  infi- 
nitesimal;      • ,  A*  .  , 

Aa?logea  =  loge(l  +  5r), 
and  by  Cor.  I,  Lemma  I,  log.  (1  +  j?)  =  z,  when  xr  is  infinitesimal ; 

.*.     cb?  log^a  r=:  z\ 
and  th^fore  a"^— 1  must  be  replaced  by  dx  log«  a ; 
.-.     £{y  ss  a' logs  a. d^, 

d.a*  =  log^a.a'dla?:  (8) 

that  is,  thfe  differential  of  a'  is  the  product  of  a',  of  the  Napier- 
ian logarithm  of  a,  and  of  the  differential  of  the  exponent. 
And  hence,  if  a'  =:/(a?),  f\x)  =  loge  a.a*. 

88.]  Differentiation  of  e*. 

In  the  last  Article  let  the  base  a  be  replaced  by  the  Napierian 
PBICX,  VOL.  I.  I    c-^^^\r> 

Digitized  by  VjOOQ  IC 


58         DIFFERENTIATION  OF  LOGARITHMIC  FUNCTIONS.       [34. 

base  e ;  in  which  case  loge  a  becomes  lege  e,  which  is  equal  to  1 ; 
and  therefore  d.C  =.  e'dx:  (9) 

that  is,  the  differential  of  e*  is  the  product  of  the  quantity  and 
the  differential  of  the  exponent. 

Hence,  if /(d?)  =  e*,  /'(d?)  =  e*;  and  e*  is  a  quantity  which 
is  equal  to  its  own  derived  function. 

And  similar  results  are  true  by  reason  of  Article  81,  when  x 
is  replaced  by  any  function  of  ^;  hence  we  have 

rf.a/<*)  =  logea.af^'^f(x)dx;  (10) 

rf.i?/(')  r=  ef^''^f\x)dx.  (11) 

Ex.1.        y  =  a«*,  dy  =  loge  a.a^cdx. 

Ex.  2.       y  =  e<*+«^,  dy  =  e(*+«*)  Zcxdx. 

Ex.  8.       y  =  e*-*",  rfy  =  — e-*"na?"-*d[a?. 

Ex.  4.       y  =  ^^^^-he-*^ 

ify  =  a/3i  {i?*^^=r_  g-x VTT}  ^, 

Ex.  5.       y  =  c*(flr»-2flr-h2), 

i/y  =  e'  {flr«-2ar+2}  dlr+e*  {2s-2}  dx, 
=  e^sfldx, 
Ex.  6.       y  =  e**,  dy  =  e^.e'.dx. 

84.]  Differentiation  of  loga^. 

liet        ysloga^j  y  +  Ay  =  loga(a?-hAa?); 

Ay  =  l0ga(^  +  Aa?)— loga^?. 


=  l»K.(-^-) 


=  log.(l  +  ^), 

but  when  —  becomes  an  infinitesimal,  viz.  -^,  loga(l  +  — ) 

dw 

=  -r by  Cor.  II,  Lemma  I,  Art.  21 ;  hence 

^  logs  a 

dy  =  -^i ;  .-.     if.loga^  =  -1 .         (12) 

^  ^logea'  **  O^logeO  ^    / 

Therefore  if 

/(..)  =  log.*,  /'(^)  =  _^. 

Hence  abo  rf.log,/(x)  =  ^^y  (18) 
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86.]  Differentiatioxi  of  log^or. 

Suppose  the  base  a  of  the  last  Article  to  be  e,  then  since 


V 

X 

And  therefore  if 

/(*)  = 

log,  a?, 

/'(^)  = 

1 

X 

Haice  alao 

d.log./(»)  = 

f{x)dx 

(14) 

Hence  the  differential  of  the  Napierian  logarithm  of  any 
fanction  of  « is  equal  to  the  differential  of  the  function  divided 
by  the  function  itself. 

36.]  The  general  result  of  Article  84  might  also  have  been 
found  from  that  of  Article  82,  as  follows : 


y  =  loga*. 

.       a*  z=:  X', 

.'. 

Iog,a.a''<%  =  dx, 

.            dx 

.    dy  =  —^ . 

^        ^log«a 

Ex.1. 

y  =  logj?». 

nx^'-^dx         dx 
^^       X'      =%• 

Ex  2 

y  =  log{;r+(l  +  jr»)*}, 

dv              "^ 

^    {1+^}*' 

El,  8. 

y  =  log  log  Jf, 

.    _  d.log«_     dx 
~    log  X    ~  df  log  « " 

Ex.4. 

y  =  d^  log  or, 

dy  =  2xdxlog,x+xdx 

Ex.  5. 

y  =/(*)x*(*), 

=  {2\og,x  +  l}xdx. 

•• .   i<^  y  =  l<«./(«) + log.  i>  {X), 

dy      f(x)dx  . 

y  -  m  + 

4/(x)dx 
4>(x)    ' 

.  • .     dy  =  f(x)  x4>(x)dx+ <l>'(x)f(x)  dx. 
Ex.  6.      y  =  {/(*)}♦«, 
log,y  =  *(ar)  log,/(«), 

^  =  i>'(x)dx.log,f(x)  +  <l>(x/-^^, 
•••     «^  =  {/(*)}*«  I  *'(*)  log./(a?)  +  *(d?)  ^^1  *P. 
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Ex.  7.      y  =  ^', 

.-.     dy  =  a?'(l  +  log«;p)rfa?. 

Ex.  8.      y  =  ^^ 

11  dy  dx 

lo&.y  =  nloge^?;  -iL  =  «_, 

y  ^ 

.-.     rfy  =  nx^-'^dx; 
whence  we  have  an  independent  proof  of  the  result  of  Art.  30. 

37.]  The  differentiation  of  functions  of  x  connected  with  one 
another  by  multiplication  or  division. 

y  =  /(a?)  X  F(j?)  X  it{x)  X 

If  all  the  functions  are  positive,  we  have 

logy  =  log/(j?)  +  logF(a?)H-log<^(a?)-|- ; 

dy^_  d.f(x)      d.H^)      d.<l>(x) 

'  "    y  "  /W       i^(^)       *W      


dy  =  rf{/(^)F(^)</)(^)...  } 

^,  V    ,  V  .  /  K       <  d.f(x)      d.if(x)      d.4>(x)  ) 

Or,  if  some  of  the  functions  are  negative, 

y'  =  Wi^)}'  ['(«)]» [*(«)]» ; 

log(y»)  =  log  [/(«?)]»+ log  [F(af)]»+ log  [^(«)]»+ 

%  _  d.f(x)      d.r(a!)      d.<l>{x) 


y         Ax)    ^    F(a?)    ^    *(«) 

Therefore,  in  either  case, 

rf{/(ar)?(ar)^(af)...}  =  d./(«)F(ar)4»  («)...  +d.T{x)f{x)4>(x)... 

+  d.^{x)f{x)v{x)...^...    (15) 


And,  if 


log  (y»)  =  log  [/(J?)]»  -  log  [.^(*)]« ;  I 

^  _  d.f{,x)       d.<t>(x)  I 

■'■    y  ~  /W        *(«)  '  I 
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_  d.fjx)  4>(x) -  d.4>(x)f{x) 

_  fix)  4,{x)dx~4;(x)f(x)dx  ^ 

{i>V)Y '         ^^^^ 

which  result  is  the  same  as  that  obtained  in  Art.  29. 

In  the  latter  cases  we  have  raised  both  sides  to  the  square 
power,  in  order  to  avoid  the  apparent  difficulty  of  taking  the 
logarithms  of  negative  quantities ;  but  had  this  not  been  done, 
we  should  have  had  loge  (—1),  which  will  be  shewn  in  the  next 
Chapter  to  be  equal  to  (2*  + 1)  w  \/— 1,  the  differential  of  which 
is  lero,  because  it  is  a  constant  quantity. 

Ex.  1.      y  =  («-l-a:)(A  +  2a?)(c-|-3a?), 

dy  =  dir(A+2a?)(c-h8^)-h2rfa?(c-h3a?)(fl+d?) 

+  8dip(a+^)(A+2*). 

.'.    l<^y  =  «  +  2log(»+l)  — glogC^p-l), 

±-dx+--^---^' 
y   ~       ^2  x  +  l      2«-l' 

dx 


(a?«-2)rfr 


=  e* 


(d?-hl)*(^-l)*' 
And  a  complicated  product  or  quotient  may  often  be  most 
esiOy  differentiated  by  first  taking  the  logarithms,  and  then 
differentiating  and  reducing. 

38.]  Differentiation  of  (a)  sin  a?,  (fi)  cob  a;,  (y)  tan  or,  (d)  seed?, 
(c)  versinor,  (f)  cot^,  (17)  coseco?. 

(a)  y  =  sind?, 

y+Ay  =  sin(a?-f  Aa?)j 
.•.     Ajf  =  sin(j?  +  Ad7)  — sin  J?; 

and  since        siuA  — sina  =  2cos  —5—  sin— 5—, 
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62  DIFPBEKNTIATION  OP  CIRCULAR  FUNCTIONS,  [38. 

Let  the  increments  be  infinitesimal ;  then  replacing  sin  -^  by 

dx  dbf 

-^  in  acoordanoe  with  Lemma  11^  Article  22,  and  omitting  -^ 

which  is  added  to  a?,  we  have 

«  dx 

dy  =  2cosar-2r-; 

.-.     tf.sind?  =  coBxdx.  (17) 

If  therefore  /(ar)  =  sin  at, 

/'(a?)  =  cos  a?. 
Hence  also    d.mnf{x)  =  co^f{x).f\x)dx.  (18) 

(jS)  y  =  cosa?, 

y-l-Ay  =  cos(d?-hAa?); 
.'.     Ay  =5  cos  (a? + Ad?)— cos  d? 

^    .      /  Aa?\     .     Aa? 

=  -2sm(a?-h-2-j«m-g^, 

becanse      coba— cosb  ==:  —  2sm— ^r— sm— jr— ; 

dx 
.-.     <fy  =  — 2smap-^; 

.'.     tf.cosar  =  — sina?d!r.  (19) 

If  therefore  /(a?)  =  cos  x, 

f'{x)  =  —sin  a?. 
Hence  also    d.co^f(x)  =  -^wif{x).f\x)dx.  (20) 

(y)  y  =  tana?, 

y-f  Ay  =  tan(a?+Aaf); 

.-.    Ay  =  tan  (a?+A^)  — tana? 

tana?+tanAa? 

=:  : tana? 

1  — tana?tanAa? 

_  tanAa?{lH-(tana?)'} 

""      1  —  tan  a?  tan  Aa? 
Let  the  increments  be  infinitesimal^  in  which  case  tan  dx  must 
be  replaced  by  dx  by  reason  of  Lemma  11,  Art.  22 ;  therefore 

^  {l  +  (tana?)»}rfa? 

1  — tana?dr 
=  {l  +  (tana?)»}rfa?,  (21) 
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omitting  the  term  of  the  denominator  involying  dx,  because  it 
is  an  infinitesimal  subtracted  from  a  finite  quantity ; 

.'.     d.tsnx  =  {l  +  (tana?)*}(4p  =  (9ecw)^dx. 

Hence  if  f(x)  =z  tanx,         f'{x)  =  (secar)*. 

Also       rf.tan/(af)  =  {sec/(a?)}*./'(a?)di».  (22) 

(«)  y  =s  sec  d?  = =  (cos  x)-^ ; 

cos  or 

.•.     dy  =  (eos^)-*8in^d!ir,  by  Art.  80, 

,  -  mxixdx  .         , 

.'.    dy  =  a.secof  s r^  =  necxtaxixdx, 

(cos  x)^ 

If  therefore        f(x)  r=  seco?, 

f(x)  =  sec  a?. tan  at; 

and  d.necfix)  =  Becfix).t8iskf(x).f{x)dx.  (28)  j 

I 
(c)  y  =  yersinj?  =  1  — oosd?;  i 

r.    ify  =  tf.(l  — oosd?)  =5  sind?d!r.  | 

If  therefore        f(x)  =  versin  x, 

f\x)  =  sina?; 

snd        d.rermifix)  =  mnf(x).f\x)dx.  (24)  ' 

(0  y  =  cotar, 

y-hAy  =  cot(j7+Aar), 

Ay  s=  00t(^+A4?)  — cotJ? 

—  I""toP^^^^^^^  _     I  1 
'    tana7+tanA^       Unx 

—  ~  {I  +  (tanar)'}  tan  aj?^ 
""    (tan  J? + tan  A^)  tan  «  ' 

(8ec^)*d!a? 


rfy=- 


(tana?)* 
dx 


(smx)^ 

If  the 

srefore        /(a?)  =  cotj?. 

/'(af)=  -(coseca?)«; 

and 

d.catfix)  =  -.{cosec/(4?)}V'W*r. 

(i|)                 y  =  oosecd? 

=  -^r-^  =  (sin4?)-», 
sin  a? 

(26) 


(26) 
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64  DIPPERENTIATION  OP  CIRCULAR  PUNCTIONS.  [39. 

dy  =  —  (8ma?)~*co8a?dip 
_         cosar 
"*       (sin  J?)*      * 

d.coBecx  =  —  coseco^cot^dla?.  (27) 

If  therefore      f{x)  =  cosec  a?, 

f\x)  =  —  cosec  ^.  cot  a?; 

and       d.  cosec  f(x)  =  —  cosec/(4?)  cot/(4?)./'(a?)rfa?.  (28) 

89.]  It  is  also  manifest  from  the  geometry  of  the  figure,  see 
fig.  8,  that  the  increments  of  the  trigonometrical  functions  due 
to  the  increment  of  the  arc  are  such  as  have  been  deduced  in 
the  aboYC  formulae.  For  let  ap  be  the  arc  of  a  circle  whose  ra- 
dius is  unity^  and  pq  be  any  small  arc  added  to  it^  which  tdti- 
mately  becomes  infinitesimal : 

Let  AP  =  ^,       PQ  =  AX, 

Then  PM  =  sin 07,     nq  =  sin(j?  +  ^^);        •'•    Qa  =  A.sin^. 

CM  =  COS^,      CN  =  COB(a?  +  Ad?);  .'.     NM  =   —  A.COS^. 

AT  =  tan^,    at'=  tan(^+Aa?);       .*.    Ti<=A.tan;r. 
CT  =  sec^,    ct'=  sec(a:+Aa?);       .-.     81^=^.800^. 
ST  :  QP  ::  CT  :  cp,    i.  e.  st  :  aj?  *.;  sec^  :  1. 

.*.      ST  =   A^  sec  07. 

When  AX  becomes  dx,  pq,  st  become  straight  lines,  and  per- 
pendicular to  cT,  and  st  becomes  dxBccx:  whence 

tf .  sin  0^  =  QR  =  PQ  sin  qpb  =  pq  cos  rpc  =  pq  cos  pca 
=  dxcosx. 

d.COSX  =1   _NM  =   —  PR  =   —PQ  COS  QPB  =   —  PQ  sin.PCA 

=  —dxsmx. 
d.tanx  =  tt'=  st  scct'ts  =  st  cosec  cta  =  st  sec  pca. 

=  (sec  a?)*  (to. 
tf.seco?  =  8t'=  st  tauT^TS  =  st  tan  pca  =  sec  x ts,n  x elx. 

40.]  The  differentials  of  tan  x  and  cot  x  may  also  be  deter- 
mined from  those  of  sin  a?  and  cos  x  as  follows : 

sino? 

y  =  tano?  =  ; 

^  cos  .2? 

therefore,  by  Art.  29, 

-    _  cos  X  d.  sin  a?—  sin  x  d.coBX. 

'^  (cos  x)^ 
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(sin  xY  dx  +  (cos  a?)*  dw 


d.taax  = 


(cos  0?)* 
dx 


(cos  x)^ 
s=  (8eca?)*rfr. 

A    J  i.  cos^ 

And  cot  a?  =  -; — : 

sin^ 

,     ^  sin^cf.cos^  — cosa?£{.sinj? 

.'.        d.COtX   =    y-, rs 

(sin  xy 
_  —  (8ina?)*dir  — (cosa?)*dr 
""  (sin  0?)* 

«.     "^ 

""  (sin  a?)* 

=  —  (cosec  a?)*  rfir. 
41.]  Ex.1,     y  =  sin^*,  dy  =  co8^'2^{£r. 

Ex.2,     y  =  sinsin^^  (fy  =  cos  sino?  co8^d!ir. 

Ex.8,     y  =  a«**,  rfy  =  —  logea.a«**8ina?dir. 

Ex.4,     y  =  (sin  J? -h  cos  a?)", 

{ify  =  n(8inj?H-cosa?)*-i(cosa?  — 8ina?)dip. 
•Ex.  6.     y  =  ««*  cos  iM?, 

dy  =  oe"*  cos  na?  d!ir  —  nc**  minxdx 
=  €**  {a  cos  aa?  —  »  sin  nx)  dx, 
(sin^)* 


.  Ex.  6.     y  = 


Bm9M? 


_  n  (sin  a?)**"^  <y)8  a?  sin  nar  rfa?  —  » (sin  x^  cos  yM?  gfa 
^  "*  (sinna?)* 

_  n  (sin  xY"^  (cos  a?  sin  nar  —  sin  a?  cos  nx)  dx 
""  (sin  nxY 

«.  » (rip  ^)''~^  sin  (n — 1)  a?  rfiP 
"~  (sin  nxY 

42.3  Differentiation  of  inverse  circular  functions. 


(«)       y  s:  nn-1-,  y+^y  =  sin-*  — 

Atf  -=  mn-l 8m~^  — 


a  a 

="-r-i^(i-5)'-s|'-r-v^)T[ 

FBICB,  VOL.  I.  r  K    ^^T^ 
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.,=™-.|'-±^(.-$)*-j(i-$-?£ji)'} 

by  reason  of  Cor.  II,  Lemma  11^  Art.  22 ; 

,   .     ,  X  dx 

.-.     d.8in-i-  =  — ^=^.  (29) 

■2? 

If  therefore  f{x)  =  sin-^  - , 

The  differential  may  also  be  found  as  follows : 

X 

y  =  sin-i  -  ; 
.-.     ^  =  asiny,  dx  =z  aco^ydy\ 

but  cosy  =  {l-(siny)«}*  =  l^-ffl  ' 

and  as  this  latter  process  is  the  shorter,  we  shall  use  it  in  the 
following  similar  problems,  although  the  former  is  more  direct 
and  elementary  and  is  equally  applicable. 

(^)  y  =  cos-i ^  ;  .-.     cos  y  =  ^ ; 

,  ,         dx 

.',     d.cosy  =  —  smy  ay  =  — ; 

but        siny  =  {l-.(cosy)2}*  =  |l-fs}  =  ^{«*-«^*}*; 
.-.     —  {a^—x^}^dy  =  dx. 
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=   rf.C08-»-  = 


If  therefore  /(«)  =  co8-»-. 


a 


/'(«)  = L_^ .  (82) 

(y)  y  =  twi-»|,  .-,    ar=ataiiy; 

d»  =  a{l  +  (tany)«}d5r 

=   «(l+|!)rfy, 

.-.    rfy  =  rf.t8n-i?=4^.  (88) 

If  therefore  /(;p)  =  tan-^  ?, 

a 

/'(*)  = -^l-j- 

(8)  y  =  8ec-i^,  .-.     a?  =  a8ecy; 

dx  ^  aaecy  tan y dfy 


=  f{^-«.}*rfy; 

.         A,_rfB«.-l^_            «<^                                .T,. 

ay_fl.8ec     „-^^^_^,jj.               (84) 

If  therefore                  f{w)  =  sec-i  -, 

f'{T)  -               " 

^{^»-a»}*' 

(*) 

y  =  Ter8m-i-,           .-.    jr  =  aTer8iny; 

<iiv  =  aanydy; 

bat 

taap  =  {l-(co8y)»}»  =  {l-(l-verfiiTiy)»}* 

=:>-(>-f)'r 

=  ^{2«r-ar»}*; 
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.'.     rfy  =  rf.versin-i-  = r.  (35) 

If  therefore  /{»)  =  versin-*-, 

f»  = 


{2ar-«»}* 


(O      Similarly,  if      y  =  cot-»-, 


djf  =  rf.oot-i-  _  _^.  (36) 

(17)  y  =  oo»ec-i  - , 

rfy  =  rf.oo«c--  =  -^^_^^.  (87) 

In  respect  of  the  above  diffbrentialB  it  is  to  be  observed^  that 

the  sum  of  ^^.sin"^-  and  d.cov'^  -  is  aero:  which  arises  from 
a  a  ' 

the  fact  that  the  sum  of  two  such  arcs  is  5,  which  is  constant, 

and  whose  differential  therefore  is  equal  to  zero.    The  same 

thing,  and  for  the  same  reason,  is  true  of  cf.tan'^  -  +  i/.cot'^  ~, 

a  a 

and  of  rf.sec"^  -  +  rf.cosec"*  - . 
a  a 

48.]  Hence^  if  the  radius  is  unity,  we  luure 

dx  -         ,  — rfa? 


rf.sin""^a?  = r> 

{1-^}*' 

rf.cos~^a?  — tj 

{1-^}*' 

rf.tan->^  =  j^^, 

rf.C0Wx=j^^,. 

ft     |B^/»— 1    M     ,     ...     .. 

" «{«»-l}*' 

" ^{«»-l}*' 

H.    VPTftlTI'^  T 

dx 

~  {2a?-«»}4' 

Hence  also,  by  reason  of  Art.  81, 

rf.sin-VW  = 
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''■•*°"'/<'*  =  TM-  "" 

Similar  results  are  true  of  the  other  functions. 

44.]  These  results  may  also  be  obtained  from  geometry^  by 
a  process  similar  to  that  employed  in  Art.  39.    See  fig.  8. 
To  find  d.mx'^x. 
Let  MP  =  ar,  .-.    AP  =  sin-^47  =  y, 

NQ  =  a?  +  Adf,        .'.     AQ  =  sin-^(a?-f  Ad?)  =  y  +  Ay. 

Ay  =  A  sin-^o?  =  the  arc  pq  =  rq  sec  fqb  =  rq  sec  pca; 
/.    dy  =  rf.sin~*a?  =  cb?  sec  (sin~^  jr)  = r. 

(1-^2)* 

To  find  rf.tan-iaf. 

AT  =  ar,  .-.     AP  =  tan-**  =  y, 

At'sr  x-j-Ax,  AQ  =  tan'*  (d? -f  A^)  ss  y+Ay^ 

.'.     tt'=  a^. 

CP 

.-.     Ay  =  Atan-^d?  =  the  arc  pq  =  st  — , 

'  CT 

because        pq  :  st  : :  cp  :  ct; 
but  ST  =  tt'cos  stt'  =  AX  cos  tan""^4?  = 


{1  +  ^*}*' 

CP  =  CA  =   1, 

CT  =  sectan~*j?  =  {1  +  a?*}*; 

and  similarly  may  the  other  differentials  be  found. 
45.]  Ex.  1.      y  =  sin-*«Mr,  dy  = 


{l-w«^}* 


Ex.2.       y  =  e*»""',  rfy  =  e««""'- 


•  Ex.4.       y  =  x"^"'; 

let  us  take  the  Napierian  logarithms  of  both  members  of  the 
equation ;  and  we  have 

l<^y  =s  8in"^^loga?. 
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dy       ,              dx            mx-'^x.dx 
-^  =  log  a? H , 

The  number  of  examples  which  have  been  differentiated,  in- 
cluding the  types  of  all  known  algebraical,  exponential,  logarith- 
mic, and  circular  forms,  and  all  of  which  indicate  the  derived 
function  to  be  a  new  function  of  x,  is  sufficient  to  justify  the 
presumption  of  Art.  18,  that  the  differential  oif{x)  is  a  product 
of  two  factors,  of  which  one  is  dx  and  the  other  is  a  finite  func- 
tion of  X*  It  is  in  fact  almost  an  inductive  argument  per  rim- 
plicem  enumeraiionem. 


Section  2. — The  differentiation  of  Junctions  of  many  variables, 

46.J  On  functions  of  many  variables. 

When  many  variables  are  involved  in  an  equation,  it  is  theo- 
retically possible  so  to  arrange  them  that  one  shall  be  a  func- 
tion of  all  the  others,  whereby  it  becomes  an  explicit  function 
of  many  variables.  And  these  latter  variables  may  be  independ- 
ent of  each  other,  or  have  such  relations  amongst  them  that  a 
variation  of  one  may  involve  a  variation  of  one  or  more  of  the 
others,  whereby  the  number  of  independent  variables  may  be 
diminished ;  the  former  case,  which  is  the  more  general,  shall 
be  first  considered,  and  then  such  modifications  shall  be  intro- 
duced into  the  result  as  shall  adapt  it  to  the  latter,  and  as  the 
mutual  interdependence  of  the  variables  may  require. 

For  the  sake  of  illustration  let  us  consider  a  tree,  and  let  us 
suppose  its  growth  to  depend  on  three  circumstances  which  are 
independent  of  each  other,  viz.  the  fertility  of  the  soil,  the  rain 
that  waters  it,  and  the  heat  of  the  sun :  then,  if  the  relation  or 
law  of  connexion  of  these  four  things  is  expressed  mathemati- 
cally and  in  an  explicit  form,  we  shall  have  the  growth  of  the 
tree  a  function  of  three  variables ;  thus. 

Growth  of  tree  =  f  (fertile  soil,  rain,  solar  heat). 

And  if  the  law  is  known  which  connects  the  single  effect  with 
the  three  producing  causes,  then  p,  the  symbol  of  the  form  of 
the  function,  is  known. 

Now  observing  the  independence  of  the  three  variables  in- 
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Yolved  under  the  functional  symbol,  and  that  therefore  any  one 
may  vary  without  necessitating  a  variation  of  the  others,  and 
that  a  variation  of  any  one  will  cause  a  variation  in  the  tree's 
growth,  it  follows  that  there  may  l)e  three  several  variations  of 
the  effect^  owing  to  the  separate  and  several  variations  of  the 
three  producing  causes.  Thus,  suppose  the  fertility  of  the  soil 
to  be  increased,  while  the  other  two  causes  are  unchanged^  the 
tree's  growth  may  be  thereby  increased ;  and  similarly  may  it 
be  increased  by  a  change  in  either  of  the  other  two  causes. 
Now  although  these  three  acting  causes  are  so  combined  by 
means  of  the  connecting  equation,  that  when  a  finite  change  of 
one  has  taken  place^  a  subsequent  change  of  another  may  not 
have  the  same  absolute  effect  on  the  tree's  growth  as  if  it  had 
changed  without  the  first  having  previously  varied^  yet  such  will 
not  be  the  case  when  the  changes  are  infinitesimal ;  because  the 
infinitesimal  variation  of  one  acting  subsequently  to  and  on  the 
back  of  the  infinitesimal  variation  of  the  other,  infinitesimals  of 
a  higher  order^  or  products  of  infinitesimals^  will  be  introduced ; 
and  these  must  be  neglected  by  virtue  of  Theorem  VI,  Art.  9 ; 
and  thus  the  absolute  infinitesimal  change  in  the  tree's  growth, 
due  to  the  infinitesimal  variation  of  any  one  of  the  three  acting 
causes,  will  be  the  same,  whether  the  other  two  causes  have 
changed  or  not.  And  therefore,  when  all  three  have  changed, 
the  resulting  change  of  the  effect  will  be  the  sum  of  the  three 
effects  due  to  each  of  the  three  producing  causes ;  of  this  how- 
ever a  mathematical  and  rigorous  proof  will  be  given  subse- 
quently. Thus  we  have  variations  of  the  growth  of  four  distinct 
kinds :  a  variation  due  to  each  of  the  three  causes  acting  sepa- 
rately, and  the  whole  variation  which  is  the  sum  of  these  three. 
This  latter  is  called  a  total  variation  or  a  total  differential^  and 
the  former  are  called  partial  variations  or  partial  differentials ; 
each  of  which,  it  is  plain,  is  to  be  calculated  on  the  supposition, 
that  one  variable  only  changes  and  that  the  others  do  not  change. 
Or  again :  consider  a  plane  rectangle  opbs,  see  fig.  9,  of  which 
one  side  op  =  ^,  and  the  other  os  =  y ;  and  let  u  represent  its 
area.    Therefore,  ^  _  ^« 

Now  the  area  may  vary  owing  to  a  change  in  the  length  of 
either  side,  or  to  changes  of  the  lengths  of  both.  Suppose  x 
to  be  increased  by  pq  =  A«r,  see  Article  19 ;  then  the  area  is 
increased  by  the  rectangle  bpqw  z=:y  ^w\  which,  when  ^x  be* 
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comes  dx,  is  y  <£» .  Or  suppose  y  to  recdve  a  finite  incremeiit, 
that  is,  OS  to  be  increased  by  sT  =  Ajf;  then  the  increase  of 
the  area  is  the  rectangle  tr  =  ^  a^  ;  which,  when  the  increase  is 
infinitesimal,  \%  xdy\  hence  the  partial  changes  or  increments 
of  the  rectangle  are  y  dx  and  x  dy.  But  suppose  both  sides 
to  have  recdved  infinitesimal  variations ;  that  is,  x  to  become 
x-\-dx,  and  y  to  become  y-k-dy^  then  the  rectangle  becomes 

{X'\-dx)(y-\-dy)  =  xy^ydx-\-xdy^-dxdy\ 
that  is,  the  increment  of  the  rectaugle  is  ydx-^-xdy-^dxdy^ 
which  terms  severally  represent  the  rectangles  bq,  tr,  uw;  and 
therefore,  when  the  increments  are  infinitesimal,  the  first  two 
are  rectangles  of  finite  length  but  of  infinitesimal  breadth,  and 
the  latter,  being  a  rectangle  with  infinitesimal  sides,  is  but  a 
paint,  which  must  therefore  be  neglected ;  and  we  have  the  total 
differential  of  u 

=  xdy-\-ydx 

=  the  sum  of  the  partial  differentials. 

Bearing  in  mind  what  was  said  in  Art.  19,  and  that  Greek 
letters  are  used  to  signify  finite  changes  or  differences,  and 
English  letters  infinitesimal  variations  or  differentials,  we  shall 
find  the  following  symbolisation  convenient. 

Let  w  =  p  (a?,  y,  j2r, ...)  be  a  function  of  many  variables,  and  let 
D«  or  DT  represent  the  total  differential  of  «  due  to  the  varia- 
tions  of  all  the  variables,  and  let 

dxU,  or  djcf  express  the  partial  change  of  u  due  to  a  change  of  x, 

d^u,  or  rfyF ---y* 

djgU,  or  dgV ---jr, 

and  let  \^),  \T/»  w  )» omitting  the  subscript  letters, 

represent  the  ratios  to  the  increments  of  the  variables,  of  the 
several  variations  of  the  function  due  to  the  variation  of  the 
variables  separately ;  that  is,  let  them  represent  partial  differ- 
ential coefficients,  or  partial  derived  functions,  the  brackets  in- 
dicating that  they  do  so,  and  the  variable  in  the  denominator 
of  the  fractions  being  that,  due  to  the  change  of  which,  the 
partial  variation  of  u  is  calculated. 

Thus,  although  the  numerators  involve  the  same  symbol  dth 
yet  the  same  thing  is  not  represented  by  it ;  for  the  du  arising 
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irom  the  growth  of  as  into  x-\-dx^  may  be  a  wholly  different 
function  from  the  du  which  comes  from  the  growth  of  y  into 
y-j-dy.  If  then  we  have  occasion  to  use  these  symbols  together^ 
a  mark  of  distinction  is  necessary,  such  as  we  have  in  d^u, 
dpU, ... ;  but  when  the  ratios  of  the  changes  are  required^  the 
denominator  in  addition  to  the  bracket  is  sufficient  to  indicate 
the  origin  of  the  function. 

That  we  may  have  distinctive  names  for  the  differentials 
which  arise  in  processes  so  different,  I  shall  call  them  the  ^-^ 
the  y-,  ...  differentials,  according  as  they  arise  from  the. infi- 
nitesimal variation  of  ^,  o{  y, ..,  ;  and  I  shall  apply  similar 
names  to  the  several  partial  derived  functions  or  differential 
coefficients. 

Thus  much  as  to  the  symbols,  their  nomenclature,  and  their 
meanings.  Let  us  now  consider  the  most  simple  case  of  a  func- 
tion of  two  independent  variables. 

47.]  Differentiation  of  a  function  of  twq  independent  vari- 
ables ;  and  of  the  form  u  =  f  (^,  y). 

Let  ^  and  y  receive  the  increments  ax  and  Ay ;  and  let  the 
corresponding  increment  of  uhe  aw,  so  that 

AU  =  F(a?-fAj?,  y-f  Ay)--F(a?,y); 

.•.    Att  =  F(a?  +  A^,y-f Ay)— F(,r,y-hAy)-hF(a?,y-hAy)— F(^,y)j 

let  the  variations  of  a?  and  y  be  infinitesimal^  then  au  becomes  du^ 
which  is  the  total  change  in  u;  and  v{x-\-Aa^,y-\-  Ay) —•F{x,y  +  Ay) 
becomes  dxU]  because  whatever  difference  there  is  between  the 
first  and  second  of  these  quantities,  it  is  solely  due  to  the  change 
ofx,  y-^-  Ay  being  the  value  of  y  in  both  of  them ;  and  for  a  simi- 
lar reason^  F(d7,  y-f  Ay)— F(a?,  y)  becomes  d^u;  and  therefore 

Dtt  =  dxU-\-dj,U',  (40) 

that  is,  the  total  differential  of  a  function  of  two  independent 
variables  is  equal  to  the  sum  of  the  partial  differentials. 
Also  we  have, 

F(jp-hA^,y-f  Ay)-"g(a?,y-f  Ay)  r  (a?,  y  +  Ay)  -  f  (a:,  y ) 

AU  ^sz    ^SP  -f-  Ay  1 

AX  Ay 

and  therefore  if  the  increments  are  infinitesimal, 

/du\  ,        /du\ 


Dte 


-O^*  {%)■"■■  <«) 


in  which  formula  dx  and  dy  are  the  infinitesimal  increments  of 
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X  and  y.     Hence  we  have  the  ratio  of  the  total  change  of  the 
function  to  the  change  of  either  variable :  thus 

dx       \dx)^\dy)  dx'  ^     ' 

DM       idu\  dx      /du\  ..„. 

Ex.  1.         M  =  ay^'\-bxy-\  cx^-\'ey-\-gX'\-k, 
djpU  =  bydx-{^2cxdX'^gdx 

=  (by-^2cx-\-g)dx; 

dyU  =  2aydy-{'bxdy-{-edy 

=  (2ay-f  *a?4  e)rfy; 

.'.       DM   =   e(r^-f  ^j^^ 

Or  thus, 

/du\  _  2x  /du\  _  %y 

\dx'  ~  Tfl'  \dy'  ~  ¥' 

X  1/ 

Ex.  3.         tt  =  sin-i  -  +  sin-i  ^; 
a  0 

fdu\  1  /du 


/du\  ^         1  /du\  __  

^dxf  "■  T^JZ^^U'  ^duf  ""  /A2 


.-.      Dtt  =  7  +  ^^ — -. 

Instead  however  of  formally  going  through  the  processes  of 
,  partial  differentiation,  and  then  of  combining  them,  as  I  have 
above,  I  may  take  the  result  as  exhibited  in  (40)  or  (41),  and 
calculate  the  total  differential  immediately.    Thus  let 
u  =  ay* -fAajy  +  ca?^ -1-^4.^-17+*, 
Dtt  =  2ay  dy  -{-b  (xdy  -\-ydx)  +  2cx  dx-^e  dy  -{-g  dx ; 
and  thus  for  other  examples. 
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Ex.  4.         «  =  ^±y. 


D«f   = 


2(wdy—ycLv) 


Ex.  5.        w  =  tan^i  ?!^ . 


Dtf  = 


a? 
_  xdy^ydx 

48.]  Differentiation  of  an  implicit  function  of  two  independent 
variables. 

The  principles  applied  in  the  last  and  preceding  Articles 
enable  us  to  differentiate  an  implicit  function  of  two  variables, 
and  thereby  to  determine  the  ratio  of  the  corresponding  differ- 
entials of  the  variables,  without  the  expression  being  put  in  the 
form  of  an  explicit  function  of  one  variable  *. 

*  To  the  above  method  of  differentiating  implicit  functions  it  may  be  ob- 
jected, that  if  -,      , 

there  can  be  no  change  in  u  due  to  a  partial  change  in  «,  because  u  ia  con- 
stant ;  and  for  a  similar  reason  there  can  be  no  variation  in  u  due  to  a  varia- 
tion of  y  only ;  and  therefore  that  x  and  y  cannot  vary  separately,  but  must 
vary  simultaneously;  that  one  cannot  change  without  the  other,  and  there- 
fore that  there  can  be  no  partial  variations  of  the  function.  To  this  it  is 
replied  by  asking.  What  do  we  mean  by  a  constant  such  as  c  on  the  right- 
haoid  side  of  the  equation  ?  We  mean  that  whose  total  variation  is  zero.  If 
therefore  we  consider  c  to  be  the  sum  of  two  quantities  c^  and  Cj,  such  that 
when  9  varies  c,  varies,  and  c,  varies  when  y  varies,  but  that  Cj  and  c,  are 
so  related  that  (ic,  +  (2c,  =  0  =  dc ;  then  the  total  variation  of  f{x,  y),  being 
the  sum  of  the  partial  variations,  will  be  equal  to  0,  and  the  condition  of /(a?,  y) 
being  equal  to  c  will  be  satisfied.  Whereas  then  each  partial  variation  taken 
separately  is  a  violation  of  the  condition  expressed  by  the  equation,  yet  the 
relation  of  the  two  when  added  together  is  such,  as  to  be  in  accordance  with 
the  equation.  The  partial  variation  of  the  second  neutralises  the  incon- 
sistency of  the  partial  variation  of  the  first  with  the  equation.  This  may  be 
geometrically  explained  as  follows.     Suppose 


x^      t/2 


c, 


which  equation  represents  an  ellipse  the  size  of  which  depends  on  the  value 
of  the  constant  c,  as  well  as  on  a  and  b.  Suppose  we  consider  y  alone  to 
\'ary,  while  x  is  constant;  the  point  corresponding  to  x,  y  +  dy,  is  no  longer 

L  2 
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Let  /(a?,  y)  =  c  be  the  implicit  function  of  two  variables^ 
which  may  be  put  in  the  form 

w  =  /(^.  y)  =  c. 
Then,  since  u  is  equal  to  a  constant,  dm  =  0 ;  and  therefore  by 
the  last  Article^ 


Ex.1. 

u  = 

.      dy  _ 
'  '    dx~ 

x^  +  Zasey  +  y 

0 

0' 

•  =  «>; 

0= 

Zx^  +  Zay, 

.       dy  _ 
"    dsD- 

0= 

^4ay 
y*  +  ar  ' 

:3y« 

+  3ar; 

Ex.2. 

tt  = 

x''+y'  =  a; 

\dx' 

=  y"*' 

->  +  y'log,y, 

(|) = " 

log,  a 

.4-^'-! 

. 

dy  _        yx» 

-1-f.y'logy 

(44) 


dx  xy*-'^  -I-  x^  log  a; ' 

And  without  going  through  the  intermediate  stage  of  partial 
diflFerentiation,  we  may  take  (40)  or  (41)  of  the  preceding  Article, 
and  differentiate  immediately.    Thus 

Ex.3.        5  +  1^  =  1. 

%xdx       2ydy  __  j^  _        A»£ 

on  the  original  ellipse,  but  lies  a  little  above  it  or  below  it,  according  to  the 
sign  oi  dy;  i.  e.  it  is  a  point  of  another  ellipse,  which  second  ellipse  depends 
on  the  variation  of  the  part  of  c  corresponding  to  the  variation  of  y.  And 
now  suppose  x  to  vary,  y  being  constant,  in  consequence  of  which  the  other 
part  of  c,  which  has  a  variation  due  to  the  variation  of  k,  changes,  but 
changes  in  such  a  manner  as  to  bring  back  the  point  to  the  original  ellipse, 
the  variations  of  the  two  parts  of  the  constant  being  such  that  the  sum  of 
them  is  zero ;  whereas  then  the  partial  variation  of  the  first  carried  the  point 
off  the  ellipse,  that  of  the  second  brought  it  back  again.  This  case  is  exactly 
that  of  the  total  variation  of  a  function  of  two  variables,  with  the  condition 
that  the  two  partial  variations  are  so  related  as  to  render  the  total  variation 
equal  to  lero. 
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Ex.4.         y»(2a~^)  =  ^»; 

2yrfy(2a-a?)-y*dr  =  Zx^dx, 

'  •     rfr       2y(2a-a?)" 
Ex.  5.        y*  =  4aa?; 

2yrfy  =  4a  dx, 

dy  _  2a 
dx  ^    y  ' 

49.]  Differentiation  of  a  function  of  many  variables,  all  of 
which  are  independent  of  each  other. 

Let  u  =  v(x,y,Zy )  be  a  function  of  many  variables, 

^,  y,  ^, all  of  which  are  independent  of  each  other;  then 

«  +  Att  =  P(^  +  Aj?,y  +  Ay,2r4-A^, ...); 

.-.    Au  =  F(a?+Aa?,y-hAy,2r-hA2r,  ...)-r(a?,y,2r, ...) 

=  r(a?+A^,y  +  Ay,2r-i-Ajzr,...)  — F(a?,y-|-Ay,2r  +  A2r, ...) 
+  p(a?,y-fAy,2r  +  A2r, ...)     —r{x,y,z  +  AZ,,..) 

4  F{x,y,z-^AZ,,..)  — 

+ - 

+ -F(^,y,z, ...), 

by  the  introduction  of  quantities  which  taken  through  the  whole 
expression  cancel  each  other.  Now  let  the  increments  be  infi- 
nitesimal; then  the  lines  in  the  right-hand  member  of  the 
equation  become  severaUy  the  x-,  the  y-,  the  z-y ...  partial  dif- 
ferentials  of  u ;  and  therefore 

Dt«  =  DF  =  rf;pa4-rfyWH-rf#w+ ••• ;     •  (45) 

that  is,  the  total  differential  is  equal  to  the  sum  of  the  partial 
differentials. 

And  if  the  result  is  expressed  in  terms  of  partial  derived 
functions,  then 

^     ..=..=0^+(|)*+(£)*+...     w 

Whence,  as  in  Art.  47,  (42)  and  (43),  the  ratio  of  the  total  dif- 
ferential to  that  of  any  one  of  the  variables  may  be  found. 

Ex.  1.       u  =  9in  {yz-\^zx-^xy); 

(^)  =  i^+y)  COB  (yz-i-zx-^xy), 
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( j^)  =  (a?  +  2r)  COS  {yz  -^zx+ xy), 

{^)  =  (yH-^)cos(y2r  +  2ra?  +  a?y); 
.-.    Dtt  =  COB  (yz '{-zx-\-xy)  {(y  -^ z)  da? -{-  (z -{-x)  dy  '\'(x+y)dz}. 

X 

Ex.2,      u  =  (a?*+y*-fz*)*  +  taii-^--l  a^+Ay  +  c;?; 

z 

xdx-hydy-j-zdz      zdx—xdz        j       u         j 
.-.     Dtt  = -^-^T         +       0.0     -i-adx  +  bdy-^cdz. 

Ex.3.      u=^'^    . 


z^^a^' 


_  x(z^—a^)  (%ydx+xdy)'-2x^yzdz 

These  results  might  have  been  deduced  immediately  in  the 
same  way  as  those  of  Ex.  4  and  5  in  Art.  47. 

50.]  If  the  variables  are  so  combined  in  an  equation  that  no 
one  is  expressed  explicitly  in  terms  of  the  others,  then  we  have 
an  implicit  function  of  many  variables  of  the  form 

r(^,yy^, )  =  c; 

and  therefore  "  df  =  0, 

""     (£)'^+0*+(S)'^+ -0'     w 

whence  majt  be  determined  the  absolute  variation  of  any  one  of 
them  which  is  due  to  the  variations  of  all  the  others ;  thus 


©^2^  +  0^^  + 


^=^WA  w/ 


\dxf 


Similarly  may  be  found  the  variation  of  any  one  of  the  vari- 
ables which  is  due  to  the  variation  of  any  one  of  the  others ; 
thus,  for  instance,  let  it  be  required  to  find  the  relation  between 
the  corresponding  variations  of  x  and  y  in  the  equation 

'(^iy.^> )  =  c, 

when  the  other  variables  do  not  change  value ;  then 
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fdr 

dx ^dy 

dy  ~       (dr\ 


^^"^  (48) 


Similarly  the  ratio  of  the  corresponding  variations  of  ^  and  z  are 
given  by  the  equation  ^ 

^  '^*  (49) 


dz  /dv\ 


\dxl 

Now  these  results  are  useful  in  questions  like  the  following : 
Suppose  that  there  is  an  expression, 

'(£)- •(!)  =  •. 

where  p^  q^  r  are  functions  of  x^  y  and  z ;  and  that  it  expresses 
a  property  of  the  explicit  function 

z^f(x,y),  (51) 

where  (-j- j  and  (^  j  are  the  partial  derived-functions  oif{x^y) ; 
what  is  the  equivalent  form  of  (50)^  when  (51)  is  put  into  the 

*"'"™  r(a?,y,r)  =  0?  (52) 

From  (52)  we  have 


/rfrx  /dFv 

V«te'  idz\ ■  ^dyl 

(dr\  '  ^^'  ~  ~  idt\ 

Uz'  \dz' 


and  substituting  these  in  (50),  we  have 

and  this  is  the  equivalent  expression.  The  converse  operation 
is  performed  by  a  similar  process.  It  will  be  observed  that  we 
have  hereby  passed  &om  (50)  which  is  an  unsymmetrical  ex- 
pression, to  (53)  which  is  symmetrical. 

51.]  Differentiation  of  a  function  of  many  variables,  some  of 
which  are  dependent  on  the  others. 
The  principles  of  differentiation  of  functions  of  many  variables 
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which  have  been  explained  in  the  five  immediately  preceding 
Articles  are  genei'al,  whatever  are  the  valaes  of  the  variables ; 
and  therefore  a  fortiori  they  are  applicable  to  the  less  general 
case  in  which  the  variables  are  connected  with  each  other  by 
certain  given  relations :  for  what  is  true  in  the  most  general 
case  cannot  but  be  true  in  the  particular. 

Firstly  let  us  take  the  most  simple  case,  where  t«  is  a  func- 
tion of  two  variables,  and  of  the  form 
u  =  p(^,y); 
and  let  us  suppose  y  to  be  a  function  of  a?,  and  of  the  form 

then  we  have 

^^  "  (rfr^  ^"^  (rfy)  ^^'     ^^^    ^^  "  ^'^^^  ^ ' 

the  meaning  of  the  several  terms  of  which  expression  is  suffi- 
ciently obvious  from  their  symbols. 

Ex.  1.        t«  =  tan-^-,  and      y  =  {a^—js^}^; 

ydx^xdy  .  xdx 

whence^  substituting  j^- 

Dtt  = 


a  result  which  is  manifestly  as  it  ought  to  be,  if  we  consider 

that  the  relation  between  u  and  x^  after  the  elimination  of  y^  is 

.      ,  X 
u  =  8m~*  - . 
a 

Again,  consider  the  less  simple  case,  u  =  v{x,y,z),  where 
y=f(^h        and        z^<l){x); 

but        dy  =  f\x)  dx,         and        dz  =  (j/ix)  djr ; 
whence,  substituting  and  dividing  by  dx. 
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Ex.2.         u  =z  smAT+siniy  +  tan-^^^ 

z 

y  =:  Secx,  J?  =  cosec  a? ; 

.• .     -Du  =i  a  COB  axiLv  +  bcoH  by  dy+  — ^ — ^—  ; 

dy  =  Bee  OP  tan  X  dx,  dz  =  —  coaeca;cotd7d!r; 

.-.    D«  =  acoBaxdx-\'bcoB{bBeex)^eextBsixdX'{-dx. 
Or  again^  suppose         ti  =  y  (^^  y\ 

and  x=/(0,  y  =  *(Or 

/  being  a  third  and  different  variable.    Then 

Or  again,  suppose 

t(  =  r(x,jf,z),        and        z  r^f(x,y)', 

then       D«  =  (g)rfr  +  (^)rfy  +  (g)<fo; 
but  Dz(or&r)=(|)^+(|)rfy; 

Ex.  8.         «  =  ^««,  and         z  =  sin  {xy) ; 

nr  (or  rfj?)  =  coB{xy)  {ydx-\-xdy)\ 
.'.    D«  =  yx9*\-  +  y  loge^cos(4?y)>  dr 

H-  logfea?a?>^  {z-\-xy  cos  (j?y)}  rfy. 

The  cases  of  differentiation  of  functions  of  the  preceding  kind 
tte  ao  various  and  numerous,  that  it  is  impossible  to  discuss 
>0;  but  the  principles  explained  and  illustrated  as  above  are 
sppUcable  universally^  and  from  the  examples  given  the  student 
Wight  to  find  no  difficulty  in  solving  other  similar  ones.  ^ 

52.]  In  certain  cases  the  subject  variables  enter  under  the 
fiinctkHial  symbols  in  particular  combinations;   and  although 
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the  general  principles  unfolded  ^bove  are  applicable^  yet  the 
results  take  special  forms ;  and  certain  relations  exist  between 
the  several  partial  differentials  of  the  given  function  bj  reason 
of  the  particular  combination  of  the  variables.  Many  cases  of 
such  functions  will  occur  in  the  sequel^  and  we  shall  then  have 
to  consider  them  from  a  geometrical  point  of  view :  here  I  pro- 
pose to  exhibit  their  properties  from  an  analytical  point.  And 
for  this  purpose  some  particular  examples  will  serve  best. 

Let  tf  be  a  function  of  two  independent  variables  x  and  y ; 
and  suppose  that  x  and  y  enter  under  the  functional  symbol  in 
a  certain  combination,  such  as  x  divided  by  y :  then 

«=/(p;  (54) 

that  is^  tt  is  a  homogeneous  function  of  x  and  ^  of  0  dimensions. 
Now  whatever  is  the  form  of  function  which  enters  into  the 
^-differential  of  u,  the  same  function  enters  into  the  y-differen- 
tial ;  although  there  will  be  different  differential  factors  in  each. 
Thus,  for  instance,  if 

tt  =  sin  - , 

y 

dx       X  (du\       1        X 

cos  - ; 


-  dx       X  (du\       1 

d^u  =  — cos-;  (-J-)  =  - 

y         y  ^dx^       y 

,  xdy        X  idu\  X        x 

d^u  = =p  cos  -;  (-J-)  = a  cos  - 

*^  y^  y  ^dy'  y»        y 


And    generally   in   (64),  if  we    replace  -   by  jar,    so   that 

du 

u  =f(z),  and  if  -j-  =/'(^)  >  we  have 
aZ 

so  that,  as  we  remarked  above,  the  same  form  of  function  enters 
into  both  the  partial  derived  functions  ;  but  the  factors  are  dif- 
ferent ;  and  the  relation  between  the  partial  differentials  is,  as 
deduced  from  (55),  .  . 

Again,  suppose  the  function  to  be 

u  =  f(xy),  (57) 

and  suppose  f\z)  to  be  the  derived  function  oif{z) ;  then 

(|)  =  y/'W.  (|)  =  ^/>y);       (58) 
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(58)  being  the  partial  derived  functions;   and  (59)  exhibiting 
the  relation  between  them. 
Again,  suppose  the  function  to  be 

u  =  fiax^by),  (60) 

and  suppose /'(jzr)  to  be  the  derived  function  o(f{z) ;  then  from 
(60)  we  have 

©  =  «/'(«^-*y)'  (^)  =  -bf'{aw-by),    (61) 

which  are  the  partial  differentials ;  and  from  them  we  have 

<h '{%)  =  <>■'  « 

which  gives  the  relation  between  the  partial  derived  functions. 

Or  again,  suppose  the  function  to  be  of  three  variables ;  and 
let  us  assume  it  to  be  of  the  form 

«=/(?);  (63) 

then  if  —  =  ^,  and  if  the  derived  function  of /(|)  i8/'(f ),  we  have 
z 

which  are  the  three  partial  derived  functions  of  (63). 
The  following  are  two  other  examples  of  the  same  kind. 

Ex.1.        u  =  ai^<*>(|); 
Ex.  g.         u  =  x^{xy); 

(^)=^V'(^); 

.-.     Dtt  =  ^{xy)  da:  '\-  X {y  dx -^ X dy)  <^(xy). 
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53.]  Thus  far  the  functions  which  have  been  considered  are 
explicit.  Let  us  briefly  consider  one  or  two  cases  in  which  the 
variables  are  implicitly  inrolved ;  and  firstly  the  following^  which 
is  of  importance  in  a  future  problem. 

Ex.  1.  Given  z  =  t  {y -{-xf(z)},  where  y  and  z  are  inde- 
pendent variables,  it  is  required  to  find  f^j  and.  (^)>  aad 
the  relation  between  them. 

If  y+xf{z)  =  £,  let  us  symbolize  the  derived  function  of 
'(f)  by  p';  then  we  have 

(g)=i/,.,../>,(g)|.-, 

idz\  _      f{z)  r'  /dz\ g' 

•'•     W~l-ar/'(«)F'  \dyf  ~  l-xfiz)tf' 

,-•  (S) -/<•)(!)■ 

Ex.  2.    Again^  suppose 

^-f=/(y::*).  (64) 


and  let  it  be  required  to  find  ( j-)  and  (^) . 

If  ^^^^  =  f,  let  us  suppose  the  derived  function  of /(f)  to  be 
/'(f) :  then  from  (64)  we  have 

1     _   x—a   /dz\  _  _    y—b    /dz\  .,  /y— &\ 

x-^a   ldz\  _  (    1  y— a    /rfa?0  ^,/y— &\ 

(aj-(?)2  vrfy^  "  («-c  .  (2J-C)*  ^rfy/)      ^z-cf' 

whence  we  have  the  following  relation  between  \^  and  ( ^) , 


Or  (64)  might  be  put  in  the  implicit  form 
(X'-a    y—b\ 

Since  z^c  enters  into  both  of  the  subjects  of  the  function^  it  is 


\Z  —  C      Z  —  C' 

e  function^  i 
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convement  for  us  at  first  to  consider  the  z  —  c  which  is  com- 
bined with  y  —  6  to  be  different  to  that  which  is  combined  with 
x^a;  and  let  lis  therefore  distinguish  the  second  2;  by  an  ac- 
cent, so  that  (66)  becomes 

and  because  that  which  is  true  when  z  is  accented,  that  is,  in 
the  general  case,  will  also  be  true  in  the  particular  case,  that  is, 
when  the  accent  is  omitted,  the  general  result  of  (67)  will  in- 
clude that  of  (66). 

Now  by  reason  of  the  mode  in  which  x  —  a  and  «  — c  enter 
ioto  the  right-hand  side  of  (67),  it  is  evident  that  the  ^-  and  ^- 
partial  differentials  of  u  will  contain  the  same  form  of  function, 
but  that  their  differential  factors  will  be  different;  let  the  form 
of  function  which  enters  into  both,  whatever  it  is,  be  represented 

(*)  =  ^_  *(?=!,»=»),  (68) 

W  =  -(^3;^2*fe>5C7)-  <«»> 

In  a  similar  way,  the  same  form  of  function,  whatever  it  is,  will 
enter  into  the  y-  and  the  /-partial  differentials  of  ti,  but  the 
differential  factors  will  be  different  in  the  two  differentials;  let 

♦  (-^^,  ^7—)  ^  *^®  *^^f™  o'  function ;  then 

0  =  7^«-('i^-E!).  CO) 

SO  that  we  have  from  (68)  and  (69), 
and  from  (70)  and  (71), 

*-»)0 +(«'-■')©=»•       TO 

Let  us  now  consider  the  relation  between  these  equations, 
when  sf=:z.    Suppose  a  functional  equation  to  be  given  in  the 

*»"  '  «=/(«,/);.  (74) 
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»dif.=  .,  »i=(|)  +  (|),  (75, 

of  the  latter  term  the  accent  is  retained  so  as  to  indicate  its 
origin. 

Now  in  (72)  and  (73)  let  s^=z;  then  by  addition  we  have 

and  by  reason  of  (75) 

<'-«)0+»-»)(|)+('-')(£)=<'v  (") 

I  may  observe  that  if  f-j- j  and  1-=-)  in  (65)  are  replaced  by 

their  equivalents  given  in  Art.  50,  the  result  is  (76),  as  it  ought 
to  be. 

And  if  (66)  is  cast  into  the  more  symmetrical  form 

^z—c    x—a    y—b'  ^ 

we  shall  get  the  same  result,  viz.  (76),  by  the  following  process. 
Let  {jf7)  be  expressed  in  the  form 


^     I  y—b    z—c    0?'— a\ 
^z — c    x^a    y — 0^ 


then  by  a  process  the  same  as  that  by  which  (72)  and  (73)  are 
found,  we  have 


(^'-)(£)+<-«)(S)  =  « 


h  (78) 


whence  by  addition,  and  by  reason  of  equation  <75),  iiaf=x, 
y'=  y,  si=iz,  we  have 

<'-«)(S)+(!'-»)(|)+<-«)O  =  0;         m 

a  result  the  same  as  (76). 

In  the  preceding  process  the  relation  between  the  partial  dif- 
ferentials of  the  functions  in  {jf7)  is  founds  when  the  problem  is 
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resolved  into  its  most  simple  elements ;  an  abridged  form  of  it 
is  more  useful  in  application.  And  as  the  result  thus  obtained 
is  applicable  to  other  cases,  it  is  desirable  to  insert  it. 

Let  the  functional  form  which  occurs  in  the  y-  and  the  2;-par- 
tial  differentials  of  (77)^  as  they  arise  from  the  variation  of  the 

first  subject  of  the  function,  viz. ,  be  represented  by  fi; 

and  similarly  let  F2  and  F3  represent  those  which  arise  from  the 
second  and  the  third  subjects :  then 


ldT\  __     1  a?— a 

\d^f  -  ^Z7'^""(^Z:A)5'»' 

/rfF\  _         y— 6  1 

\di)  ~  -(jz:^)^'!-^^^^^^^' 

•••  (-«)©+<y-«(g)^  <-«)(£)  =  '>• 

Ex.  3.   As  another  example  of  a  similar  process  let  us  take 
the  function  ^      ^  ,  .      ^, 

...  !_!(*)  =  _l(*)/-g_i) 

a      c  ^dx'  c  ^dx'      ^0      c' 

c\dyi  ~  \b      c^dy'S''  ^b      c' ' 

•■•  «(|)+»(|)--  <»» 

And  if  (80)  is  put  into  the  form 

/x      z     y      z\ 

\a      c     o      cf 
by  a  process  similar  to  that  of  the  last  example  we  shall  find 

and  further,  if  (80)  is  put  into  the  symmetrical  implicit  form^ 

^b      c     c       a     a      Of  ^     ' 

and  if,  as  in  the  preceding  example,  Fi,  F2,  Fa  represent  the  func- 
tions which  enter  into  the  partial  differentials,  according  as  they 
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arise  firom  the  differentiation  of  the  first,  second^  and  third  of 
the  subjects^  we  have 


(84) 


(85) 


Ex.  4.   Similarly  again,  if  dr,  y,  2,  ^  are  all  indep«ident  van- 
ables,  and  if 

"  =  '(?'!' ?)• 

«"di^    0  =  7'^     (|)  =  7'«'      0=7'*' 
then         (^)  =  -^{«Fi+yPi+»Fs}; 

»d.h»efore     .(|)  +  ,Q  ^  .(*)+,(*)  =  0;    (86, 
a  theorem  of  which  a  general  proof  will  be  given  hereafter. 
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CHAPTER  III. 


BBPEIfDBNT  ON  IT. 

Section  1. — On  successive  differentiation  of  an  explicit  function 
of  one  variable. 

54.]  In  the  former  pant  of  the  last  Chapter  rules  have  been 
constructed  for  differentiating  explicit  functions  of  one  variable^  A 

^ttd  thus  of  dadisicing  from  f{x),  which  wa3  assumed  to  be  the 
if  pica!  form,  i'fi^)  ^  f\^)  ^ »  i^  this,  case  ne  was  made  to  in- 
crease or  grow  by  the  infinitesimal  dx.  Suppose  now  that  x  is 
increased  again  by  an  infinitesimal  variation^  and  that  it  is  our 
object  to  inquire  what  effect  such  a  second  increase  will  have 
aafipe)  and  onf'{x)dx\  this  second  increment  may  or  may  not 
be  equal  to  the  former  one :  doubtless  the  simpler  case  will  be 
when  it  is  equal,  and  therefore  we  will  consider  it  first  with 
this  limitation,  and  subsequently  discuss  the  general  case  when 
'tbe  SHOceasiye  increments  of  x  are  not  equal.  When  x  increases 
-by  equal  inorements,  or  grows,  as  we  may  say^  at  an  uniform 
rate,  I  shall  call  it  an  equicrescent  variable  *. 

Or  we  may  consider  the  subject  from  another  point  of  view ; 
f\x)  is  in  general  a  new  function  of  x ;  and  therefore  as  it  was 
derived  from  f{x),  so  1^  a  similar  process  may  another  func- 
tion be  derived  from  it.  This  new  function  by  an  analogous 
notation  is  symbolized  by  f"(x),  and  will  in  general  be  another 

*  The  variable,  which  I  have  ventured  to  call  Equicrescent,  and  thus  to 
coin  a  new  word  for,  ia  by  most  writers  called  *'  Independent,"  and  by  some 
old  ones  "  Principal  Variable ;"  to  the  ktter  term  the  objection  is,  that  it  does 
not  express  the  characteristic  property  of  the  thing  to  which  it  is  applied,  and 
has  in  fact  no  pretension  to  appropriateness  of  nomenclature;  the  former 
term  is  by  all  writers,  and  in  the  present  treatise,  used  in  a  different  signifi- 
catioo,  viz.  to  express  that  variable  which  first  changes  value,  and  due  to 
the  change  of  which  the  other  variables  change,  and  are  therefore  called 
dependent:  see  Art.  12;  and  as  such  an  independent  variable  may  or  may 
not  be  equicrescent,  it  is  inconvenient  to  use  the  same  term  in  two  different 
senses :  and  especially  as  the  term  does  not  express  that  character  of  the  va- 
riable which  renders  a  distinctive  appellation  desirable. 
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fonction  of  x,  and  thns  will  admit  of  having  another  function 
derived  from  it  by  a  aimilar  process,  which  will  be  symbolized 
hy  f"\^)j  wid  so  on.  Tlius  may  derivation  be  considered  an 
algebraical  artifice  by  which  successive  functions  are  formed, 
each  from  the  preceding  one ;  and  these  are  caUed  the  derived- 
functions  or  derivaHves  of  different  orders  of /(^),  viz. 

/(^),  /'(^),  rw>  r», /-(^),  f'^H^) ;   (1) 

f{w)  is  called  the  primitive  function;  f\x)  the  first-derived; 
f'\x)  the  second  derived;  f^{x)  the  »th  derived  function  of 
f(x).  It  is  also  to  be  observed,  that  each  function  in  the  above 
series  is  the  first^lerived  of  the  inmiediately  preceding  function; 
and  that  /"(a?)  =/(a?),  when  n  =  0^. 

In  the  same  way  therefore  as  d.f{x)=zf'{x)dx,  so  does 
d.f\x)  -=:  f"{x)  dx,  and  so  on ;  whence  we  have  the  following 
aeries  of  equations :  * 

d.f{x)=f(x)dx, 
d.fix)  =rWrfr, 


(2) 


The  dx^s,  which  are  factors  on  the  right-hand  side  of  the 
above  equations,  are  the  several  increments  otx  which  give  rise 

to  the  differentials  of  f(x),  f\x\ and  therefore  are  not 

necessarily  all  equal;  but,  as  above,  to  consider  the  simpler 
case,  let  us  assume  them  to  be  equal,  so  that  the  several  func- 
tions vary  by  reason  of  equal  variations  of  their  variables :  that 
is,  let  X  be  equicrescent ;  then,  since 

y  =  f(x),  dy  =  d.f{x)  =  f\x)  dx. 

And  since /'(a?)  is  a  function  of  ^,  we  may  differentiate  again; 
whence,  hb  dxis  constant,  we  have 

d.dy  =  d.f(x)dx\ 

and  since  d.dy  signifies,  that  the  operation  symbolized  by  the 
character  d  is  to  be  performed  twice  on  y,  and  one  operation 
to  be  on  the  back  of  the  other,  we  may,  in  accordance  with  the 
notation  of  the  index  law,  abbreviate  d.dy  into  J'y;  and  re- 
placing d,f\x)  by  /"(a?)  dx,  and  writing  rfa?*  for  the  square  of 
dxy  since  the  dx^%  are  equal,  we  have 

d^y  =f\x)dxK 
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Similarly  differentiating  again,  and  writing  d^y  for  d.d^y^ 
and  dd?'  for  the  cube  of  dt,  we  have 

rf»y  =  d.f'\x)dx^ 
^r\x)dx\ 
and  80  on ;  and  the  general  expression  becomes 
rf*y  =z  f^{3e)dx^\ 

wherein  dx^  signifies  the  nth  power  of  dx,  and  would  more  cor- 
rectly be  expressed  by  the  symbol  {dxYi  but  as  no  ambiguity 
arises  from  the  omission  of  the  brackets,  we  have  left  them  out 
for  the  relief  of  the  notation. 

The  quantities  dy,  dhf,  d^, ...  d^, ...  are  severally  caUed  the 
first,  second,  third, ...  nth, ...  differentials  of  y ;  hence  it  follows, 
that  the  differential  of  the  itth  order  of  y  orf(x)  is  equal  to  the 
product  of  the  nth  derived-function  and  (dx)"*. 

Alao/"(a?),/'"(^), .../"(«), ...  are  severally  called  the  second, 
third, ...  nth, ...  differential  coefficients,  in  accordance  with  the 
principle  of  nomenclature  given  in  Art.  18 ;  because  in  the  above 
equations  they  are  the  coefficients  of  dx^,  dx^, ...  dx^j ... 

Hence  also  we  have, 

0  =/>).!■  (3) 


da^  -J   W- 

By  which  form  of  writing  the  fractions  on  the  left-hand  side 
of  the  equations,  it  is  indicated  that  x  is  eqtdcresceni.  Also  let 
the  difference  of  notation  be  observed  between  d*y  and  dx^. 

Hence  also  it  appears,  that  the  nth  derived-function  of /(<r) 
IB  equal  to  the  ratio  of  the  nth  differential  of  the  function  to 
the  nth  power  of  dx :  dx  being  the  quantity  by  which  x  has 
varied  in  each  of  the  successive  derivations ;  hence  also  it  is 
plain  that,  if  f^(x)  is  finite,  d*^y  is  an  infinitesimal  of  the  nth 
order  with  respect  to  d!r  as  a  base. 

It  is  also  to  be  observed,  that  as  ^  represents  the  ratio  of 

rf*V  d  fix) 

the  variation  of  y,  or /(a?)  to  that  of  a?,  so  ^  =  f\x)  =    '*V 
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represents  the  ratio  ot  the  vjiriation  oi  f\x),  that  is  of  ;^,  to 

rf»V 
the  variation  of  x ;  and  so  -j-j  represents  the  ratio  of  the  varia- 

tion  of  -7-f  to  that  of  x  \  and  similarly  of  the  other  derived- 
functions. 

The  rules  which  have  been  constrocted  in  the  preceding 
Chapter  for  the  differentiation  of  fix),  and  the  various  speeifie 
forms  off{x),  are  also  i^pfieable  to /'(ar), /"(ar)i  •.-/*(«•)>  ••• 
Tbua^  because  it  is  shewn  in  Attick  26  that 

dxfix)  =  cd.f{x), 
so        d\cf{x)  =  cd\f{x). 
Also  from  Article  27, 

d\{f{x)±<^(x))  =  d\f(x)±d\4>{x). 

Some  examples  of  successive  differentiatioti  are  subjoined^  in 
which  these  principles  are  applied. 

Ex.  1.  y  =  ^~, 

dy  n  1 

g  =  »(n-l)(n-2)x»-». 


^  =  n(n-l)  («-2)  ...  (n-r+2)  (»-r  +  l)ar»- 


Ex.  2.  y  =  log,  X, 

dx       X  ' 


^=(-).1.2a.- 
g  =  (-)3 1.2.3^-*, 


g  =  (-)-» 1.2,8. ...  (r-2)  (r-1)*-. 
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Bk.  8.  y  =  a', 

0  =  (lo&a)«a', 

I 

a^  =  (lofeaya'. 
Ex.  4.  y  =  sin  «a?, 

—•  =  n  cos  »a?  =  n  sin  I  na?  +  ^ ) » 


^^  =  «* cos  (na?  -f  - j  =  n«  sin  \nx  +  2 ^) , 


It  appears  therefore  that  the  effect  of  one  derivation  on  sin  nar 

is  to  multiply  the  quantity  by  n  and  to  increase  the  arc  by  ^ ; 

and  therefore  it  might  at  once  be  concluded,  that  the  effect  of 
r  derivations  is  to  multiply  the  quantity  by  n%  and  to  increase 

tii^  tfrc  by  r  g « 

Sinnlarly,  if     9  :rz  toa  nx,  -^  =  w*^  cos  {nx  +  r |) . 

Ex.5.        y  = -« 5=0"^ 1 


0  =  (-)-l:?^{(,;-ar('-^i)-(*H.fl)-Cr+«}, 
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A  similar  method  of  decomposition  into  partial  fractions  may 
also  be   employed  to   find  the   general   derived -function   of 

-5 5,  -5 o>  -i Zf  and  other  functions  of  a  similar  form. 

a?" — a*    a'''\-a*    d;"  +  a" 

Ex.  6.        y  ^  e^wi  nx, 

dy 

^  =  e*^{avaLnx-\-neQ%nx). 

Let        ar=Acos^,  .-.    t?  z=^  a^-^n\ 

n  =  it  sin  ^,  tan^  =  -; 

on  the  legitimacy  of  which  substitutions  see  Art.  60 1 

dy 
.'.    ^  =  *c«'sin(»a?+^); 


whence  it  is  manifest^  that 

d^y 

^  =  *''e«»sin(na?+r^) 

=  (a*+n*)^a«'sin(«4?+r^). 

65.]  If  the  function  to  be  differentiated  is  a  product  of  two 
functions  of  x,  say  of  u  and.t^^  the  following  theorem,  due  to 
Leibnitz^  and  commonly  caUed  Leibnitz's  Theorem,  may  be 
conveniently  employed  to  find  the  general,  viz.  the  rth,  derived- 
function. 

Let  fix)  be  the  function  of  x,  of  which  let  the  two  ftctors 
be  u  and  t^,  so  that 

y  =  /(^)  =  uxv, 
dy  =  vdu+dvu^ 
tPy  =  vd^u  +  2dvdu  +  dHUy 
d^y  =  vd^u  +  idvd}u-\-ZdHdU'\-d^vu\ 

the  law  of  the  coefficients  being,  as  it  is  manifest,  that  of  the 
coefficients  of  (1  +  xYy  when  r  =  1,  =  2,  =  8, ... ;  and,  to  shew 
that  such  is  always  the  case,  let  us  assume  that 

rf»-iy  =  V  d^'^u  +  ^  dv  d^'H  +  ^^"^Vo"^^  ^^^  ^''"'« 

1  L  .At 

r— 1 
+  ...  H — r — dud^'^v-^-ud^'-^v; 

and  let  us  differentiate ;  whereby 
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+  ...  +  rdud^'^v  +  ud^v. 

Therefore,  if  the  formula  is  tme  for  (r — 1)^  it  is  true  for  r ;  but 
it  is  true  for  2,  therefore  it  is  true  for  8 ;  and  therefore  it  is 
true  for  aU  positive  and  integral  values  of  r  * ; 

.-.  d'^iuxv)  =  d^'.fix)  ^f^(x)d3c^ 

=  « rf'-tt  H-  ^ ife rf'-itt  H-  ^^^Z^^  d^v d^'H  +  ...  (4) 
-  ,  ,         d^H      r  dv  d^'-^u     r(r-l)  d^v  rf'-^tt  ,-^ 

In  applying  the  last  formula  to  a  given  example,  let  the  stu- 
dent be  csoreful  to  take  for  u  that  function  whose  general  derived- 
fonction  is  the  more  easQy  calculated. 

Ex.  1.  To  find  the  rth  derived-function  of  e^  w*. 


u  =  e«*,  V  :=:  X* 


*»  «.  *^  -  1 


d^u 

dip'^  1 

+  !l^^:zl>ar-ag«;i(^«.l)^— 2^ 

+  "^^^^  a-«  n(«-.l)  4?«-«  + } 

Ex.  2.  To  find  the  rth  derived-function  of  e^  cos  9UP  x^. 
u  X  e^cosnx,  v  =  x^; 

*  On  this  mode  of  inductively  pro^g  the  above  theorem,  see  some  re- 
nnrks  ma"  System  of  Logic,"  by  John  Stuart  Mill,  book  II][«  ch.  ii,  §  3, 
2iid  edition,  London,  1846. 
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therefore  by  Ex.  6,  Art.  54,  if  tan  ^  =  - ,  aad  *  =  {«* +«*}*. 


.-.    — ^ =  e^  {k""  co%{nx-{'rd>)x^ 

+  =-*•'-*  cos  {»4?+(r—l)4>}i»ar"'-^ 

+ }• 

If  the  function  of  ^hich  the  general^  say  the  rth^  derived- 
function  is  to  be  found,  is  the  quotient  of  one  function  of  x  by 
another  function  of  x^  so  that 

m  =  ^. 

the  preceding  formula  (5)  is  applicable^  if  we  take  ii  to  be  one 

factor  and  -  to  be  the  other.    The  general  formula  for  f^(x)^  as 

it  stands^  is  however  too  complicated  to  be  of  any  use. 

And  the  formula  (5)  is  also  indirectly  applicable  to  the  dis- 
covery of /''(a?),  even  when  the  primitive  function  is  not  the 
product  of  two  given  functions  of  the  variable  x.  The  mode  of 
its  application  will  be  best  exhibited  by  examples. 

Ex.  1.   It  fix)  =  sec«?,  then  cos  a?  f(x)  =s  1 ;  and  from  (5), 
COS  ^  /"(^)  —  n  sin  J?  /'»-*  (x) cos  x  /*"*(a?) 

+  "-^^>--^  8in^/-«r)  +  ...  =  0, 

...    /n(^)  =  !»/»-.(.)  _  "^"-^^>]"-^>/..-»W  +  ...  I  tanx 

«(n-l)                  »(«-!)  («-2)(«-3) 
+      1.2     -^      ^^^  0:3:4 •'^      ^*^  + 
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which  gi?es  the  relation  between  any  derived  function  and  its 
preceding  derived  functions.    Thus  if 

»  =  1,    f'{x)  =  sec  X  tan  x, 

n  =  2,  f\x)  =  2seca?tan'^+seca7^ 


Section  2. — Maclaurin^s  Theorem  for  the  expansion  of  an 
explicit  Junction  of  one  variable, 

37.]  One  of  the  most  useful  applications  of  the  preceding 
theory  of  successive  differentiation  is  the  means  which  we  thence 
derive  of  expanding  explicit  functions  of  one  variable  in  ascend- 
ing powers  of  that  subject  variable ;  at  least  when  such  an  ex- 
pttiaion  is  possible.    And  although  at  the  present  stage  of  our 

raicB,  VOL.  I.  o 
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Ex.  2.  If  fix)  =  tan-i «,  fix)  =  ^-j-^ ;  , 

.'.     (l  +  a!')fix)^l;  I 

•ad  applying  to  this  the  formula  (5),  ve  hare  I 

.'.  /»+»(*)  =  -  Y^  i^nxfix)  +  » {» -i)/»-n«)} ; 

Thence  vaj  f{x),  /"(a?).  —  be  found. 

66.3  The  following  is  another  theorem  concemiag  the  rela- 
tions between  functions  and  their  derived  functions  which  holds 
good  when  the  subject  variable  is  equicrescent. 
Since  by  (6),  Article  18, 

d./(x)  =  fix)  dx  =  f{x+dx)  -fix), 
.- .    dK/ix)  =  fix)  dx'  =:fix+2dx)-  2 fix + dx)  +fix), 
d*.fix)  =zf"'{x)d3fi  =fix-i-8dx)-8fix+2dx)  +  8fix+dx)-fix), 

and  so  on ;  whence  by  an  inductive  proof  of  the  same  kind  as 
that  of  the  preceding  Article,  we  have 

d\fix)  =/"(«)<&» 
=  f{x-i.»dx}-^f{x+in-l)dx}  +  ^^^^^f{x+in-2)dx} 

-  ...  i-)n-l^fix  +  dx)  (-)»/(«)•    (6) 
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treatise  we  are  not  able  to  investigate  all  the  conditions  of  sndi 
a  possibility,  yet  doubtless  the  expansion  is  possible  under  the 
following  circumstances. 

Suppose  f{x)  to  be  a  function  of  x,  and  to  be  capable  of  ex- 
pansion in  a  series  of  ascending  powers  of  w,  of  the  form 

f{x)   =  Ao  +  Aia?-|-A8a?*+  ...  +A»a?"+  ...  (7) 

and  suppose  the  series  to  be  subject  to  the  following  conditions : 
1st,  Ao,  Ai^  As^ ...  An> ...  are  constants,  and  to  be  determined. 
2nd^  Ao,  Ai,  As, ...  An, ...  do  not  become  infinite  for  any  value 
of  X  for  which  the  series  is  applied. 

3rd,  The  series  contains  no  terms  involving  negative  or  frac- 
tional powers  of  x. 
Then,  since 

f{x)  =  AoH-Aiar+Aja?*+... +A||a?»+... 
.^    /'(ar)  =  Al+2Aa4?^-8A3df»^-... 
/''(a^)  =  2As+2.3A9ar+... 
f"\x)  =  2.8  A8+... 


/-(^)  =   1.2.8  ...(n-l)!!  An +... 

In  these  equations  let  or  =  0 ;  then,  since  by  the  second  and 
third  conditions  none  of  the  quantities  assume  the  indeterminate 

form  ~,  or  become  infinite^  we  have 

/(0)   =  Ao,  .-.       Ao=/(0), 


/(O)  =   Ai,  .-.      Ai  =  ^ 


r(0) 


/"(O)  =  1.2  a.,  .-.    A,  =^ 

f'\Q)   =   1.2.8  A3,  .-.      A3  =:  -^-^^, 


1.2  ' 

r'(0) 


/-(O)  =  1.2.8. ..n  An,  .-.     A^  =    ^^^^^ 


1.2.8.. .11 
Whence^  substituting  in  equation  (7),  we  have 

fix)  =/(0)  +/'(0)|  +/"(0)£j  +  ...  +/"(0)  Y^^  +  ...    (8) 

/(0),/'(0,/"(0) ...  being  the  values  oif{x\f{x\f\x\ ...  when 
47  =  0. 
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This  leries  was  discoyered  hj  Stirling^  an  English  Mathe- 
matician of  the  early  part  of  the  last  century ;  but  having  been 
introduced  by  Maclaurin  into  his  Treatise  of  Fluxions,  has  been 
generally  caUed  by  his  name. 

58.]  For  certain  functions  of  a?,  such  as  those  of  the  form 
(a+s)*^,  where  n  is  positive  and  integral,  the  derived-functions 
will  vanish  after  a  certain  number  of  differentiations ;  and  there- 
fare  the  number  of  terms  of  the  above  series  is  limited  in  such 
cases.  Generally  the  successively  derived-functions  are  func- 
tions of  d?,  and  the  series  is  continued  to  an  infinite  number  of 
terms;  but  the  sum  of  all  the  terms  after  the  nth  may  be  ex- 
pressed as  follows,  by  an  algebraical  formula.     Since 


i.n-r 


/(,)  ^/(oj+mf +/"(0)^  + ...  .-/-'(O)^/.-^.!) 


1.2.3. ..n  ^-^       ^  '  1.2.8. ..(«  +  l) 


the  sum  of  all  the  terms  after  the  nth 


a?' 


=  /^0)roo-::+/'-''(0) 


-n+l 


1.2.3. ..n^''       '  M.2.3...(n  +  1)   ' 

r2lbit/-(0)+/-(0)j^ 

{a  quantity  >/»(0)  and  <  /"(a?)} ;    (11) 


1.2.8. 

the  latter  factor  of  (10)  is^  I  say,  greater  than  /'*(0),  because 
the  sum  of  the  series  is  algebraically  greater  than  its  first  term ; 
and  is  less  than/* (a?),  because  by  reason  of  (9) 


/-(4?)  =  /-(O)  +/-+H0)  f  +/»-^»(0)  ^  +  ... 

and  with  the  exception  of  the  first  term  of  this  series,  each 
term  of  it  is  greater  than  the  corresponding  term  of  the  series 
given  in  (10),  inasmuch  as  the  denominators  are  severally  less. 
Hence  representing  by  $  aome  positive  and  proper  fraction,  we 
may  symbolize  (11)  by 
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for  the  latter  factor  is  too  small  when  ^  =  0,  and  is  too  lai^ 
when  $  =  1. 

Hence  we  may  write  the  series  as  follows : 

f(;r)  =/(0)  +/(0)  J  +r(0)^  -f  ...  +  ^^^—fn(ex);  (13) 

which  has  a  definite  number  of  terms ;  and  therefore  the  only 
apparent  difference  in  the  absolute  equality  of  the  two  sides  of 
the  equation  is  that  which  arises  from  B  being  an  undetermined 
fraction  greater  than  zero  and  less  than  unity. 

As  this  series  however  is  of  great  importance  in  the  applica- 
tion of  the  Calculus,  the  proof  of  it  must  not  rest  on  any  fallar- 
cious  assumption^  or  any  vague  limitations  which  may  be  too 
wide  or  too  narrow^  such  as  those  of  the  stated  conditions. 
Hence  arises  the  need  of  a  rigorous  and  exact  proof  of  it,  and 
of  one  which  will  limit  the  extent  of  its  applicability^  and  which 
will  be  given  hereafter ;  and  therefore  the  explanation  of  the 
last  two  Articles  is  to  be  considered  only  as  yielding  a  presump- 
tion that  such  a  series  as  (13)  is  likely  to  be  true. 

59.]  Examples  of  Maclaurin's  Theorem. 
Ex.  1.        Let 

fix)  =  (a  +  ^)%  .-.   /(O)  =  a», 

fix)  =  n(a+j?)»-i,  /(O)  =  na^-\ 

f\x)  =  »(n-l)(a  +  ^)'»-»,         /"(O)  =  «(« -!)«»»-», 

whence^  if  n  is  positive  and  integral^ 

/~(a?)  =  «(n-l)(n-2)... 3.2.1,  /'•(0)=:n(»-l)(n-2)... 8.2.1; 

.-.    /(a?)  =  (a+a?)»  =  a'*+»a'*"^«+  ""TT"^^"*^ 

+  ...  +na4?**-*  +  a?*;  (14) 
the  common  Binomial  Theorem,  which  is  therefore  a  particular 
case  of  Madaurin's  Theorem. 

Ex.  2. 

/W  =  e',  .-.    /(O)  =  1, 

fix)  =  e-,  fiO)  =  1, 

/»(a?)  =  e',  fHOx)  =  e*'i 

^      X       x^  ^'•-1  0?"         ^,     ^.-^ 

•••  ^'  =  ^+i+i:2  +  -+i.2.8...(nii)-^i^x::^'^-  <i«> 
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Ex.  8. 

f{s)  =  wix,  /(0)  =  0, 

/'(^)  =  8in(ar+|),  /'(0)  =  1, 

/»  =  8m(«+2|),  /"(0)  =  0, 

/•(ar)  =  sin  (a?+n|),  /»(««)  =  sin  (Om+n^); 


mnj;  =  w 


1.2.8  ^  1.2.8.4.5 
r"-^  .    (»  — l)ir 


1.2.3...  (»-l) 


.    (»  — l)ir  a?"        .    /_         ir\    ,.-. 

8inL-^  +  j^^^_sm(«^+«^).(16) 


Ex.4. 

/(a:)  =  c<M«,  .-.    /(O)  =  1, 

/»  =  C08(a?+|),  /(0)  =  0, 


/«(x)  =  coa  (*+»5) .  f'(6x)  =  coa  (o*+ng) ; 


a?*  ar* 

.-.      COSa?  =   1  — -r-s"  + 


1,2  "^  1.2.8.4 


+  ii?.8...(»-i)^''— 2— +i:2:8:::^^''l^^+"2)-^^^> 

Ex.6. 

/(ar)  =  log.(l  +  af).  .♦.    /(O)  =  0, 

f(x)  =  (!  +  «)-»,  /'(O)  =  1, 

/"(«)  =  -(l  +  a?)-»,  /"(O)  =  -1, 

r'(x)  =  (-)» 1.2  (1  +  «)-»,        /'"(O)  =  1.2, 
r(s)  =  (-)» 1JJ.8  (1  +  a?)-«,     /-(O)  =  - 1.2.8, 


/•(a?)  =  (-)»-!  lJi.8 ...  («-l)  (1 +ar)-», 

/'(Ow)  =  (-)»-U.2.8...(n-l)(l  + 

•.    lo&(l  +  ar)=sar-^  +  y+ 


(_)»-!  £!:!  (_)«-!  1  (_£_)".     (18) 
n— I''    '       «VlH-Ar'        ^    ' 
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Ex.6. 
/(*)  =  rin-i*,  /(O)  »  0, 

•^<*>  =  TT^  =  (1-**)-*.  f{0)  =  1, 

/"(«)  =  ar(l-a?«)-l,  /"(O)  =  0, 

/"'(«)  =  (1  -  «»)-!  +  8««  (1  -  «>)-*,  /"'(O)  =  1, 

/'"(a?)  :=  9»  (!-«»)-*  +  8.6 jf»  (!-*«)-*,  /~(0)  =  0, 

/»  =  9  (1  -  a?»)-#  + rm  =  9. 

The  general  derired-fanction  is  of  too  complicated  a  fonn  to 

be  useful ; 

•     1  «»  9*» 

•■•  "^"''  =  *+i:2:8  +  i:2:8A5  + <^*> 

Bat  8in'~^4r  may  be  more  easily  expanded  by  the  following 
artifice,  which  adapts  itself  to  those  functions  of  which  a  de- 
rived-function assumes  an  algebraical  form. 

Differentiating  equation  (8),  Art.  57,  we  have 

/'(*)  =/'(0)+r(0)f +r'(0)^+/-(0)j^+ 

and  firom  aboTe, 

■■     "^  2  "•'   2»   1.2  "*■    2»    1.2.8  "•" 

1.8.5.7...(2r-l)      ^«^ 

^  2-^  1.2.8...r^ '^     ' 

whence,  equating  coeflSdents  of  the  same  power  of  «  in  the 
two  series,  we  have 

/'(0)  =  1,    /"(0)  =  0,     r'(0)  =  ^,    /-(0)  =  0, 

'  ^^  "   2»  ~T2~' 
«r+i/m  _  18.6.7... (2r-l)1.2.8...(2r-l)2r . 
^       ^  '  ~  2'-1.2.8...(r-l)r 

whence  we  have 
.     ,  1  1.2    »»        1.8  1.2.8.4      *• 

1.3.6. ..(2r-l)  1.2.8.4...  (2r-l)2r  ^""^^^ 

■^  2'  lJJ.8...r  1.2.8...2r(2r+l)  "•■••• 
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1.3.5...  (2r-l)a?«^+^ 

"^    2.4.6...2r(2r+l)    "^ ^^ 

cc»~*4r,  tan-^a?,  log(l  +  a?),  are  other  functions  which  may  be 
con?eniently  expanded  by  this  method;  and  which  the  student 
is  recommended  to  apply  the  process  to. 

60.]  As  many  properties  of  some  series  which  have  been  ex- 
panded in  the  last  article  will  be  required  in  the  sequel  of  the 
Treatise^  it  is  most  convenient  to  introduce  them  here^  though 
they  may  more  properly  be  considered  to  belong  to  analytical 
trigonometry. 

By  an  imaginary  or  impossible  quantity  is  meant,  one  of  the 

^^  a+ft-v/in:;  (28) 

a  and  b  being  symbols  of  positive  or  negative  possible  quanti- 
ties, and  the  symbol  \/— 1  being  that,  which^  when  squared^ 
is  equal  to  —1.  Two  such  expressions,  which  differ  only  in  the 
sign  of  ^— 1,  are  said  to  be  conjugate  to  each  other ;  thus 

a-l-JV^— 1  and  a— iV— 1 
are  called  conjugate  imaginary  expressions;  and  it  is  to  be  ob- 
served^ that  the  product  of  two  such  conjugate  expressions,  viz. 

{a^-b^^^){a'^'b^^-i)  ^  a^-^b\  (24) 

Now  such  an  expression  as  (23)  may  always  be  put  under 

the  form  r(cos(?  + >/^  sine?);  (25) 

in  which  case  r  is  called  the  modtdua  of  the  expression 
«+J\/^.    For  let 

a  =  rco8^,^  .-.    r^  =  a^  +  A*/ 

(26) 


?,l  .-.    ra  =  a^  +  A^n 

?,|  tan^  =  ^| 


A  =  r  sin  ^j 

and  as  a  and  b  are  possible  quantities,  a^  +  A'  is  a  positive  quan- 
tity, and  therefore  r  is  possible;  and  as  tan B  passes  through  all 

values,  from  — oo  through  0  to  +-00 ,  as  B  increases  from  —  ^ 

to  +ai  whatever  are  the  rdative  signs  and  magnitudes  of  a 

It  IT 

and  6,  there  is  always  some  angle  between  —  ^  and  ^  which 
win  satisfy  the  equation,  tan  tf  =  -;  therefore  the  substitutions 
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made  for  a  and  b  are  possible^  and  therefore  a-fi\/— 1  may 
always  be  put  in  the  form  r  (cos  6  +  V  — 1  sin  $).    Also, 

—7 —  = =  r,  by  Preliminary  Theorem  L 

b  m         {a»  +  «*}* 

61.]  In  series  (15),  Art.  59,  successively  write  for  »,  a?  \/^ 
and  — 4f^--l;  then 

.-^=l  +  ,y=I-g-./=Ij^  +  i^4-...    (27) 

=  2  cos  ar,  by  (17),  Art  59 ;  (29) 

=  2  V^^  sin  0?,  by  (16),  Art.  59 ;  (30) 

.•.     e*^^-^=  cosa?+\/--lsina?;  (81) 

e-'^^^=  cos^-y^sinarj  (82) 
whence,  by  division, 

^,,^  ^  oos^-^^A=lgina?  ^  l  +  ^/3Itan;p  ^  ^^g^ 
cos  a?  —  v^— 1  sin  J?       1  —  \/— 1  tan  4? 

and  taking  the  Napierian  logarithms  of  both  sides  of  the  equa- 
tion, we  have 

2j?>/^  =  log(l+\/^tana?)-log(l->/^tana?) 

=  y-lt'an;r+^'->v^^' 

(tana?)*^  ^/— ^(tan^r)*  ^      ' 


4       ^  "  5 

(tan  ^)'        / — =-  (tan  a?)' 


j-yintan^+^^Vy^i 


8 

(tang)*  _    /— |-  (tan*)' 
4 


'_y3T<^V |. 


the  series  being  expanded  by  equation  (18),  Art.  59 ;  whence, 
equating  impossible  parts,  and  dividing  both  sides  by  2\/— 1, 
we  have 
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(tan^)*      (tana?)*  ,„.. 

X  =  tan^-'    3       +       5  '  ^^^^ 

which  is  a  series  useful  for  the  calculation  of  v. 
Again,  hy  equation  (31), 

.'.    c*-/^  -=  cosy  +  V  — 1  siny; 
therefore  by  multiplication^ 
eC^+y)-^-!  =  cos  ^  cos  y^  sin  0?  sin  y 

+  v^— 1  (cos  0?  sin  y  +  cos  y  sin  a?),    (85) 
but  c(*+y)V:T  _  cos  (a?+y)  -f  \/^  sin  (d?-f  y) ;  (36) 

wherefore^  equating  the  possible  and  impossible  parts  of  the 
equal  quantities  (35)  and  (36)^  we  have  the  fundamental  trigo- 
nometrical formulae^ 

cos  (d?+y)  =  cos  07  cos  y  —  sin  x  sin  y,  (37) 

sin  (a?  -f  y)  =  sin  ^  cos  y  +  cos  x  sin  y.  (38) 

Again, 

(C08J7+  v^— 1  sin 4?)  (cos y+  >/— 1  sin y)  (cos ^r -f-  \/— 1  sin^r)... 

=  cos (a?+y+j2r+...)  +  \/^ sin (a?+y+^+.. .)..•;  (89) 
whence,  if  x  =  y=^z=  ...  to  m  quantities, 

(cos  X  4-  v^— 1  sin  a?)**  =  cos  mx  +  \^— 1  sin  mx; 
in  a  similar  way  it  may  be  shewn  that 

(cosa?— \/— 1  sin  a?)"*  =  cos  mx  —  \/  — I  sin  mx ; 
and  therefore  generally, 

(cos  X  ±  V— 1  sin  a?)*  =  cos  f»a?  +  \/— 1  sin  »»a? ;         (40) 
which  is  De  Moivre's  Theorem. 

By  these  processes  therefore  the  multiplication  of  a  series  of 
factors  of  the  form  cos  x  +  V^l  sin x,  and  therefore  of  all  ima- 
ginary expressions,  is  reduced  to  the  addition  of  the  arcs  under 
the  circular  functions ;  and  the  involution  of  such  quantities  to 
the  multiplication  of  the  arcs. 

62.]  Equivalent  expression  of  (cos  a?)",  in  terms  of  the  cosines 
of  the  multiple  arcs. 

To  abbreviate  the  notation,  let  us  substitute  as  follows  : 

.      ,-««yrr_l  .1  (41) 

PRICK^  VOL.  I.  T 
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.•.     2(5080?  =  iTH- -,  2co8fiia?  =  2r"»+ -—,     (42) 

z  z 

. 1  .  1 

2  V— 1  sino?  =  5r ,      2  \/— 1  sin  mar  =  ;?*• -.     (48) 

Since  therefore  2 cos  j?  =  ^r  +  -, 

.-.    2"(cosa?)*  =  (^-f -) 

n(n-l)     11  1 

•••  "^    1.2   :?5^  ■*"  '•p^  "^  :?^ 

n(n  — 1)  /  .  -         1    \  ,. ., 

=  2co8>M?4-2nco8(n— 2)af+2    \  7"     co8(n— 4)ay-i> ...; 
.-.     (CO807)"  =  -Rz^  <co8ndr  +  nco8(«— 2)a? 

+  ^^J;^co8(n~4)4r+ J.  (45) 

If  n  i8  even^  say  =  2r^  there  are  2r +  1  terms  in  series  (44)^ 
2  r  of  which  will  give  rise  to  r  different  cosines^  viz.  cos  nx^ 
C09(n— 2)o7y ...  cos  2a?;  and  the  remaining  term^  which  is  the 
middle  one  of  the  series^  is  independent  of  x^  viz. 

n(«-l)(n-2)...(^  +  2)(|-hl) 

But  if  n  is  odd,  say  =  2r  + 1^  the  series  will  have  2r+2  terms^ 
which  may  be  combined  into  pairs ;  from  each  of  which  a  cosine 

will  arise,  and  there  will  be  — ^—  different  cosines,  viz.  cos  nor, 

cos  (n— 2)07, cos  3  J?,  coso?. 

Two  examples  are  subjoined  to  illustrate  the  method  of  ez« 
pansion. 
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Ex.  1.  To  expand  (cos  af)^  in  tenns  of  the  cosines  of  the  mul- 
tiple arcs. 

•••     2cos^  =  jar-i-  ~, 

z 

X        z        z 

=  2  cos  ear-!- 12  cos  4^ +30  cos  2^ +20; 
.-.     (cosa?)*  =:  ^  {cos  6ar+6  cos  4^+15  cos  2d?  +  10}. 

Ex.  2.  To  expand  (cos  x)^  in  tenns  of  the  cosines  of  the  mul- 
tiple arcs. 

•.•     2oosa?  =  ;?  +  -, 

z 

2»(cosar)»=  (2r»+l^)  +  5(;r3+i^)+10(;r  +  i) 
=  2co85ar+10cos3^  +  20cos^^ 
.%     (cos^)*  =  ^  {cos 5^+5  cosS^+lOcos^}. 

68.]  Equivalent  expression  of  (sin  xY  in  terms  of  the  sines 
and  cosines  of  the  multiple  arcs. 
By  (48),  Art.  62,  we  have 

2  \/— 1  sin  07  =  2r ; 

z 

.-.    2»(-l)»(sin^)~=  (;?-i)" 

«  «      n(«--l)    ^   . 

=  (*"(-)- PJ)-»»(*-*(-)-'^) 

of  which  series  there  will  be  four  cases  according  as  n  is  of  one 
or  other  of  the  forms  4r,  4r+l,  4r  +  2,  4r+3;  but  it  is  not 
wQrdi  while  to  write  down  the  general  terms  of  the  series,  as 
particular  examples  will  be  better  solved  independently.    It  is 

p  % 
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to  be  observed  however  that,  if  n  is  even,  the  series  (46)  involves 
cosines  only ;  whereas,  if  n  is  odd,  it  involves  sines  only.  Two 
examples  are  subjoined. 

Ex.  1.  To  expand  (sin  j?)^  in  terms  of  the  sines  of  the  mul- 
tiple ares. 

2  \/— 1  sin  a?  =  z ; 

z 

2»v/irr(8inir)''  =  zi-5z>+10z-10- +5^- \ 

z         z         z 

=  2^— IsinSar— 10\AIIsin8j?-|-20\/^sina?; 
.-.    (sino?)*  = -^  {sinSAT  — 5sin3^-f  lOsin^}. 

Ex.  2.   To  expand  (sin  xf  in  term9  of  the  cosines  of  the  mul- 
tiple arcs. 

•.•     2\/— 1  sino:^  =  j? , 

z 

-2«(sin^)«  =  (r<»  +  l)-6(r^  +  l)  +  15(2r>  +  l)-20 

=  2cos6a?  — 12cos4a?-f30cos2a?— 20; 
.-,     (sinar)*  =  26  {  — co86d?+6cos4a?  — 15cos2«r-hl0}. 

64.]  The  solution  of  the  equation  or" — 1  =  0,  and  the  resolu- 
tion of  it  into  its  factors. 
By  equation  (40),  Art.  61, 

(co9  X  +  \/— I  sin  x)^  =  cos  mx  +  ^/ —\  sin  mx ;         (47) 

and  this  equation  is  true,  whether  m  is  positive  or  negative, 

integral  or  fractional.    For  m  let  -  be  substituted,  and  for 

the  general  symbol  Xy  let  x-^-^k-n  be  written,  k  being  a  whole 
number^  so  that  (47)  becomes 

{cos  {x+2kTr)  ±  \/— 1  sin  {x 4- 2*7r)}  " 

=  cos +  V  — 1  sm — .  (48) 

In  this  equation  let  ar  =  0;   whereby,  as  cos2it?r=sl  and 
sin  2 Att  =  0,  we  have 
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2kir 


(l)-  =  C08l^±^/=T 


81U- 


2kit 


109 

(40) 


bat  ifx"— 1  =  0,  dr^l";  and  therefore  the  several  values  of  ;r, 
or  roots  of  the  equation  «"— 1  =  0,  are  the  values  which  the 
right-hand  member  of  (49)  admits  of.  Now  k  may  be  any 
vhole  number;  let  therefore  successively 

1»  =  CO80  + ^/^  sinO  =  1, 


*  =  0, 
*=1, 

k  =  2, 


then 


2ir 


2ir 


,~  ^TT    .        / =-     .      ATT 

1»  =  COS h  V  — 1  sin  —  • 

»  ""  n 


4ir 


4ir 


l**  =  COS  —  -h  V— 1  sin  — , 
n  *~  n 


and  so  on,  until,  if  n  is  even, 


*  = 


n 

2" 
n 
2' 


1, 


1"  =  COS 


n-2 


+  y^ 


sm 


«-2 


1"  =  cos V  +  V—l  sin ir  =  —  Ij 


^  (50) 


,n 


after  which  term  the  values  recur,  for  the  substitution  of  ^  + 1 
for  *  gives  the  same  values  of  1"  as  the  substitution  of  ^  —  1. 

And  if  n  is  odd,  the  substitutions  for  k  must  continue  until 
*  =  — ^—  ;  in  which  case 

(1)»  =  co8^^ir+ x/^sin^^ff,  (51) 

n  n 

and  afterwards  the  values  recur;  and  thus  in  both  cases  we 

have  n,  and  only  n,  different  quantities  in  the  right-hand  mem- 

1. 
bers  of  (50);  and  which  are  the  values  of  (I)'*,  and  are  the 

roots  of  the  equation  ^t?'^  — 1  =  0.     Hence  also  it  appears  that 

jf"— 1  =  0  has  n,  and  only  «,  different  roots. 

A  complete  discussion  of  the  properties  of  these  roots  of  unity 
would  be  out  of  place  in  this  treatise ;  and  would  be  unneces- 
sary, inasmuch  as  more  than  we  could  insert  is  contained  in 
Peacock's  Algebra,  Vol.  II,  Chapters  XXIII,  XXIV,  XXV,  and 
XLV,  Cambridge,  1845..  I  must  however  observe  on  the  form 
of  the  roots  given  in  (50). 

Since  by  (31)  and  (32), 
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CO! 0?+  V— 1  un 47  =s  e±*^^ 
the  roots  given  in  the  right-hand  members  of  (60)  are  equal  to 

e±o^i,      e±T^»,      e^i'^\ e±-^i, 

if  n  is  even ;  and  to 

e±«v:n,      e±V'^S e^^r'^^S 

if  n  is  odd ;  the  first  terms  of  these  series  are  evidently  unity; 
and  the  last  term  of  the  former  series  is  —  1 ;  and  the  roots  in 
both  series  are  in  geometrical  progression ;  and  are  the  powers 

of  «=^  n  "^"^ ;  the  roots  therefore  are  of  the  form 

1,   a,   a* a-i; 

a  being  such  that,  if  n  is  even^  a""^  =  —  1. 
Let  us  take  one  or  two  examples. 
Ex.  1.   To  find  the  roots  of  a?«  - 1  =  0. 
In  this  case  n  =  8 ;  and  we  have  from  (60) 
(l)i  =  1 

=  cos-g-  +  V— 1  sm-g-; 

and  if  the  roots  are  expressed  in  the  exponential  form 
(l)i  =  c±o-^  =  1 

Ex.  2.    To  find  the  roots  of  d?«  - 1  =  0. 
In  this  case  we  have  n  =  6 ;  and 

(1)*  =  oos0±  ^/'^sinO       =  c±o^^  =  1 

=  COSg+V— Ism^         =r  C^8 

27r        / — =-  .    2ir         iil,/ri 
=  cos  -^  i  V—l  sm  -5-  =  «"*=  3 
o  o 

=  COS  w  +  \/— 1  sin  w      =s  e±»^^-i  =  —  1. 

Thus  we  may  resolve  or"— 1  into  its  factors;  by  reason  of 
the  roots  in  group  (60),  corresponding  to  A:  =  0,  there  is  a  factor 
4? — I ;  corresponding  to  A:  =  1,  there  are  two  factors,  viz. 

a?— (cos V  \/— Isin  — ),  and  ar— (cos \/— Isin  — ), 

which  may  be  compounded  into  the  quadratic  factor, 

2'7r 

0?^  — 24?cos 1-1; 

ft 
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Ill 


onularly  may  each  of  the  other  pairs  of  simple  factors  be  com- 
poonded  into  a  quadratic  factor ;  and  the  last  factor,  if  n  is 
e?eii^  is  d?  -h  1.     So  that^  if  n  is  even, 

ar--l  =  (ar-1)  (4?*-2a?cos— +l)  (^»-2a?cos— +  l) 

(cr«-2a^cos5^ir  +  l)(a^-fl).  (52) 

And,  if  n  is  odd, 

jr"-l  =  (4?— 1)  (a?*  — 2a?co8— -hi)  (^^  — 2d?cos— H-l) 

(^»-2^cos  — ir  +  l).  (68) 

Thus  a?»-l  =  (a?-l)(j?«-2arcos^-|-l); 

x«-l  =  (a?-l)(^«-2j?cosg  +  l)(^-2^cosy +l)(a?-|.l). 

65.]  The  solution  of  the  equation  ar'*+l  =  0,  and  the  resohb- 
tion  of  it  into  its  factors. 

In  the  general  equation  (48),  let  ^  =  ^ ;  then^  since 
cos(2t  +  l)ir=  -1,  and  sin  (2*-f  l)ir  =  0, 


(-1)"  =  cos 


2*-hl     ^    j^^  . 
ir+  V— 1  sm 


2*  +  l 


w: 


(54) 


but  if  j?»  + 1  =  0,  a?  =  ( — 1)"  ;  and  therefore  the  several  values 
of  X,  or  roots  of  the  equation  ^**+ 1  :s:  0,  are  the  values  which 
the  right-hand  member  of  equation  (54)  admits  of.  Now  k  may 
be  any  integral  number ;  let  therefore 

it  =  0,    then     (-1)»  =  cos-±\/-TBin-, 


*=1,     - 

QntQ,  if  n  is  eren. 


2     1. 


(— 1)"  =  cos  —  ±v— Ism  — , 


/     Tx";:              ** — 1-           / — T  •    ^ — 1- 
(  —  !)*•  =  cos ir+  V— Ism ir; 


W55) 


after  which  the  values  recur^  for  the  substitution  of  ^  for  k 

i  n 

gives  the  same  values  of  (— 1)*»  as  the  substitution  of  ^  ^1 5 
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and  the  substitution  of  ^  +  1  for  k  gives  the  same  values  of 

1  -^ 

(—1)"  as  the  substitution  of  ^  --^;  and  so  on. 

And  if  n  is  odd^  the  substitutions  for  k  must  continue  until 

,      n— 8    ^,        ,     -.^            n— 2     ,     / — r  .    »— 2 
a:=  — rr— ,  then  (—I)"  =  cos tt+v— Ism % 

k=z  ,   -     -  (— l)**  =  cosir  + y— 1  sinir  =  — 1, 

after  which  the  values  recur ;  and  thus  in  both  cases  we  have  n, 

i_ 

and  only  »,  different  values  of  ( — 1)"  ;  and  therefore  a?"  -f  1  =  0 

has  n,  and  only  n,  different  roots. 

These  roots  may  be  expressed  in  the  exponential  form,  in  the 
same  way  as  those  considered  in  the  preceding  Article ;  but  as 
the  results  are  similar  it  is  unnecessary  to  write  them  at  length. 

Let  us  consider  one  or  two  examples. 

Ex.  1.   Find  the  roots  of  ar^-h  1  =  0. 

In  this  case  n  =  4,  and  from  (55)  we  have 

(  —  1)*  =  cos-r  +  \/— 1  sin^r 

4  ~"  4 

=  COS  -J-  +  V  — 1  sm  — . 

Ex.  2.    Find  the  roots  of  a?«  -f  1  =  0. 

In  this  case  n  =  5,  and  from  (56)  we  have 

(—1)*  =  co8=^  +  >/— 1  sin^ 
0  "~  o 

Sir  .      /-^   .    Sir 
=  cos  -=-  +  v— 1  sm  -=- 
0   ~*    -  5 

=  cos  IT  +  V— 1  sin  ir  =  —  1. 

Thus  also  may  a?"  + 1  =  0  be  resolved  into  its  factors ;  for 
by  reason  of  the  roots  in  group  (55),  corresponding  to  *  =  0, 

there   are  two   factors,   viz.   x  —  (cos  -  +  \/— 1  sin  -),   and 

0?  —  /cos \/— 1  sin  -) ,   which  may  be  compoimded  into 

a  quadratic  factor  ^^  —  2^  cos  -  +1.     Similarly  may  each  of 
the  other  pairs  of  factors  corresponding  to  ^  =  1,  k  =  2^ 
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n 


ib  =  ^  —  1  be  compounded  into  a  quadratic  factor;  so  that,  if 

II  is  even^ 

x»  +  l  =  (ar*  — 2a?  cos --hi)  (^*— 247C08  — +  1) 

(^2-2arcos^^7r+l).  (57) 

Similarly,  if  f»  is  odd^  there  are  quadratic  factors  correspond- 
ing to  A=0,  A  =1,  *  =  2, ...  k=:  Q  ;  and  when  *=— ^r— ,  as 
appears  by  (56),  there  is  a  simple  factor  ^  + 1 ;  so  that 

*•  +  !  =  (^*-2^cos--|-l)  (a?a-2a?cos— +1) 

(a?«-2arcos^^w  +  l)(a?  +  l).    (58) 

Thus 

*»  +  l  =  (a?»-2a?co8|  +  l)  (a?a-2a?cos^  +  l)  (a?+l), 

jr«+l  =  (^-2a?cos^  +  l)  (a?*-2a?co8^  +  l)  (^»-2j?cos^  -hi)- 

66.]  If  the  problem  is  to  resolve  a?"— a",  and  5?*»-h«"  into 

their  fiictors,  then,  since 

2 
a?»— a"  =  0,  a?  =  a(l)"; 

and         j?"  +  o"  =  0,  a?  =  a(  — 1)"; 

80  that^  in  both  cases,  there  will  be  n  different  values  of  Xy 

arising  from  the  n  different  values  of  (1)**  and  of  (  —  1)",  which 
have  been  found  above. 

67.]  On  the  imaginary  logarithms  of  positive  and  negative 
nimibers. 

One  of  the  most  remarkable  results  of  our  admission  into 
the  subjects  of  the  Calculus  of  such  quantities  and  symbols  as 
we  are  now  considering,  is  the  extension  which  they  afford  to  the 
theory  of  logarithms.  In  ordinary  treatises  on  logarithms  it  is 
shewn  that  the  logarithm  of  0  is  —  00  ;  of  1  is  0 ;  and  of  4-  ^ 
is  +  00 ;  so  that  the  whole  range  of  possible  number  from 
—  00  to  +00  is  exhausted  in  the  logarithms  of  number  be- 
tween 0  and  +  00  ;  what  then  is  the  form  of  logarithm  of  nega- 
tive numbers?  The  preceding  theory  enables  us  to  give  some 
answ^  to  this  question. 
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Since,  by  equation  (31),  Art,  61, 

cos  X  +  V^  — 1  sin  X  =  e'"^-^, 
for  X  let  us  write  x  -\-2k'n,  k  being  any  integer; 

.-.     cos(a7  +  2A:7r)-f- v/^sin(a^-f-2*ir)  =  e('+"')^^^.     (59) 

Let        0?  =  0,  .-.     1  =  e"'^*^;  (60) 

^  =  TT,  -1  =  e("+i)'-^;  (61) 

in  which  remarkable  results  it  must  be  remembered  that  e 
and  TT  are  severally  the  symbols  of  the  arithmetical  numben 
2.7182818  and  3.14159.  Therefore  from  (60)  it  follows,  that 
2A:7r\/— 1  is  the  general  Napierian  logarithm  of  1,  and 
(2A:  +  l)7r'/  — 1  of  —1;  and  therefore 

^IcnJ^-i  =  log,l,  (62) 

(2^  +  1)7:7^  =  log,(-l).  (68) 

In  (62),  if  A:  =  0,  log,  1  =  0,  which  is  the  common  arithmetical 
logarithm  of  1 ;  but  as  k  may  be  any  integral  number,  it  fol- 
lows that  + 1  has  an  infinite  number  of  Napierian  logarithms, 
all  of  which,  except  0,  are  affected  with  \/— 1 ;  hence  also  it 
follows,  that  every  positive  number  has  an  infinite  number  of 
logarithms  to  the  same  base.  For  suppose  x  to  be  the  arith- 
metical Napierian  logarithm  of  y,  so  that 

y  =  e'; 
then     y  =  e'  X  1  =  e*  X  ^2*'^^^  =  e('+2*»^^=^> ;  (64) 

therefore  a?+  2  Att  \/— 1  is  the  general  Napierian  logarithm  of  y, 
which  we  will  represent  by  Log^y;  and  let  us  represent  the 
arithmetical  logarithm  by  log^y; 

.-.     Log,y  =  log,y-h2*7r\/^;  (65) 

hence  the  arithmetical  logarithm  is  the  particular  value  of  the 
general  logarithm  corresponding  to  A:  =  0. 

Log,y 


Also  since  Loga^  = 


Log,  a ' 


.-.     Loga  y  =  loga  y  +  -^  ;  (66) 

and  therefore,  whatever  is  the  base,  every  number  has  an  infi- 
nite number  of  logarithms  to  that  base. 

Again,  in  equation  (63),  since  k  is  to  be  an  integer,  it  follows, 
that  loge  (  —  1)  can  never  be  a  possible  quantity,  and  therefore 
—  1  has  no  arithmetical  logarithm;  yet,  since  k  may  be  any 
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integer,  every  negative  number^'  has  an  infinite  number  of  Na- 
pierian logarithms^  and  therefore  of  logarithms  to  any  other 
base,  all  of  which  are  affected  with  \/— 1. 

In  equation  (63),  let  *  =  0,  , 

.-.     -tn/=1  =  log,(-l);  {67) 

and  more  generally, 

^  ^'  log.(-l) 

two  of  the  most  curious  results  in  Analysis ;  in  which  however, 
and  in  all  similar  expressions,  we  must  bear  in  mind  that  e  and 
V  are  the  symbolical  representations  of  certain  series,  and  are 
therefore  to  be  interpreted  with  respect  to  them;  and  in  an 
algebraical  system  of  course,  which  admits  them  amongst  those 
quantities  whose  laws  and  combinations  it  takes  cognizance  of. 


Section  3. — Theory  of  the  Equicrescent  Variable,  and 
Tayhr^s  Series. 

68.]  In  the  two  preceding  Sections  of  this  Chapter  we  have 
considered  certain  theorems  which  arise  from  an  algebraical 
relation  between  /(^)  and  its  several  and  successive  derived- 
functions;  but  as  these  have  been  formed  on  an  unexplained 
hypothesis  of  <r  increasing  by  equal  increments,  by  virtue  of 
which  X  has  been  called  the  equicrescent  variable,  an  adequate 
conception  of  the  subject  requires  a  discussion  at  greater  length. 
We  shall  reserve  other  important  algebraical  relations  to  the 
succeeding  Chapter. 

Let  y=f(x)  be  an  explicit  function  of  <r,  finite  and  con- 
tinuous for  all  values  of  x  under  which  we  consider  it ;  whether 
any  other  values  may  make  it  infinite  or  discontinuous  is  what 
we  are  not  concerned  with. 

Let  07  receive  an  increment  cbc,  so  that,  in  accordance  with 
Art.  17 f  y  becomes  y-i-dy,  and  we  have 

y  +  rfy  =/(a?  +  da?).  (69) 

And  let  ^  receive  another  increment,  not  necessarily  equal  to 
dx;  and  let  it  be  dx-^-d.dx  =  dx-\-d^W',  so  that  we  have 

y-^dy-^-diy  +  dy)  =  f{x-^dx-{-dia^  +  dx)}, 

y-^2dy-{^d^y  =  f{x-\-2dx->rd^x).  (70) 
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And  again,  let  «  receive  another  increment  not  equal  to  the 
former  ones;  and  so  on^  whereby  the  following  series  of  equa- 
tions will  be  formed ; 

y^-^dy^-d^y  = /(^+2da?+rf*a?), 


,       n(«  — 1)  -.       »(»— l)(n— 2)  .^ 
y^ndy^    ^^^   ^rf«y-t-         ^^^3 -'rfV  + 


(71) 


=  /{a?  +  «d:r  +  ^^^y-^£/*a7H- }; 

the  last  general  expression  in  which  group  may  be  shewn  to  be 
true  for  all  positive  and  integral  values  of  n,  by  a  method  simi- 
lar to  that  employed  in  Art.  55. 

Hereby  are  determined  the  several  and  successive  complete 
variations  of  an  explicit  function  of  x^  corresponding  to  the  suc- 
cessive values  of  the  variable ;  but  the  general  result  is  much 
shortened  by  making  x  equicrescent. 

69.]  Let  all  the  i£r's  be  equal,  so  that  d'^Xy  which  is  the  in- 
crement of  one  dx  over  the  preceding  dxy  is  equal  to  zero ;  and 
aimilarly        ^^  ^  ^,^  ^        ^  ^.^  =  ...  =  0; 

whereby  the  last  equation  of  (71)  becomes 

fix^ndx)  ^y  +  ndy-^    ^2    ^^-^  1.2.3 ^^V+.-  (72) 

Thus  the  distinguishing  character  of  an  equicrescent  variable 
is  that  all  its  differentials  after  the  first  vanish.  And  as  this 
condition  is  of  the  greatest  importance  in  the  application  of  In- 
finitesimal Calculus  to  questions  of  Geometry  and  Physics,  it 
is  good  to  illustrate  it  before  we  proceed  to  discuss  its  other 
properties. 

Suppose  that  we  are  considering  any  function  of  x  between 
the  values  Xn  and  Xq,  Xn  being  the  greater  of  the  two,  and  the 
function  remaining  finite  and  continuous  for  all  values  of  x 
between  these  limits;  let  us  resolve  the  diflference  x^—Xq  into 
small  elements,  the  number  of  them  being  of  course  infinite, 
when  each  element  is  infinitesimal ;  let  dx  be  the  type  of  each 
element.     It  is  at  once  manifest  that  all  the  elements  need  not 
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be  equal ;  that  is,  all  the  da/%  are  not  necessarily  equaL  And  if 
they  are  not,  there  will  be  an  excess  of  one  over  another ;  that 
is,  there  will  be  a  d^x.  Neither  again  need  all  the  6fVs  be 
equal ;  that  is,  the  dai'z  need  not  be  eqnicrescent ;  but  if  they 
are  not,  there  will  be  an  increment  of  one  d^x  over  another 
d^x ;  that  is,  there  will  be  a  d.d^x  or  a  d^x.  And  similarly  with 
regard  to  the  other  differentials.  But  if  we  once  introduce  the 
condition  that  a  differential  of  any  order  shall  be  resolved  into 
elements  which  are  all  equal  to  one  another,  then  all  the  sub- 
sequent differentials  vanish  ;  and  thus,  if  all  the  dx*^  are  equal, 
as  above,  ^^^  ^  ^3^  ^        ^  ^ 

Or  again,  conceive  a  small  body,  as  a  billiard-ball,  to  move 
over  a  finite  distance  in  a  straight  line  in  a  finite  time ;  consider 
the  straight  line  to  be  the  axis  of  Xy  and  a  certain  poiut  in  it  to 
be  taken  for  the  origin ;  let  the  body  at  the  beginning  of  a  cer- 
tain time  be  at  a  distance  Xq  from  the  origin,  and  at  the  end  of 
the  time  be  at  a  distance  Xn,  and  conceive  the  time  of  its  pass- 
ing over  the  distance  <r„— ^0  to  be  /;  resolve  this  time  into 
equal  elements  dty  and  the  space  Xn—TQ  into  corresponding 
elements,  of  each  of  which  the  type  is  dx.  If  the  body  moves 
through  the  whole  space  at  the  same  rate,  viz.  with  the  same 
velocity,  then,  during  equal  times  dty  equal  spaces  dx  will  be 
described;  but  if  the  velocity  varies,  equal  spaces  will  not  be 
passed  over  in  equal  times.  On  the  first  supposition  all  the 
dr's  will  be  equal,  therefore  d^x=^0,  and  x  is  an  eqnicrescent 
variable;  on  the  second,  the  d^s  vary,  and  d^x,  which  is  the 
increment  of  one  dx  passed  over  in  a  time  dt,  over  another  dx 
passed  over  in  the  preceding  or  succeeding  time  dt^  as  the  case 
may  be,  is  the  measure  of  the  increase  of  the  rate  of  motion. 
If  then  all  the  rf^o^'s  are  equal,  we  say  that  the  velocity  of  mo- 
tion is  continually  increasing,  and  at  a  constant  rate;  but  if 
d^x  is  not  constant,  then  the  rate  of  increase  of  the  velocity  of 
the  ball  is  no  longer  constant,  but  varies  according  to  some  law 
on  which  the  rate  of  increase  depends.  It  will  be  observed, 
however,  that  if  the  whole  time  of  motion  is  resolved  into  equal 
elements  dt,  the  supposition  of  x  being  equicrescent  is  incom- 
patible with  a  varying  velocity. 

Hence  too  it  is  clear,  that  generally  we  are  not  at  liberty  to 
assume  more  than  one  of  the  variables  to  increase  or  decrease 
by  equal  augments;  for  in  the  case  above,  if  we  resolve  the 
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time  into  equal  elements,  then^  in  general,  unequal  spaces  will 
be  passed  over  in  equal  times,  and  we  cannot  consider  all  the 
d^s  to  be  equal,  and  therefore  we  cannot  make  d^x  =  0 ;  and 
if  we  resolve  the  distance  into  equal  parts^  then^  if  the  velocity 
varies,  these  equal  spaces  will  be  passed  over  in  unequal  times, 
and  therefore  all  the  dfs  will  not  be  equal,  and  we  cannot  put 
d^t  =  0.  In  general,  however,  we  are  at  liberty  to  choose  for 
an  equicrescent  variable  whichever  is  most  convenient. 

70.]  Let  us  now  consider  in  what  manner  these  assumptions 
modify  the  equations  of  derived-functions  in  Art.  54.  In  the 
series  there  given  we  have 

y=/<^),  dy=f'(x)dx. 

Now  considering  /'(a?)  dx  to  be  the  product  of  two  variable 
quantities,  and  differentiating  it  as  such;  and,  in  accordance 
with  the  former  notation,  making  /"(J?)  da;  to  be  the  symbol  for 
^'f'(^)  and  /'"(a?)  dx  for  d.f"{x)y  and  so  on ;  we  have 
d^y  =  f\x)  dx^  +/'(j?)  rf«47, 
d^y  =  /'"(^)  da^  +  3/"(^)  dx  d^x  -\-f\x)  d^x, 
dhf  =  f'^{x)dx^^&r\x)dx^d^x-^^f\x)  {d^x)^ 

+  4,f\x)  dx  d^x  -hfix)  d% 

; 

Let  X  be  equicrescent;  that  is,  let  dx  be  constant;  whence 

d^x^Q,  d3j?  =  0, ; 

.".     dy  -f{x)dx, 
d^y  =  f\x)  dx\ 
d^y  =  r\x)  dx\ 
d^M  =  f^^ix)  dx\ 

d^v 
•'.    /"(^)>  or  its  equivalent  -^,  is  derived  from  f\x),  on  the 

supposition  that  x  is  the  equicrescent  variable ; 

d^v 
f'"{x),  or  its  equivalent  ^-j,  is  derived  from /"(a?),  on  the 

same  supposition ; 

and/"(^)  =  -T~  is  derived  from /"-^  (a?),  on  the  same  sup- 
position. 

Whenever  therefore  we  meet  with  these  or  similar  symbols, 
it  is  to  be  borne  in  mind  that  they  have  been  successively  de- 
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rived  on  the  supposition  that  the  variable  x^  that  is  the  variable 
in  the  denominator^  is  equicrescent. 

71.]  To  return  to  equation  (72),  Art.  69.  Let  the  whole 
quantity  by  which  x  is  increased  be  finite,  and  be  h ;  so  that 
ndx  =  h;  and  therefore  as  dx  is  an  infinitesimal^  n  is  an  infinity 
of  the  same  order,  Art.  8 ;  whence  we  have 

and  by  substitution  in  equation  (72), 

/(J7  +  A)  =  y+_rfy+ — rf^y 

dx  ^dx        '  ^dx        ^   ,« 

+  ^ — ''^+ ^''*^ 

,,       ,,  ,dy      hlh—dx)  d^y 

h{h-dx){h-2dx)  d^y  _ 

+  0:3  d^  "•" '  ^^^^ 

and  as  dx  is  infinitesimal,  ve  must  omit  in  the  several  nume- 
rators the  infinitesimals  which  are  subtracted  from  the  finite 

quantities;  and  if  we  replace  y,  ^,  -j^,  by /(a?), /'(ar), 

f'(x) ,  we  have 

f(x^h)  =  f{w)  +  hf\x)  +  ^/"W  +  I^/"'W  +  - 

a  series  known  by  the  name  of  Taylor^s  Series,  having  been  dis- 
covered by  Dr.  Brook  Ta3ior,  and  first  given  in  his  "  Methodus 
Incrementorum"  in  the  year  1715.  It  is  however  of  the  utmost 
importance  that  the  conditions  and  extent  of  its  applicability 
should  be  accurately  determined,  and  so  another  and  more 
exact  proof  will  be  given  hereafter ;  and  the  above  may  be  con- 
sidered in  the  light  of  a  presumption,  that  such  a  relation  as 
equation  {7Q)  is  likely  to  be  true. 

72.]  In  certain  cases  wherein  a  derived-function  becomes  a 
constant,  and  therefore  the  subsequent  derived-functions  vanish, 
the  number  of  terms  of  the  series  (76)  is  finite ;  but  generally 
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the  successively  derived-ftinctioDs  are  fonctions  of  x^  and  the 
series  is  con  tinned  to  an  infinite  number  of  terms;  but  the  sum 
of  all  the  terms  after  the  nth  may  be  expressed  aa  follows  by  an 
algebraical  formula^  and  thus  proved  to  have  a  value  contained 
within  certain  determinable  limits :  since 

/(a?+ A)  =  f(x)  +  \r{x)  +  ^r (^)  +  ...  -f  1,2.3^,",^!-, l/"""'<^> 
therefore  the  sum  of  all  the  terms  after  the  nth  is  equal  to 


A" 


1.2.3., 
A» 


-{/-W  +  ;^/-(-)  +  (^^if^/-W+  ...}(78) 


1.2.3. ..n 


{some  quantity  >/"(«?)  and  </"(^  +  A)};         (79) 


the  latter  factor  of  (78)  is  I  say  greater  than  f^(x),  because 
the  algebraical  sum  of  such  a  series  of  terms  is  greater  than 
its  first  term ;  and  it  is  less  than/'*(j7  +  A),  because  if  equation 
{77)  is  derivated  n  times,  there  results 

f-{x^h)  =/n(^)  +  ^/"+i(a?)4-  ^/»^2(^)+  j^/'-^^^)  +  ...  ; 

and  with  the  exception  of  the  first  term  of  this  series,  every 
term  is  greater  than  the  corresponding  term  of  the  series  in  the 
latter  factor  of  (78),  because,  the  numerator  of  the  fractions 
being  the  same,  the  denominators  are  severally  less.  Hence 
representing  by  0  swne  positive  and  proper  fraction,  that  is, 
some  number  greater  than  zero  and  less  than  unity,  we  may 
symbolize  (79)  by  r„ 

i^2;33,/-(«'+0A);  (80) 

for  (80)  is  too  small  when  ^  =  0,  and  is  too  large  when  ^  =  1 ; 
hence  some  value  of  0  between  0  and  1  will  give  the  correct 
value.    Thus  Taylor^s  Series  becomes 

/(^4- A)  =  fix)  -h  ^f(x) + ^r(^)  + ... 

As  the  right-hand  member  of  the  equation  has  a  determinate 
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number  of  terms,  the  only  difference  in  the  absolute  equality  of 
the  two  sides  of  the  equation  is  that  which  arises  from  0  being 
an  undetermined  fraction,  inean  between  0  and  1.  The  last  term 
of  (81)  is  called  the  limit  of  Taylor's  Series. 

78.]  Examples  of  Taylor's  Series. 
Ex.1.  f{x)  =  log,d?, 

f\x)  =  i  =  x-\ 

/»  =  (-)^-S. 
/'»  =  (-)«1.2j?-». 


/»(j?)  =  {-)''-i  1.2.3. ..(n-l)x-»; 

^     ^       (n-l)af»-i^     '       n  (,x+0h)» 
Ex.  2.         f(x)  =  sin  x. 

aiii(;r+A)  =  am  a^+eoBX  J  —  sma?  ^-o  +  ••• 

1  x.» 


+  ''°i^+<"-^>2h.2.3...(n-l) 


A 
1.2.3.TT« 
Ex.  3.         f{x)  =  tan-iar. 

1      A  2x       h* 


tan-^(x  +  h)  =  tan-*jr  + 


l  +  «»  1      (1  +  xy  1.2 
2(3£«-l)     A» 


By  the  method  of  Ex.  5,  Art.  54,  if  ^  =  cot  <l>,  the  nth  derived- 
function  of  tan*-^  X  is  found  to  be 

(-)'-"i  1.2.3...  (n  —  1) (sin 0)» sin n<^, 

by  means  of  which  the  limit  of  (83)  may  be  determined. 

Ex.  4.  Oiven  /(^+y)=/(^)+/(y),  where  x  and  y  are  in- 
dependent of  each  other ;  it  is  required  to  find  the  form  of  the 
function. 

Expanding /(^-f^)  by  Taylor's  Series,  we  have 

fW^fiy)  ^f{x-^y) 
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now  as  J?  and  y  are  independent  of  each  other,  the  form  of  the 
function  of  y  does  not  depend  on  a? ;  therefore  x  and  all  func- 
tions of  X  are  constant  with  respect  to  y.    Hence  we  may  put 
f'(x)  =  a  constant  =  a; 
...    /»=/'»=  =0; 

••.  fiy)  =  «y; 

whence  also      f(x)  =  ax,    and    /(^H-y)  =  o(^  +  y); 
a  result  which  palpably  satisfies  the  required  conditions. 

Ex.  5.   f{x  -}  y)  =  f{x)  X  /(y),  where  x  and  y  are  independ- 
ent ;  to  determine  the  form  of  the  function. 
Expanding  as  before^  we  have 

/W  x/(y)  =  /(a?)+/'(^)f  +r(^)  ^  +/'»  x&  +  — 

nv)  -  *  +  /(^)  1  +  /(^)  1.2  +  f(x)  1.2.3  ^  - ' 

for  the  same  reason  as  in  the  last  example,  let 

/^  =  a;  ...    r(x)  =  afix); 

.-.    rix)  ^  afix)  =  a^fix),  .-.     J^^^'i 

similarly  W    =  a',  &c. 

^,  X      -.     «y     «*y*      «*y' 

.'.     also  /(J?)  =  €«•,     and     /(^-hy)  =  e"^'"'*'^; 
...    /(^+y)  =  e«  X  c<^  =  fix)  xfiyh 
which  satisfies  the  required  condition. 

By  a  similar  process  let  the  student  prove  that,  if 
/(^+y)  +/(^-y)  =  2/(^)  x/(y),       /(a?)  =  COS  ax. 
And  if  /(J^y)  =  f(x)  +f{y\  fix)  =  loga  x ; 


in  the  last  example  he  will  find  it  convenient  to  assume  y  r=  1  h-  -» 
where  h  is  undetermined. 
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74.]   Also  (81)  may  take  another  form.     For  h  let  a—x  be 
substituted ;  then  we  have 

/(«)  =Ax)+f'ia»  ^  +f"(x)  ^^^  +  ... 

and  let  a  and  x  be  mntually  interchanged ;  then 
/(^)  =/(a)+/'(a)^  +/»  ^I^  +  ... 

... +/M«H-^(^-«)}S^^.  (84) 

whereby  any  function  of  x^  which  is  capable  of  expansion  in 
the  form,  is  expanded  in  ascending  powers  of  <r~a. 
As  an  example^  let  f(x)  r=  log  w ;  then 

log^  =  loga  +  --^-2(-T-)+3(^-- 


Section  4. — Change  of  the  equicrescent  variable,  and  trans^ 
formation  of  differential  expressions, 

75.3  From  the  supposition  which  we  are  at  liberty  to  make 
that  one  of  the  variables  involved  in  an  equation  should  increase 
by  equal  increments,  and  therefore  that  the  several  differentials 
of  it^  after  the  first,  should  vanish,  problems  such  as  the  follow- 
ing arise : 

(1)  Suppose  y  =/(^),  and  that  an  expression  is  given  involv- 
ing X,  y,  and  some  of  the  derived-functions  or  differential  coeffi- 
cients which  have  been  calculated  on  the  supposition  that  one 
of  the  variables  is  equicrescent ;  to  change  the  equation  into  its 
equivalent^  when  neither  of  the  variables  is  equicrescent.    Or 

(2)  To  transform  it  into  its  equivalent,  when  the  other  vari- 
able is  equicrescent.    Or 

(8)  An  expression  being  given  involving  a  variable^  which 
is  either  equicrescent  or  not,  and  its  differentials,  and  also  an 
equation  being  given  connecting  this  variable  with  some  other 
new  variable ;  to  eliminate  the  old  variable  and  its  differentials 
by  means  of  these  two  equations,  and  to  replace  them  in  the 
original  equation  by  their  equivalents  in  terms  of  the  new  vari- 

Digitized  by  CjOOQ  IC 


\ 

124  CHANGE  OF  THE  EQCJICRESCENT  VARIABLE.  [76. 

able :  the  new  variable  being  equicrescent  or  not,  as  the  case 
may  be.    Or 

(4)  It  may  be  required  to  replace  the  variables  and  their 
differentials  in  a  given  differential  expression,  by  their  equiva- 
lents in  terms  of  new  variables,  which  are  connected  with  the 
old  variables  by  means  of  a  sufficient  number  of  given  equa- 
tions :  the  old  and  the  new  variables  being  equicrescent  or  not, 
as  the  case  may  be. 

All  these  several  processes  involve  transformations  of  differ- 
ential expressions,  and  because  such  expressions  commonly  in- 
volve second  and  higher  differentials,  and  one  of  the  variables 
has  been  assiuned  to  be  equicrescent,  they  are  called  changes  of 
the  equicrescent  variable.  The  method  of  effecting  them  is  the 
same  in  all  cases,  viz. 

To  replace  the  expression,  which  has  been  simplified  by  the 
condition  of  a  variable  being  equicrescent,  by  its  complete  value 
when  no  such  modification  has  been  made,  and  then  to  intro- 
duce the  other  conditions  which  the  problem  requires. 

76.]  Thus  to  solve  the  first  two  of  the  four  cases  above. 

Let  the  given  expression  involve  ^,  y,  -~,  ^-^, ;  the 

differential  coefficients,  as  their  form  indicates,  having  been 
calculated  on  the  supposition  that  x  is  equicrescent ;  it  is  re- 
quired to  replace  these  several  differential  coefficients  by  their 
equivalents,  when  a?  is  not  equicrescent. 
Since  by  equations  (2)  and  (3),  Art.  54, 

therefore  if  a?  is  not  equicrescent, 


^(1) 


d^y  ^      ^dw'        d^ydx  —  d^xdy 
dx^  ^       fltr      ~"  dx^  ' 


(85) 


di^\ 
f_     \dw^l  _(d^dx^d^xdy)dx^i{dhfdx-d^xdy)d^x    ^ 

and  similarly  the  equivalents  of  the  other  differential  coeffi- 
cients may  be  determined ;  the  second  members  of  the  equa- 
tions (85)  and  (86)  being  the  complete  values  when  neither  x 
nor  y  is  equicrescent. 
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If  «  is  equicrescent^  the  equations  are  identical. 
U  ^  is  equicresoent,  then  rf*y  =  rf'y  =  ...  =  0 ;  and  the  ori- 
ginal quantities  must  be  replaced  by  their  equivalents^  viz. 

^~  must  be  replaced  by T^>  (^'^) 

dPy  Z{d^w)^dy-d^xdydx 

dx^  -     -     -  ^5 

rf*y  10rf«^rf»a?diF-(ete)2rfV-15(rf«a?)»         .^^ 

d^ dx^  "^^''^^^ 


The  form  however  of  the  nth  equivalent  is  too  complicated  to 
be  of  any  use  in  the  solution  of  a  given  example. 

Ex.  1.    To  transform  ^  ^  +  (^)  ""  ^  =  ^'  ^^^  ^^^  ®9^*- 

valents,  (a)  when  neither  x  nor  y  is  equicrescent,  ()3)  when  y  is 

equicrescent. 

d^v 
(a)  Replace  ^-^  by  its  value  as  given  in  equation  (85)^  and 

multiply  by  {dx)^ ; 

X {d^y dx  —  d^x dy)  -{-dy^  —  dydx^  =  0. 

O)  Let  d^  =  0,  and  we  have 

d^x      /dx\^     -        ^ 

Ex.  2.  To  transform  (rfy*  +  rfir*)*  +  adirrf^y  .»  q,  when  x  is 
equicrescent^  into  its  equivalents,  (a)  when  neither  x  nor  y  is 
equicrejMsent,  O)  when  y  is  equicrescent. 

(a)  Replace  rf^  by  — ^^ — ^- ,  and  we  have 

(rfy*  -f  dx^)i  +  a  (rf^y  A?  -  d^x  dy)  =  0. 
(P)  And  if  y  is  equicrescent,  dhf  =  0,  and  we  have 
{dy^  +  dx^)i'-ad^xdy  =  0, 


I 


77-2  111  (3)  and  (4)  of  the  cases  of  Art.  75,  suppose  the  given 
expression  to  involve  y,  x,  --^,  -r^, wherein  x  is  the  equi- 
crescent variable,  and  suppose  the  new  equation  to  be  of  the 
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form  X  ^f{0)y  and  the  problem  to  be  the  elimination  ot  x  and 
its  differentials  between  these  two  equations;  we  must  first 

replace  -j^  > by  their  complete  values^  and  calcalate  dx, 

d^x^  d^Xf in  terms  o{  dO^  d*6,  d% ,  and  then  we  are 

at  liberty  to  make  any  supposition  that  may  be  convenient  as  to 
y  OT  0  being  equicrescent.  And  a  similar  method,  as  is  shewn 
in  Ex.  3^  4j  5  below,  must  be  adopted  when  two  equations  are 
given  connecting  x  and  y  with  two  new  variables. 

Ex.  1.    Eliminate  x  between 

3-T  -  T— -5  zr  +  1  ^  8  =  0>      and      x  z=  cohS; 
dx*       1  —  0?*  dx      l  —  x^ 

and  simplify  the  result  by  making  6  the  equicrescent  variable. 
Or  the  question  may  be  put  thus, 

_  -         d^y  X      dy  y  ^  , 

To  transform  -r^  —  rzr~a  IT  "*"  rZ~l  ~  ^  ^^^  ^^  equiva- 
lent, when  ^  (=  cos"^a?)  is  the  equicrescent  variable. 
The  above  equation  when  complete  is 

dhfdX'-d^xdy  x      dy  V      ^  (\ 

dx^  IT^  dx  "^  r^  ""    ' 

X  =r  cosd; 

.'.     dr  =  — sin^d^,  d«^  ==  —  cos  ^  (d^)«  -  sin  ^  rf^d. 

But  since  0  is  equicrescent,  dH  =  0 ;  whence^  substituting^  we 

have 

—  rf*y  sin  ^  <W  +  cos  ^  (rfd)*  dy        cos^        dy  y       _ 

-  (sin  ef  de^  ^  (sin  0)^  sinSde  '^  (sin  0)^  ~     ' 

d^ 

Ex.  2.    Eliminate  x  between 

^4.1^  +  y  =  0,       and       x^^^B; 
dx^      X  dx      ^        '  ' 

and  express  the  result,  (a)  when  neither  y  nor  6  is  equicrescent ; 

(P)  when  B  is  equicrescent ;  (y)  when  y  is  equicrescent. 

The  complete  expression  of  the  above  equation  is 

d^ydx—d^xdy   .^dy  _  ^ 

iP  ^xdi^y  -"' 

X  =  2(d)*;  .".     dx  =  e-i^de. 
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whence^  by  substitution^ 

(a)      y{def  +  dy{dfff-\-BdhfM''edyd^  =  0. 
08)      And  if  d  is  equicrescent^  dH  =  0 ;  whereby  we  have 
y(de)^-^dy(de)*  +  $d*yd6  =  0; 

iy)      And  if  y  is  eqoicrescent,  dhf  =  0 ;  whereby  we  have 

^(Pe    /de\'      ide^    _ 

Ex.  3.   Eliminate  x,  y,  dx  and  dy  between 

xdy — V  dx 
t  =  -^ — 2-5- ,      X  •=  T  cos  Q.      and     y  =  r  sm  d ; 
•"^v+xdx'  ^ 


.-.     dlr  =  drcos^  — r  sin^rf^^ 
rfy  =  rfr  sin  ^  +  r  cos  B  dd ; 
xdy  —  ydx  =  r^rfd,  xdx-\-ydy  =  rrfr; 


'=  *^ 


i'-^r 


Ex.  4   Express  in  terms  of  r  and  0,  p=: -rr ;  having 

given  X  =  r  cos  0,  and  y  =r  r  sin  ^ ;  and  state  the  result,  (a)  in 
the  most  general  form ;  (/3)  when  $  is  equicrescent ;  (y)  when  r 
is  equicrescent. 
The  complete  value  of  p  is 

_     (6toHrfy»)» 
^  ~"  d^xdy  —  dhfdx' 

dx  =  droosd— r  sindrfd, 
cfy  =  6&-sin^  +  ^cos^(f^; 
.-.    rf*a?  =  rf2rcosd--28inddrrf^— rcos^(rf^)*— rsin^rf*^, 
<Py  =  rf*rsind  +  2cosddrd^— rsind(rf^)*  +  rcos^rf«d; 
/.    (dir)»  +  (rfy)2  =  (rfr)2+ra(dd)2, 
d^xdy-^dhfdx  =  rd^rde'-2{drfde-r^{def-rdrd^e. 
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,  ,  {(dr)«4r»(dg)«}i . 

W         .  .     P  -  rd»rde-2(dr)»de-r*{d0)'-rdrd*e' 


(/3) 


(y) 


{'-or 


d*0      .(de\^    „de 
Ex.  5.   Transform  into  its  equivaleat,  when  z  is  equicrescent, 


the  expression  ^.  .  . 


if  af  =  e*,  y  =  c*(»+2). 

The  complete  expression  for  v  is 

-dhidx—d'xdy      ,_         .  dy 

and      rfa?  =  e'dz,  dy  =  e*(t;H-2)d2r-|-e*dt;, 

d*^  =  e'dz^,        dhf  =  e'{v  +  2)dz^  +  2e'dzdv-\'e*dh}\ 
\  d^v      ,       , ,  dt? 


='iS+"^')S-<-»>l 


Section  5. — Successive  differetUiation  of  Junctions  of  two  or 
more  independent  variables. 

78.]  Thus  far  we  have  considered  the  successiTe  di£Perentials 
of  explicit  functions  of  the  form  y  =f(3e).  Let  us  now  inquire 
into  the  form  and  the  members  of  the  scTeral  successive  differ- 
entials of  a  function  of  many  variables^  all  of  which  we  will  at 
first  assume  to  be  independent  of  each  other :  because  we  shall 
hereby  treat  of  the  most  general  case ;  and  the  particular  one, 
when  two  or  more  of  the  variables  are  connected  by  an  equa- 
tion^ will  be  included  under  it. 

Let,  as  in  Art.  49,  the  general  form  of  the  function  be 

u  =  F(ar,y,2r,  ...),  (90) 

where  x^y^z, ...  are  independent  of  each  other ;  and  are  there- 
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fore  such  that  a  variation  of  one  does  not  necessitate  a  variation 
of  another.  The  symbols  which  we  shall  here  adopt  will  be  in 
principle  the  same  as  those  which  have  heretofore  been  used  in 
this  Chapter;  and  they  will  be  extended  analogously  to  the 
peculiar  circumstances  of  the  present  inquiry. 

Now  on  referring  to  Article  46,  it  appears  that  a  function  of 
many  independent  variables  is  susceptible  of  variations  of  many 
kinds;  thus  only  one  of  the  variables  may  undergo  a  change; 
or  two  or  more,  or  even  all,  may  simultaneously  change  value ; 
and  consequently  there  may  be  either  partial  changes  or  a 
total  change  of  the  function.  Hence  have  arisen  partial  and 
total  variations.  Similar  changes  take  place  in  the  succes- 
sive variations  of  such  a  function,  according  as  such  changes 
are  due  to  the  variation  of  one,  or  more,  or  even  all,  of  the 
Tariables ;  and,  if  the  notation  is  adequate,  it  will  indicate  the 
particular  kind  of  change  which  has  taken  place.  To  fix  our 
thoughts,  let  us  first  take  a  function  of  two  variables,  and  of 

the  form  ,       .  /mx 

u  =  p(a?,y).  (91) 

Then,  by  Art.  46,  if  nte  represents  the  total  change  of  u  when 
X  and  y  have  both  received  infinitesimal  increments  dx  and  dy^ 

and  if  i-^/da  and  y-fjdy  represent  the  changes  of  w  when  x 

and  y  have  each  singly  and  separately  received  infinitesimal  in- 
crements dv  and  dy,  then  t 

It  is  evident  that  generally  (-r-j  and  ^-j-j  are  functions  of 

both  X  and  y ;  and  that  they,  as  well  as  nte,  admit  of  being  dif- 
ferentiated again ;  and  that  of  them  there  will  be  partial  as  well 
as  total  differentials.  These  several  differentials  must  have 
distinctive  symbols,  and  the  distinction  must  be  shewn  in  the 
STmbols :  if  this  object  can  be  accomplished  much  confusion 
will  be  avoided. 

Let  the  several  successive  and  total  differentials  of  nu  be  ex- 
pressed by  n'tt,  d'k,  ...  ©"tt, ....    Then  since  the  a?-  and  y-partial 

differentials  of  u  have  been  represented  by  y-~7-jda;  and  (^-j-jdy, 
it  follows  that  the 
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^-partial  differential  of  (g)  =  ^(^)<kv  =  (g)  dx, 

y-partial  differential  of  (g)  =  ^  (g)  dy  =  (^)  dy ; 

and  that  the 

^-partial  differential  of  (g)  =  ^(^)dx  =  (^)rfr, 

y-partial  differential  of  (^)  =  ^  (|)  rfy  =  (0)  rfy ; 

the  brackets  being  throughout  employed  to  signify  that  the 
differentiations  are  partial.     Similarly  the 

^-partial  differential  of  (g)     =  ^(g)^     =  (S)*^' 

i,-partial  differential  of  (g)     =|(^)rfy     =  (^j-'y. 

^-partial  differential  of  (^)  =  ^(^)d^  =  (^)*'' 
•and  so  on  for  the  others.  In  accordance  therefore  with  the 
principles  and  notation  of  Art.  54,  [-r-z/f  (^"2)  ^^^^  severally 

represent  the  second  differential  coefficients  or  derived  func- 
tions of  u,  formed  by  separately  making  x  and  y  to  vary  twice 

successively  and  by  equal  increments.  And  (  ,  .  j  will  repre- 
sent the  second  derived-function  otu^  formed  by  making  first  y, 
And  subsequently  iv,  to  vary  by  infinitesimal  increments  dy  and 

dx.    An  analogous  meaning  belongs  to  symbols  such  as  i-r-;^), 

the  fourth  derived-function  of  u^  which  is  calculated  by  making 
y  first  to  vary  twice  and  by  equal  increments  dy,  and  subse- 
quently X  to  vary  twice  by  equal  increments  dx.  The  order  of 
factors  in  the  denominator  indicates  the  order  in  which  the  dif- 
ferentiations are  performed :  and  in  the  next  Article  it  will  be 
proved  that  this  order  is  indifferent.    Hence  also  it  follows  that 

(d^u\ 
-^j  dx^  represents  the  nth.  differential  of  u,  formed  by  making 

X  to  vary  n  times  successively,  the  successive  increments  of  x 
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—-jdy'^  represents  the  mth  dif- 
ferential of  «,  formed  by  making  y  to  increase  m  times  succes- 
sively by  equal  increments  dy ;  and  (  ,  ^  ,  ^_Jj  dx^  rfy*'-'"  indi- 
cates tlie  rth  differential  of  u^  formed  by  making  x  to  increase 
m  times  successiTcly  by  equal  increments  dx^  and  y  to  increase 
(r— m)  times  successively  by  equal  increments  dy. 

The  principles  on  which  this  notation  is  constructed  are  so 
immediately  applicable  to  functions  of  more  than  two  variables^ 
that  it  is  unnecessary  to  do  more  than  state  the  results  as  they 
occur  in  the  following  Articles. 

Here  however  I  must  remark  on  a  defect  in  the  notation.  If 
«  =  p  (ar,  y\  for  instance,  the  same  symbol  d^u  in  the  numerar 

Vrfa?2^     \dxdy''     ^dy^l' 

means  processes  which,  although  of  the  same  kind,  may  lead  to 
results  altogether  different.  In  the  first  it  means  the  second 
differential  of  u  springing  from  two  successive  variations  of  x ; 
ialhe  second  it  represents  d^u  springing  from  a  variation  of  x, 
taking  place  on  the  back  of  a  previous  variation  of  y ;  and  in 
the  thirds  d^u  as  originating  in  two  successive  variations  of  y. 
The  brackets  therefore  are  used  in  conjunction  with  the  dif- 
ferent denominators  to  indicate  these  variations  of  the  same 
symbol,  and  are  marks  sufficiently  distinctive  to  prevent  con- 
fasion.  But  before  we  proceed  further,  we  must  prove  the  fol- 
lowing proposition. 

79.]  If  a  function  is  differentiated  many  times  in  respect  of 
independent  variables  which  it  contains,  the  result  is  the  same^ 
whatever  is  the  order  of  the  variables  with  respect  to  which  it 
is  differentiated :  provided  that  it  is  differentiated  the  same  num- 
ber of  times  and  with  respect  to  the  same  variables. 

Let  u  =  v(x,y,z, ); 

^dxdyf "~  ^dydxf' 
For  the  sake  of  convenience,  using  symbols  of  differentiation, 
rfxr(a?,y,z,...)  =  F(a?  +  dr,y,xr,  ...)-F(ar,y,r, ...),        (93) 
^J^(^,y>^,...)  =  F(^,y+rfy,^,...)-F(^,y,;r,...);       (94) 
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therefore  from  (93), 

dj,d^T{x,y,z,...)  =  p(ar-f  rfa?,y  +  rfy,r,...)-F(a:-|.rfa?,y,z,...) 

--p(a7,y-frfy,2r,...)+F(a?,y,r,...); 
and  from  (91)^ 

rf*rfyF(a?,y,z,...)  =  F(a?H-rfj?,y  +  rfy,z,...)-F(d7,y  +  rfy,r,...) 

-F(a?+dr,y,2r,...)  +  F(a?,y,2r,...); 

and  as  the  two  results  are  identical^  it  is  manifest  that 

d^d,r{x,y,z,..,)  =  rfyrf,F(a:,y,r, ...);  (95) 

or,  writing  the  result  according  to  the  notation  of  Art.  46^ 

and  dividing  through  by  dy  dXy  we  have 

As  the  proof  here  given  does  not  depend  on  the  differentia- 
tions having  been  performed  with  respect  to  two  variables  only, 
it  is  plain  that  an  analogous  theorem  is  true  for  differentia- 
tions with  respect  to  any  number  of  variables ;  so  that  we  may 
always  interchange,  in  whatever  manner  it  is  convenient,  the 
order  in  which  the  several  differentiations  are  performed;  as, 
for  instance, 

djfdydgV  =  dfdzdxfi  ==  dgdxdpU;  (97) 

/    d^u     \  __  /     d^u     \  __  /    d^u     \  g 

^dxdydz'      ^dydzdx^      ^dzdxdy' 

Hence  also  it  follows,  that  if  successive  partial  differentiations 
are  performed  on  a  function  of  many  independent  variables, 
by  making  ^,  y,  and  z  to  vary  severally  r  times,  s  times,  and 
t  times,  the  order  of  these  variations  may  be  interchanged  in 
any  permutation,  and  the  result  is  the  same ;  thus  if 

u  =  F(.r,y,r, ...), 

dx^'dy'dz^  ""  dy'dz^dx""  ~~  dz^dx^dy' 

d'^^'^^u 


"  dydx'-^dz'dxdy"-^  "" ^^^ 

Of  this  property,  thus  proved  in  the  general  case,  some  par- 
ticular examples  are  subjoined. 
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Ex.  I.     11  =  4::^;; 

/dux  _      4«y'  /du\  _    —  4a?*y 

Ex.2.        «=-^l^- 


\dx^  "  ?3^'        \d^'  ""  «2~a3'        Vrf^j  -  (irZ^2)2* 

^dxdydz'  ""  ^dydxdz'  ""  ^dzdydx'  ""  («»-a«)«' 

80.]  DifferentiatioD  of  a  function  of  two  independent  variables. 
Let  tt  =  p  (x,  y) ; 

tben,  by  Art.  47,      dw  =  (^)  da?  +  (t^)  dy ; 

Now  in  general^  \Tj  ^^^  \1')  ^^®  functions  of  a?  and  y ;  so 
that  by  reason  of  (41),  Art.  47, 


»( 


rfa?^^  ^dydx^ 


^dxdy'  ^dy^ 

^hence^  taking  the  most  general  case,  in  which  neither  x  nor 
y  is  equicrescent,  we  have 
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the  brackets  indicating  that  the  derived-functions  within  them 
are  partial.    Similarly, 

+»[(£)'^'p-+(^)  (^»*+''v.fc}+($)*<n»] 

Similarlj  may  other  total  differentials  be  found ;  but  the  gene- 
ral term  ia  too  complicated  to  be  of  any  practical  use. 

Now  let  the  results  be  simplified  by  making  x  and  y  equi- 
crescent^  neither  of  which  assumptions  is  inconsistent  with  the 
given  equation ;  then 

d^x  =  d'x  -  ...  =  0;  d^  =  d*y=  ...  =  0; 

and  we  have  the  following  series  of  equations, 

«  =  r(x,y), 

^^u  =  (^)dx^^2(^)dxdy^(^)dy',  (102) 

n3„  =  (^W^s(^)dx^dy^s(^)dxdy^ 

+  ($)"!''' (103) 

and  so  on;  the  law  of  the  coefficients  being  the  same  as  that 
of  (1  +  a?)** ;  which  may  be  proved  to  be  true  for  positive  integral 
values  of  the  exponent^  by  a  train  of  reasoning  similar  to  that 
in  Art.  55 ;  whence  the  nth  differential  is 
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Ex.l.         «=:  (ar»  +  y«)*; 

/dux _  X  /<Ptt\  _        y'  /^^\_    — 3a?y* 

/rf«\_  y         /  rf^  \_     —>ay      /  dH  \_y(2a?»~y^) 


d^u\         —Syx' 


\dy^f 


9 


(^«+y«)«' 
D«tt=  {-34?y*ifa?»4-3y(2a?2— y*)dip«rfy 

+  3a?(2ya-a?2)dprfy«-3yj?»rfy8} -. 

(a7*+y«)* 

Ex.2.  tl  =   gO'+H'; 

\dy^l        ^  ^ 
.\    D«tt  =  {d^dx^  +  2abdxdy'\'b^dy^}e^+^, 
=  (adip+6dy)*c«'+*»'. 

81.]  By  a  similar  process,  if  u  is  a  function  of  many  inde« 
pendent  variables^  ^tHj^y  •••  all  of  which  are  equicrescent,  we 
hare  the  following  series  of  equations  : 

»=  i(x,y,Zy...\ 


+  ^(|i)'^y'^-+MS'fe'*^+2(^)^rfy4-...    (106) 

If  jT,  y,  X?, are  not  equicrescent,  terms  will  have  to  be 

^ded  analogous  to  those-  which,  by  reason  of  x  and  y  being 
equicrescent,  vanished  from  equations  (100)  and  (101). 
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Also,  using  the  notation  of  partial  differentials,  the  above 
equations  become 


i.;..i<'"" 


Ex.1.         u  =  8in(cM?  +  6y-|-cz); 

(^)  =  b  cos  (ax -^  by -{-cz),      (^)  =  —  A*sin(ar  +  *y+«), 
(rf^)  ="  ccos(ajr+*y+c«),       (-^)  =  -c*sin  (flup+*y+c»), 

.-.     D*i«  =  --{a^dj^  +  b^dy^-^c^ds^-^ibcdydz 

-\-2cadzdx-^2abdxdy}  sin  (as + by -j-cz). 

In  the  preceding  inquiry  all  the  subject-variables  of  the  func- 
tion have  been  assumed  to  be  independent,  and  thus  the  results 
are  general.  It  however  frequently  happens  that  some  of  them 
are  dependent  on  others ;  and  although  it  is  unnecessary  to  con- 
sider generally  the  modifications  which  the  results  undergo  in 
such  cases,  yet  it  is  expedient  to  give  an  example,  so  that  the 
student  may  perceive  the  kind  of  results  which  such  problems 
present. 

Ex.1.         i«  =  tan-^-,  y^^jfl  =  a^; 

/du\  _       y  /rf«w\  _    —2xy 

\dxf  "■  ar»4-y*'  ^dx^^  -  (a^  +  y*)*' 

^dyf  "       ^Tp'     ^dxdyf  "  (^Tp?' 
/dhi\  _^      2xy 

Therefore  from  (100),  Art.  80, 

y  rf*j?  —  X  d^y 
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Let »  be  eqaicresoent ;  so  that  d^x  =  0 ;  and  from  the  relation 
given  between  x  and  y  in  the  preceding  equation  of  condition, 


rfV  _  _V. 


dx^ 


9' 


80  that 


D%  =  r^dx^i 


and  if  we  express  it  in  terms  of  x  only, 

82.]  As  one  of  the  first  and  most  useful  applications  of  the 
general  results  of  the  last  Artide^  let  us  prove  dbrtain  properties 
of  homogeneous  functions,  which  are  due  to  Euler^  and  are 
generally  known  by  the  name  of  Euler's  Theorems  of  Homo- 
geneous Functions. 

Dbp.  a  homogeneous  function  of  many  variables  is  one  which 
has  the  sum  of  the  indices  of  the  variables  in  every  term  the 
same;  and  if  the  sum  of  the  indices  in  each  term  =  n,  the  func- 
tion is  said  to  be  homogeneous  of  n  dimensions.    Thus 

ax^  -^  bx^y  -^  cz^  -j-  exyz  -{-  gx^z  =  0 
is  a  homogeneous  function  of  three  dimensions. 

Let  u=:  w(x,y,z, ...)  he  n.  homogeneous  function  of  n  dimen- 
sions and  r  variables;  for  x^  y,  z^ ...  let  tx^  ty^  tz, ...  be  written, 
and  suppose  the  function  to  become  %i  when  these  substitutions 
are  made;  then,  by  the  definition  of  homogeneous  functions, 

«'=  p{/«?,/y,te,  ...  =  /'•p(a?,y,2r,  ...).  (108) 

d^ 
•  •      dt 


Let 


tx  =  of. 


=   X, 


ty  =  y\ 

tz  =  /, 


=.y> 


d^ 
dt 


=  z. 


(109) 


.-.     «'=  p(a?',y',y, ); 

and  therefore  by  (46),  Art.  49, 

D«'  ^  /rfK'x  daf      (M'K  d^      /A^\  d^ 
dt  "  W/  W  "^  ^dy'^  W  ■*"  Vrfy/  'dt 
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now  the  /-differential  of  (108)  is 

du 

^  =  n/«-iF(^,y,z,...);  (Ill) 

equating  this  to  (110)^  because  they  are  equal,  we  have 

let  /  =  1,  then  x'==x,  j/=y,  z'=z,  ...  ; 

Again,  taking  the  second  total  differential  of  t/,  and  dividing 
by  (cf/)^  we  have 


dV  _  /rfV\d/a      ^/  rfV  \da:'dy       tdhi\  dy'^ 

dp  ""  \dx'^)  dt^  '^^\dafdy'l  dt  dt  ■*■  ^dy'^f  dfl  '^    '' 

i  substituting  from  (109),  we  have 

tial  of  (111)  is 

=  «(»-l)<»-»F(x,y,z,...);  (114) 

113)  and  (114),  and  making  /  =  1,  we  have 


also  the  /-differential  of  (111)  is 

rfV 

^/« 
whence,  equating  (113)  and  (114),  and  making  /  =  1,  we  have 

Similarly  it  may  be  shewn  that 

and  similar  theorems  are  true  for  every  other  order  of  differen- 
tials. One  or  two  examples  are  subjoined,  in  which  the  theorems 
are  shewn  to  be  true. 

Ex.  1.     r{w,y,z}  =  t*  =  A4:*4-By*-f  C2r*  +  Eyj8r  +  Gjzra?-|-Ha?y, 

which  is  an  homogeneous  function  of  two  dimensions  and  three 
variables. 
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©  =  2A*  +  G^  +  Hy.  (g)  =  2a,  {£^)  =  E, 

©  =  Scr+By  +  G4.,  (0)  =  2c,  (^)  =  h  ; 

therefore  by  equations  (112)  and  (115), 

=  2«; 

2{Aa?*  +  By*-f  c«*-|-Bya;-f  G2;^  +  Ha?y}  =  2u. 

Ex.  2.  tt  =  F  (- j  ^  which  is  a  homogeneous  function  of  0 
dimeDsions. 

Of  f(z)  let  i^{z)  be  the  derived-function,  that  is,  be  that  quan- 
tity which  multiplied  by  dz  is  the  z-differential  of  ¥(z) ;  then 

Article  53,  Ex.  4,  is  another  case  in  which  the  preceding 
theorem  is  exhibited. 

88.]  As  another  application  of  the  results  of  Article  81,  let 
us  mvestigate  the  equivalents  of  the  second  derived-functions 
of  a  function  of  three  variables,  when  one,  say  z,  is  an  explicit 
fonction  of  the  other  two,  in  terms  of  the  derived-functions, 
whea  all  are  implicitly  involved  in  an  equation.  That  is,  if 
2^f{x,y)  and  4>(^»y»^)  =  0  are  equivalent  equations,  it  is  re- 

qaired  to  express  (g),  (^),  (^)  in  terms  of  (g), 
\dyi 

T  2 
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Since  <l>  {w,  y,  z)  =  0, 

therefore  if  we  estimate  the  simultaneous  variations  of  x  and  z, 
as  in  Art.  50,  . .  ^  . .  ^ 

let  the  X-  and  ^r-differential  of  this  be  taken,  and  let  j?  be  equi- 
crescent ;  then  we  have 

therefore  dividing  through  by  dx^,  and  replacing  (^)  by  its 
value  from  (118),  we  have 

0  (f)"-  ^(^)  it)  o  -  G)  (th  (gro = 0' 

whence  yy;^  is  expressed  in  terms  of  the  partial  dmvedTof 

4>  (Xy  y,  z)  =  0.    Similarly  for  the  y-  and  jgr-partial  differential 
we  have 

\dy^)\dzf         \dydzf  ^dyf  \dzf  ^  \dz^f  \dyf  ^\dzl  \rfy»/"""' 
Also  taking  the  y-  and  ^-partial  differential  of  (118),  and  sub- 
stituting for  (  j-)i  and  \^)>  m  they  are  given  in  Art.  50,  we 
have 

(d^\  /rf$\*_  (d^4>\  (^\  (d^\  _  (d^p_\  (d4>\  (d^\ 
\dxdyf  \dz)      \dxdzf  \dyl  \dzf      \dydzf  \dz>  ^dxf 

which  gives  us  (  ,    ,  )  in  terms  of  the  partial  derived-functions 

o{  il>(x,y,z)  =0. 

We  proceed  now  to  consider  the  theory  of  suocesnve  deri- 
vation of  an  implicit  function  in  its  application  to  many  and 
important  theorems. 
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Section  6. — Suecesswe  differentiation  of  implicit  Junctions. 

84.]  Firstly^  let  us  consider  a  function  of  two  variables  a  and 
y,  and  of  the  form, 

11  =  p  (a?,  y)  =  c, 

e  being  a  constant  or  being  zero ;  then 


'^=»=(S)'^+ ' 

then  if  a?  is  equicrescent,  we  haye 

whence  we  have  the  following  values  of  —,  and  of  ^-j, 

g=-^,  (121) 

\dy) 

d»y  V<to»/  \dyf  "^    VS;^/  Vrf^/  V^/  '^  V^/  V^ ' 

rf?  = J^z -^l^*) 

The  latter  may  be  deduced  from  (121)  by  differentiating  with 
respect  to  the  equicrescent  variable  x,  as  well  as  from  (120), 
whence  we  have  deduced  it. 

d^v 
Similarly  from  n'ti  =  0  may  be  deduced  -^ ;  and  from  sub- 
sequent total  differentials  the  other  derived-functions  of  y  may 
be  formed. 
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85.]  Ex.  1.  Given  y«-2ya?-f  a«  =  tt  =  0,  to  find  ^  and  ^J. 

ax  cUkt 

therefore  by  (121),         ^  =  ^ ; 

Instead  however  of  introdadng  ybnna%  the  general  values  of 
^  and  ^-~  given  in  equations  (121)  and  (122)^  it  is  more  con- 
venient to  differentiate  the  given  function  immediately  according 
to  the  principles  contained  in  Art.  48^  and  illustrated  in  the  last 
three  examples  of  that  Article;  the  two  following  examples 
illustrate  the  process. 

Ex.2.   Ka?8  +  3a;ry  +  y3_0;  tofind^and  ^. 
Differentiating,  we  have 

(x^^ay)dx  +  {y^^ax)dy  =  0;  (128) 

dx  y*-f£M?* 

da^  {y^^ax)^ 


(y»H-ar)« 


Ex.8.  If^  +  y>  =  fl^  to  find  ^  and  ft. 

ax      '    ax^ 

xdx-^ydy  —  0;  .-.     y  ^  +  a?  =  0, 

and      ^=-^j  also     y^  +  (^)Vl=0; 

rf'y   .   «*-l-y*       n  J       rf*y  a* 
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86.]  Hence  also,  if  an  implicit  fanction  is  given  involving 
X  and  y,  we  may  calculate  the  several  coefficients  of  the  powers 
of  jr  in  Maclaurin^s  Theorem^  see  Art.  57^  and  thus  expand  y  in 
a  series  of  terms  of  ascending  powers  of  x. 

Let  the  given  implicit  function  be  u  =  f  {x,  y)  =:  c;  then^ 
since  in  the  series  (8),  Art.  57,  /(O),  /'(O),  /"(O),  ...  are  seve- 
rally the  values  of  y,  -^,  ^-~,  ...  when  a?  =  0,  we  have  by 
equations  (121)  and  (122), 


y=/(^)=  |>]o  + 


/du\ 


tPu  \  /du\  idu\     ldhi\  /du^-\ 


\dx^f  \dy)  ^    \dxdyf  W  Vrfy/      Vrfy*/  W 


/du>fl 


_ 
1.2 


+ (124) 

the  notation  signifying  that  particular  values  of  the  coefficients 
are  taken,  viz.  when  ^  =  0.  In  applications  however  of  this 
theorem  it  is  much  less  laborious  to  calculate  the  successive 
values  directly  from  the  given  equation  than  to  substitute  in 
the  preceding  formulse. 

Ex.  1.        ay^  —  xy  =  a. 

Let  X  =  0;  .-.    /(O)  =  1; 


^(Bay'^x)^y  =  0, 


/'(O) 


fi,.^-,.^g(6^|-i)-|  =  o.r(0)=«, 


27  a" ' 


,       1   as. 


X"* 


27  a»  1.2.3^ ' 

which  is  one  of  the  values  of  y  in  terms  of  x  deduced  from  the 
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given  cubic  equation ;  the  other  two  values  may  be  found  by 
taking  the  other  two  impossible  cube  ixwts  of  unity  in  the 
value  of /(O). 

Ex.  2.      y'-Sy+x  =  0;        .-.    /(O)  =  0,  and  =  +  v/5^; 
^  (8y»-8)  +  l  =  0,  /-(O)  =  i,  and  =  - 1; 

0(y»-l)  +  2y^  =  0,  /"(O)  =  0,  and  =  +^; 

/"'(0)  =  ^,and  =  -l; 


*'  ~  8  ■•"  27  1JJ.8  ■*" 


2    ^ 


,  .     /5     « _  V  8  «*        1     «» 

and     y=   +./8-g  +  -gg-^-^j3^+...; 

and  the  three  series  give  three  different  values  of  y,  which  are 
the  three  roots  of  the  given  cubic  equation  in  terms  of  x. 

An  equation  also  may  often  be  put  in  other  algebraic  forms, 
and  then  expanded  by  Maclaurin's  Theorem  in  a  different  form 
of  developement^  and  sometimes  in  a  series  of  descending  powers 
of  X.    Asj  for  instance,  consider  the  last  example. 

Divide  by  w,  and  we  have, 

y!_?yl  +  i_o. 

for  —•  write  y,  and  for  —5  write  w;  whereby  we  have, 

y»-3yar-hl  =0. 

Expanding  which,  as  in  the  last  two  examples,  and  taking  only 
the  possible  cube  root,  we  have 

y=-^-I+8-- 

and  replacing  y  and  x  by  their  values,  and  multiplying  through 
by  a?*,  we  have 


*      1    .     1 
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87.]  The  aboYe  theorj  is  also  applicable  to  the  expansion  of 
a  function  which  is  of  great  importance  in  the  calculation  of 
many  series ;  and  gives  some  numerical  coefficients  known  by 
the  name  of  BemovlWs  Numbers. 

■27 

It  is  required  to  expand  y  =  -j^y  =/W« 

We  may  observe  that  /(— a?)  =    _^^    =    ^       ; 

and  as  every  odd  power  of  x,  which  entered  into  the  expansion 
of /(a?),  would  also  enter  into  that  of/(a?)— /(— a?),  it  follows 
that  no  odd  power  of  x  enters  into/(^)  except  the  first. 

Now  from  above         y  e*  =  y  -|-  a? ;  (125) 

^(d^y        d^-^y  dy       \       d^y 

the  last  term  being  the  nth  derived-function  of  (125),  and  being 
calculated  by  the  method  of  Art.  55.  Let  jt  =  0  in  these  several 
equations,  and  ve  have 

/(O)  =  /(O),  which  is  an  identity ; 
/(0)  =  1,  .'.    /(0)  =  1; 

2/'(0)+/(0)=0,  /'(0)  =  -^ 


3/"(0)  -|-8/'(0)  +/(0)  =  0,  /"(O)  =  \; 


2' 

4/"'(0) + 6/"(0) + 4/(0)  +/(0)  =  0,  /'"(O)  =  0 ; 

5/-(0)  + 10/"(0)  + 10/"(0)  -|-5/'(0)  +/(0)  =  0,  /-(O)  =  -  ^ , 

n/-HO)  +  "^"~^V"-'(0)  + +  »/'(0)+/(0)  =  0.   (126) 

The  last  is  the  general  equation,  bj  means  of  which /'■-^(O)  may 
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be  determined  in  terms  of  the  preceding  coefficients.  But  the 
labour  of  calculation  from  this  expression  may  be  diminished 
by  observing  that,  as  f{x)  inyolves  no  odd  powers  of  x  except 

the  firsts 

/'"(0)  = =/8'-i(0)  =  0. 

Hence  in  (126)^  if  n  is  of  the  form  2r4-l,  we  have 

(2r+l)/«-(0)  +  ^^''^^i,y'""^V'''-^0)  +  ... 

...  +  (2r+I)/'(0)+/(0)  =  0,   (127) 
by  means  of  which  any  coefficient  may  be  found ;  and  we  have 
X     _        1  a?     1  ^'       1       x^  1  x^  ,rto^ 


e'-l  "        2  1  ^  6  1.2     30  1.2.3.4  ^  42  1.2,3.4.5.6 

The  values  of /(O),  /'(O),  /"(O), ...  are  commonly  called  the 
numbers  of  Bernoulli ;  and  though  they  do  not  explicitly  follow 
any  palpably  regular  law,  yet  they  are  implicitly  connected  with 
each  other  by  the  formula  (127).  It  is  convenient  to  represent 
them  by  distinctive  symbols;  we  will  therefore  substitute  as 
follows : 

Bo=l,       Bi=— -,        ^2=g»        B8  =  0»        '**~""30' 

80  that  we  have 


X  X 


p»  ** 


P3J  =  Bo  +  Bi  J  +  B^y^  +  «^  1:2:3:4  -^  •••  ^^^^^ 

88.]  Of  this  theorem,  it  is  expedient  to  give  some  examples. 

Ex.  1.  It  isj!required  to  develope    ^    .  in  terms  of  BemouUi^s 
numbers. 

X  X  %x 


X  X  2x 


e*^l       e*-l       6*'— 1 

x^  (  4^^  ) 

=  Bo  +  Biar+Bjy-g  +  ...- |b«  +  Bi2«  +  b,y^  +  ...  J  ; 


■•     e'+l-      "'     ^"      ^'"M.2      '"      *'"*  1.2.3.4 

-(2»- 
thc  law  of  which  is  sufficiently  obyious. 


-(^'-^^'"olro-^'^^ 
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Ex.  2.  It  is  required  to  expand  tan  a;  by  means  of  Bernoulli's 
numbers. 

By  equation  (88),  Art.  61, 

1      e'^^=^-c-'*^ 
tan  X  = > 

the  second  term  of  which  is  of  the  form  ezpftnded  in  equation 
(180);  so  that 

tan*  = --^|l+2Bi+2y:^(2»-l)B,^ 
=  2b, (2«-l)  i|^  -  2b4 (2*-l)    •*  "^ 


1.2  •'  '  1.2.8.4 

+  aBe(2«-l)jJ^-...  (131) 

which,  being  written  at  length,  becomes 

afl      2a?»      17a?' 
**^^  =  ^+  8-  +  15-+815-+    ••' 

and  the  law  of  the  series  is  sufficiently  obvious  in  equation 
(131).  Also,  differentiating  the  aboye,  we  can  find  the  expan- 
sion of  (tan  xf, 

Ex.  3.  By  a  similar  process  of  development,  it  may  be  shewn 

^^**  '  1  2»a?  2^^  ,,^^^ 

and  hence  by  differentiation  may  (cosec  xY  and  (cot  xY  be 
found. 

X 

Ex.4.    Also  since  cosec *  =  cot a^  +  tan ^ ,  from  (181)  and 
(182),  we  have 

cosecar  =  -  +  2b2(2»-1)  ^ -2b4(2»-1) 


.r^      *'  '1.2  *^  '  1.2.8.4 


u  % 
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89.]  The  sums  of  the  powers  of  the  redprocals  of  the  natural 
numbers  may  also  be  expressed  as  follows  in  terms  of  Bernoulli's 
numbers. 

Since  sin ;:;  =  0,  when  ;»  =  0,  =  +  w,  =  +  2v,  =  +  8ir,  =  ...  ; 
therefore  sin  z  must  be  composed  of  factors  of  the  form 

z  («— w)  (z+v)  (a>— 2ir)  («-|-2w) ... ; 

and  therefore  a  relation  of  the  following  form  must  exist ; 

ain.  =  *z(l-$)(l-^)(l-^)....     (134) 

where  ib  is  an  undetermined  constant.   But  since  by  Lemma  11^ 
Art.  22,  sin  z=iZ,  when  ;2;  is  an  infinitesimal,  therefore  i = 1 ;  and 

^.^.{i-i){^-^){i-^) 

For  z  let  us  substitute  irx ;  then 

8ia^^  =  ^*(l-^)(l-g)(l-|i) (135) 

Of  this  equation  let  us  take  the  logarithmic  differential,  and  we 

^*^®  *  1  2*  *  2a?  2ar  ,,„, 

«  cot  war  = -r^ 5  —  -55 ;  —  ^5 ;  —  ...  (186) 

X      l*—x*      2*— a?*      S*—x*  ^ 

and  developing  the  several  terms  in  the  right-hand  member,  ve 
have 

ircotwar  =  -  -  2a:  |yj  +  ^  +  ^  +  ...  ^ 

-  2*'"-' 1 1^  +  ^  +  ^ +  •••}.      (137) 

In  (132)  let  x  be  replaced  by  wx;  so  that 

1         2«7r«a?         2*ir*J?»  2«7r«aH!  „„„, 

^COt.a.  =   --B,-^^+B,^^^;3;j-B.j^^-g^  +  ...  (188) 

and  equating  coefficients  of  the  same  powers  of  x  in  (137)  and 
(138), 
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1 
1> 

.1.1.          ica^r)". 

+   2»    "    8»    '   -   ~   2    1.2   "» 

1 
1* 

1          1                        1    (2«)* 
+  2*    '    8*    '  •••  ~     '"  2  1.2.8.4  '** 

1 

1« 

11                    1     (2ir)« 
+   2«  +  38  +  -  -  2  1.2...5.6'*" 

149 


1«»  +  2«»  "''  8»»  +  -  -    ±2  1.2 


In 


S     (139) 


.2*1""" 

the  +  or  —  sign  being  taken  according  as  2  n  is  par  impar  or 
par  par. 

Another  development  is  consequent  upon  the  preceding  in- 
vestigations.   In  (136)  for  x  substitute  x>/—l,  then 


x^/^^ 


but  cot  Tsx  >/— 1  =  v^— 1 1 : 


Other  theorems  may  be  obtained  by  a  similar  process,  if  we 
take  as  the  fundamental  theorem  the  equation  for  the  cosine 
which  is  analogous  to  that  for  the  sine  given  in  (135). 

90.]  It  is  unnecessary  to  enter  at  any  length  on  the  general 
subject  of  implicit  functions  of  more  than  two  variables,  as  the 
principles  above  explained  and  illustrated  are  applicable  to  all 
such  cases.  But  as  particular  forms  occur,  and  particular  ex- 
amples have  to  be  solved  in  the  sequel  of  our  work,  it  is  con- 
venient to  consider  them  at  this  point  of  the  Treatise  where 
they  naturally  occur;  and  I  proceed  to  consider  Lagrange's 
Theorem  for  the  development  of  an  implicit  function  of  three 
variables,  of  the  form  y  =  z-^x<i>{y\  in  ascending  powers  of  ^. 

Given  that  y  =  z -{'X<l>{y),  in  which  equation  y  is  an  im- 
plicit function  of  two  variables  z  and  x,  which  are  supposed  to 
have  no  other  relation  to  each  other  besides  that  given  by  this 
equation,  so  that  they  may  vary  independently  of  each  other; 
it  is  required  to  determine /(y),  another  function  of  y,  in  ascend- 
ing powers  of  x. 
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Let  u  ^f(y),  and  therefore  t(  is  a  fanction  of  ^;  whence^  by 
Maclaurin's  Series, 

using  the  notation  of  Art.  86  to  indicate  that  particular  yalues 
of  the  coefficients  are  to  be  taken^  viz.  when  x  =  0;  that  is^  if 

u  =  r(x),  [tt]o  =  p(0),  I^J  =1^(0),  and  so  on.     Hence  we 

have  the  following  data : 

^^f(y)y  y  =  z-\^x4>{y);  (142) 

therefore  when    x  =  0,    y  =  z^    and     [w]o  =/(^) ; 

now  our  first  object  is  to  determine  the  yalues  of  the  quantities 
within  the  square  brackets. 

Calculating  the  partial  derived-functions  of  (142)^  by  con- 
sidering y  to  vary  in  consequence  of  changes  separately  of  ^ 

and  of  z,  that  is,  calculating  ^-^]  and  (^)>  we  have 
©  =  *<,).-♦■(,)©.        •••©  =  T^> 

...    (|)  =  ♦»){§).  (.«, 

But  (—)  ^  ^^, 

Vrfa?^       dy  dx' 

whence^  by  reason  of  (143), 

du       du^.  ./dy\ 

di^d^'*'^y^W' 

Let  j?  =  0,  then  y=^z\     .'.    dy  —  dZy  and  «=  Mo  =/(*?); 

...  my-^*^'^- 

4     •  du       du  ^ ,  ^dy 

Agaui.a8  _  =  _^(y)^, 

and  as  ^  and  ^(y)  are  explicitly  functions  of  y  only,  although 
they  are  also  functions  of  x  and  z  implicitly  by  virtue  of  equa- 
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tion  (142),  and  as  ^  is  explicitly  a  function  of  x  and  z^  it  is 

du 
conyenient  for  the  purposes  of  differentiation  to  consider  ^  the 

prodnct  of  two  functions,  viz.  of  T-<^(y)  a^id  of  -^;  whence, 
differentiating,  we  have 

d^^di\d^'''^^^Tz\ 
[du 


ii*«} 


rfy         dxdz      dy  ^^^'  dxdz 
rfy  dz  dx      dy^^^^dzdx 


and  substituting  for  j^  from  equation  (143), 

let  07= 0,  in  which  case,  as  before,  y^z,  dy=.  dz^  and  u  =f(z) ; 

dhi 
Again,  considering  -j-j  to  involve  a  product  of  two  functions, 

via.  -r{0(y)}*  and  -^,  the  former  of  which  is  explicitly  a 

function  of  y  only,  and  the  latter  is  an  explicit  function  of  both 
X  and  2,  and  differentiating  and  substituting  from  (143), 

liCt  us  assume  that  the  form  is  true  for  -z r  :  viz. 

dx**"^ 
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152         laobakob's  thsobem.         [90. 
rf»a   d    rf»-«  idu  ,^,  ,,„  .  rfy) 


and  since  the  order  of  differentiation  may  be  reversed  by  virtue 
of  Art.  79, 

d'u 
rfir» 

[du , 


d"-*    d  \du  ,^,  „.  .dy) 

rf«»-»  <  rfy  rf2  dr  ^  rfy  ^'^^^^       eferfr  ]  ' 

<fo»-M  rfy  <te  rf«  ^  rfy  ^^^*^^       <ip<far 

d»-»    d  (du,,,  ,,„  ,rfy) 

==  £^1 1§  ^'''^^^"  2  i '  ^y  '^''®  **^  equation  (143) ; 


rrf»«-|        d»-i  frf./(«) 


Lda?' 


If  therefore  the  formulae  are  true  forn  — 1,  they  are  true  for 
n ;  they  are  true  when  »  =  3,  therefore  they  are  true  when 
n=z4,  and  therefore  are  true  for  all  positive  integral  yalues 
of  n,  which  are  the  only  cases  in  which  it  is  necessary  for  us 
to  find  them.  Substituting  then,  in  equation  (141),  the  values 
above  determined,  we  have 

•- IS  r-#^  (*«)"}  oSb -•■<'«' 

If,  having  given  y^z-\-X(f>{y),  the  problem  is  to  determine 
y,  then  f(y)  =  y,  and  f{z)  =  z ;  and  the  above  formula  becomes 

y  =  ^  +  ,^(.)|  +  ^{,^(.)}»g  +  ^{^(^)}3j^+...    (147) 

In  applying  the  above  theorems  to  particular  examples^  it  is 
most  convenient  first  to  substitute  the  specific  forms  of  the 
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fimctions^  and  subsequentlj  to  replace  the  variables  by  their 
specific  values. 


91.]  Ex.  1.   Given  a— 4y  +  cy*  =  0;  to  find  y. 

On  comparing  the  given  equation  y  =  ^  +  ^  y*  with  the  typi- 
cal form  y  =  «+4?4>(y),  we  have 


.-.   Az)  =  z 
whence  we  have 


<t>{z)  =  z^ 


a 
c 


>: 


1^  dz 
+ 
a*  c 


1.2  ^  rf«» 


^*'i:2  + 

o»  c»    1 


6.5a* 


1.2.8 


1.2.8 


*  /.» 


o"  c 


~  4  '•"*»*''"'*  i»  6«  1.2  "^  ^'^  b*  *3  1.2.8 


_  a  (        ac       4     o'c'       6.5 


6.5    o'c* 
2.8    6« 


S= 


a  series  which  is  identical  with  that  arising  from  the  develop- 

j       (^% 4ac)^ 

ment  of  jr ^^ '- ,  which  is  the  least  of  the  two  roots 

2c  2c 

of  the  given  equation. 

Ex.2.   Given  y»— ay  +  *  =  0;  to  find  y«. 

On  comparing  the  given  equation  y  =  -  -|-  -  y*  with  the  typi- 
cal form,  we  have 

f(y)  =  y 


'WCB,  VOL.  I. 


>> 


4>(y)  =  y' 

(I>{Z)  =  z^ 


«  =  - 
a 

1 

a  J 


>; 


X 
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=  «-+nz-+»j+«(n+6)«"+*^+n(n+8)(n+7)»"+«jJ;3 +  .•. 
^   -5="|^  +  '»a»5"'"      1.2      ^;?+         155  a'a'"^  ■•)• 
Ex.  8.   Given  yssa+be";  to  find  log,y. 

/(y)  =  log,yl         ^(y)  =  ei'^         «  =  «). 

+-ii-'"i:2+-^s — "'•05+- 

,             e«  6     2a -1   ,.  6«      9c»-6o+2  ,„   4» 
=  log.a  +  -j  +  ^5-e««j^  + -J e»«.j^+... 

Ex.  4.    Given  y  =:a+esmy;  to  find  cosy  and  sin2y. 
(a)    To  find  cosy. 
/(y)  =  C08y|  4>(y)  =  8iny^  x^e\ 

f(z)  sz  coBz}*         il>{z)  =:  mnzy  z=:a} 

cosy  =  C08  2r-(«in^)«  Y  --^  {(sm«)»}  —  -  _  {(am*)*}  j-^  +  ... 

= 8(8in;8?)«co8  2f^  +  4{4(8in;8r)*-8(8in£f)«}  j^  +  ... 

cosy  =  cos  a  —  (sin  a)*  =-  —  8  (sin  o)*  cos  a ---s- 

+  4  (Bin  a)*  {4 (sin  «)«  _ 8}  j^  + ... 
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(/3)   To  find  sin  2y, 

f(y)  =  An2y^  ^(y)  =  8iny^  ^  =  e) 

f{z)  ^  ein2z  y         ij^iz)  ^  Biinz  y         z=za)* 

8in2y  =  sin22r4-2oo8  2^8in£rY  +  j-{2co8  2;Sf(8Ui£r)*}  y-^ +... 

j=- +4c08  8;2r8m;8fY^  4-  ... 

=  8in2a+2co82asina=-  +  4co8  8asina-r-27  +  ••• 

92.]  By  the  preceding  theorem  of  Lagrange  any  fanction  of 
Xf  9Bjf{w),  may  be  expanded,  when  certain  conditions  are  ful- 
filled, in  ascending  powers  of  any  other  function  <l>(x) ;  so  that, 
as  by  Madanrin'^s  Hieorem  a  function  is  expanded  in  ascending 
powers  of  x,  by  this  Theorem  it  is  expanded  in  ascending  powers 
of  another  function  of  x. 

Let  the  form  of  the  required  series  be 

J{x)  =  Ao+Ai— J — \-Ai — Y2 ^^   1  28         '"        ^       ' 

our  object  is  to  determine  the  coefficients  Aq,  Ai,  A2>  ...  which 
are  independent  of  x. 

Let  x—a  be  a  factor  of  4>(^)  I  ^h^t  is,  let  a  be  a  value  of  x 

which  renders  ^(^)  =  0 ;  and  let  -j-rr  be  the  product  of  all  the 
other  factors ;  so  that 

.-.     a?  =  a  +  4>(x)  X  yjrix).  (150) 

It  will  be  convenient  to  replace  ^(x)  by  t ;  and  thus  (150)  becomes 

X  =  a-\-t\lr(x). 

Now  this  form  is  clearly  the  same  as  (142) ;  and  when  /  =  0, 
x=za;  and  our  object  is  to  expand /(2^)  in  ascending  powers  of 
t;  therefore  replacing  yhjx  and  z  by  a  in  (146),  we  have 

wherein  the  square  brackets  indicate  that  particular  values  of  the 

X  % 
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quantities  within  them  are  to  be  taken,  viz.  when  x^a.  And  re- 
placing i  by  <f>(^)  and  "^{x)  by  its  value  given  in  (149),  we  have 

where  the  square  brackets  indicate  particular  values  of  the  quan- 
tities within  them,  viz.  those  which  correspond  to  «r  =  a. 

If  ^{x)  =  x—a  =  A,  (151)  becomes  Taylor's  series. 

As  an  example  of  (151),  let  f(x)  =  e*,  4>(x)  =  (j?— 1)  (a?— 2), 
and  let  a  =  2 ;  then 

e'  =  «»  +  e»(ar-l)(^-2)  -e'^^Illf^^^'  +  ... 

which  gives  the  expansion  of  e'  in  ascending  powers  of 
(a?— l)(a?— 2).     Also  if  a  =  1,  we  have 

^  =  ^-e(.r-l)(^-2)-h3/-^^^l^^^^-h  ..., 
which  gives  another  expansion  of  c'  in  powers  of  (^—1)  {x—2), 

93.]  A  still  more  general  form  of  expansion  than  that  of 
Lagrange  was  discovered  by  Laplace,  and  is  known  by  the 
name  of  Laplace's  Theorem. 

Given  y  =  p  {Z'\-X(l>(y)} ;  it  is  required  to  find/(y). 

Using  the  same  notation  of  Maclaurin's  Theorem  as  here- 
tofore, we  have 

Let         u=f(y);  .-.     Mo=/{f(^)}. 

And  by  reason  of  Ex.  1,  Art.  58, 

du  ^  du  dy  ^  du         dy 
•'•     dx^dydx"  dy^^^^^Jz' 

Let  0?  =:  0,         then  y  =  y{z),         u  =/{?(£?)}  ; 

And  by  a  process  similar  to  that  employed  in  the  proof  of 
Lagrange's  Theorem,  it  may  be  shewn  that 
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and  so  on  for  other  and  for  the  nth  terms ;  whence 

As  an  example  of  this  Theorem,  let  it  be  required  to  find  e'', 
if  y  =  log{2f+j?siny}; 

f(tj)  =  €',  r{z)  =  log  z,  4>(y)  =  sin  y, 

f(2)  =  €';  .-.  f.T(2)=z;  .-.    <^{f(^)}  =8inlog;8:; 

whence,  substituting  in  the  formula  (152),  we  have 

X        d  X 

e*  =  «  +  sin  l<^  «|-  +  ^  {(sinlog*)*}  y-g 

+  ^{(8inl0g.)3}j^+... 

_  2  sin  log  z  cos  log  z  x^ 

"" ■*"  'z  1:2  "^•*- 

.    .        X      sin  (2  log  ^)   x^ 
=  ^-|-smlog^j+       \  1:2"^"' 

.    -        a?       sin  (log  2r*)    x^ 
=  2r  +  smlog^y  + V_6__^_^^ 

Laplace's  Theorem,  it  will  be  observed,  becomes  Lagrange's, 
when  7  =  1;  and  Taylor's  Series  is  also  a  particular  case  of 
Laplace's ;  for  as 

y  =  p  {Z'\-x4^{y)}  ;       let  4^{y)  =*  a,        and  /(y)  =  y ; 

d,v(z)  ax      d^.riz)  a^x^ 
then  y  =  Hz  +  ax)  =  f^  +  -^  ^  +  -^  IX  +    ••  ' 

and  writing  A  for  ax,  we  have 

r(z  + A)  =  r(.)  + -^  ^  4- ^^  1^2  + -^  1:2:8  +  - 

94.]  Another  form  of  function  which  it  is  often  necessary  to 
expand  by  Maclaurin*s  Theorem  is  that  in  which  a  subsidiary 
variable  z  is  introduced ;  and  where  we  have  two  equations  of 
the  form  ^  ^ ^^^^^         Kai  z^<p(x);  (153) 

and  wherein  it  is  required  to  expand  y  in  ascending  powers  of  x. 
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Using  Lagraijge'S' notation  of  derived-functions^  we  have 

|=m  £  =  *'(.);  (154) 

'.'.    J=/V)*V)-  (155) 

0  =  f'\z)  {^\x)Y  +f\z)  4>'\z),  (156) 

g  =  f"'(z)  mx)Y  +  8/"(xr)  ^'{x)  f  (*)  +f'{z)  <l,"'(x),    (157) 

g  =/-(^)  {*'(j^)}*+6/'"(;!r)  {^'(a?)}»r(*)+8/"(;^)  {<fr»}» 

+  4/"(z)  ^'(«)  ^'"(a?)  +/'(«)  «'^(«) ;  (158) 

and  so  on.  Now  substituting  these  quantities  in  the  sereral 
terms  of  Madaurin's  Series,  (18),  Art.  58,  and  putting  x  =  0, 
and  introducing  the  corresponding  value  of  z,  we  shall  have  the 
required  series.    To  take  a  simple  case,  let 

y  =  e*,  where  z  =  sinx; 

dy        ,  dz  dz 

dy 

dht 

-=-^  =  6*(cosa?)*— e'sin  J?, 

rf8y 

■^  =  €'  (coHxySe'  COS  X  mnx—e*  coBx, 

and  so  on;  but  when  a?  =  0^  zr=0;  therefore  using  the  square 
brackets  in  the  same  signification  as  heretofore^ 

»='.[i].=>.[m='-[a=°-[a= -»•■■■ 

,      a;       a?*  8a?* 


1  ^  1.2       1.2.8.4^  ""• 

95.]  But  in  the  case  wherein  2;  is  a  series  of  terms  in  ascend- 
ing powers  of  j?,  the  preceding  expansion  takes  a  particular  form 
which  deserves  much  attention;  and  gives  rise  to  a  process 
which  has  been  called  Derivation*;  and  on  which  Arbogast 

*  This  process^  though  called  by  the  same  name,  is  essentially  different 
from  that  explained  in  Art.  18.  The  title  of  Arbogast's  work  is,  Du  Calcul 
des  D^vations;  it  was  published  at  Strasbourg,  An  VIII.  (IBOO.) 
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has  eonstructed  his  Calcul  des  D^riyations. '  It  will  be  conye- 
nient  to  take  the  exponential  series  for  the  base-form  of  the 
series,  and  I  shall  accordingly  assume 

z  =  ao+aiY  +  a«y-j4-a8j-2^+  .. ;  (159) 

80  that  the  problem  is^  the  expansion  in  ascending  powers  of 

*of/(ao+ai|  +  at^  +  a8j^+ ...).=^/  ^ A^) 

Let        y=/(ir),  (160) 

and      2r  =  oo  +  aij  +  otj-g +a8j-23+ ...  (161) 


dz 
dx~ 

X 

ai  +  a,^ 

+  a» 

1.2 

+ 

d'z 

da*  ~ 

X 
Oi  +  Ojj 

+  04 

1.2 

+ 

d»z 

•        •        < 

09  + a*  J 

+  •• 

•         • 

In  all  these  equations  let  a?  =  0 ;  then  z  =:  Oo,  --r- sz  oi,  ^3  =  oj, 

d^z  • 

^=08, ... ;  and  y  =/(ao) ;  in  whateyer  manner  therefore  the 

yalues  of  —^  -^ ,  ...  giyen  in  (155),  (156),  (157), ...  are  com- 

//ar        ii^ig         d^Z 

V^^of f{z),f{z),f\z),...  combined  with  ^,  ^,  d^>  -'' 

in  the  same  manner  will  these  yalues,  when  a?  =  0^  be  composed 
^/(^)>  f\oo)j  fW), . .  •  combined  with  01,0^,0^  ...,   From  this 

peculiarity  we  may  deduce  the  following  process;  I  ^  I  ^^  the 

differential  of /(oo)  on  the  supposition  that  doo  =  ai ;     -^    is 

the  second  differential  of /(oo)  on  the  supposition  that  eloo^ai, 

and  ifai=as;  and  [2^]  is  the  «th  differential  of /(oo)  on  the 

supposition  that  doo  =  Ai,  d^i  =  Oa,  da^  =  as, ...  da^-i  =  0^.    In 
this  power  of  substituting  new  constants  for  the  differentials  of 
other  constants  does  Arbogast's  method  of  deriyation  consist. 
If  therefore  we  replace  the  successiye  coefficients  of  the  powers 
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of  d?  in  Maclaurin's  Series^  equation  (13)^  Art.  68,  by  their  valaes 
determined  as  above,  we  haye 

y  =  /(oo)  -h  [rf/(ao)]  f  +  [rfV(«o)]  ^  +  ...  (162) 

the  square  brackets  in  this  case  indicating  that  particular  values 
of  the  functions  enclosed  in  them  are  to  be  taken,  viz.  when  we 

replace  doo  by  a\,  dai  by  a^, 

And  if  we  perform  the  several  operations  of  derivation  and 
introduce  Lagrange's  notation  of  derived-functions,  we  have 

/(ao+«,f +  03^  +  08 1^3+. ..+«nj;|^ 

=  /(«o)  +/'(ao)  fli  f  +  {/"(Oo)  ai*  +/'(ao)  (h)  ^ 

+  {/'"(Oo)  ai'  +  8r(ao)  a,a,^f(ao)  a,}  j^  +  ...  (168) 
Of  this  process  we  propose  to  give  a  few  examples. 

Ex.  1.   It  is  required  to  expand  in  ascending  powers  of  a? 
{ao4-«if  +  aa^+...}-^ 

In  this  case  /(oo)  =  o©"^ ; 
.'.     W(ao)]  =  -ao"*fli, 

[rfV(ao)]  =  2ao-»ai«-ao-«a„ 


1 Oi^  a;     2fli*— Qpfla  j?*      6fli^— 6flogiaa  +  flo'ga      a?^ 

""  Oo      flo*  1  Oo'        1.2  Oo*  1.2.8.4  ■*" 


Oo  +  fliT  +  OaT-o)- 


1)8 


+  6(ai»+8aoaiai)r-g-5  +  18(2oi»aa+OoOj«) 


1.2.3  ^  '    ^"•^  -»-r-«-»  /  1  2.8.4 
+  90«iO,»=-|— -  +  90aj»:    ** 


1.2...5^      ^  1.2... 6' 
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Ex.8.    Todevelope  |ao+flij  +  «a  j-2+«85P234-...>. 

/(flo)  =  oo"; 
[rf/(ao)]  =  [moo^'^doo]  =  maj^'^ai, 
[rfV(^)]  =  [m(m  — l)ao'""*airfflo  +  »»«o"*"'^rf«i] 

=  m(m  — 1)00*"'"*  «i*  +  wwio'""*fl2> 
[rf'/Coo)]  =  w  (m  -1)  (m-2)  Oo^-^ai' 

+  3m  (m  —  1)  ao"'"^fliaa  +  »»flo'"~*fl8, 
# 

=  lib"  +  f»ao"-^ai  J  +  wiflo""*  {(w»  —  1)  «i*  +  «oM  Y^ 

which  is  the  Multinomial  Theorem;  and  in  which  it  is  to  be 
observed,  that  (ir  does  not  appear  in  any  coefficient  before  that 
of  a?^ 


Ex.  4.    To  develope  c«,  where 


^* 


r3 


/(oo)  =  ^^ 

[rf/(ao)]  =  [e^odoo]  =  aiC«o, 


X 


a 


Similarly, 

X  „     .  07* 

=  smoo+aiCosaoY  +  (oa  cos  Oo—ai^sm  00)1-0  +  ••• 

(3r  X  \ 

ab  +  aij  +  flay-g  +  ..) 

f-«-i^    .       ^1      ^  .  fl2(l  +  flo^)~2gogi^  x^ 
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,              aix     flaao— fli*  a?*       asao*— Sooaifla  +  Sfli'    a?' 
=  logao  +  — T  +  — -2 — T9"  + TTE roQ  +  - -5 

and  the  student  is  recommended  to  practise  himself  in  these 
and  other  examples^  as  the  process  is  simple  and  very  useful. 

The  preceding  process  is,  from  another  point  of  view^  an  ex- 
tension of  Taylor's  Series ;  for  whereas  by  that  we  are  able  to 
expand /(a  4- a?),  by  this  we  can  develope  in  ascending  powers 

/  X  iff  \ 

of  X,  /^oo+fli  Y  +  02y-o  +  •••};  s^'id  therefore  if  we  put  02  =  ^ 

=  ...  =0,  the  preceding  formulae  become  those  of  Taylor's 
Theorem. 

96.]  Sometimes,  instead  of  finding  the  actual  coefficients,  it 
is  convenient  to  find  the  law  of  their  dependence ;  that  is,  to 
determine  the  equation  by  means  of  which  they  are  related  to 
each  other;  such  as  has  been  found  by  implicit  differentiation 
in  Art.  87,  equation  (126). 

Thus  in  Ex.  1  of  the  preceding  Article,  let 

y   =   -  =  Ao  +  Ai  j+Aay^  +  ... 


z  =  ao  +  fliY  +  a2Y2"  "^  •" 
then         zy  z=l',  (164) 

and  zy  =  aoAo-f-CiY  +  Ca  y^ +03  ^-^  +  ...  (165) 

where  Ci,  C2,  C3, ...  are  the  coefficients  of  the  powers  of  x,  arising 
from  the  product  of  the  developed  values  of  y  and  z,  and  which, 
as  determined  above,  are  the  several  values  of  rf.AoOo,  rf^.A^oo, 
rf'.Aoao^ ...  on  the  supposition  that  irfoo  =  ai,  dai  =  03, ...  rfA© = Ai, 
dAi^/Li,  £fA2  =  A3, ...;  but,  on  comparing  (164)  and  (165),  it 
appears,  that 

Aoao  =  1 ;  .•.     d\Aoao  =  0. 

And  therefore  by  Leibnitz's  Theorem,  Art.  55,  equation  (4), 

-f  n  rfAo  rf»-^«o  +  Ao  rf"ao  =  0 ; 


aod'*Ao  +  »rfoorf''"%  +  ^12      »^^orf""%  +  .. 


and  therefore 
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A^oo  +  nAn-iai  +  ^^"~     An-a Oa  +  .-.  H- Ao fln  =  0 ;       (166) 

whence  Ai^  a^^  ...  may  be  saccessively  calculated. 

As  an  example  of  this  process,  consider  the  problem  which 
was  discnssed  in  Art.  87,  viz.  the  expansion  of 

X 


1     ^  -    1-£L    l-£^ 

■^2l"^3i:2  "^41.2.3"^ 


Here  we  have  merely  to  replace  in  (166)  00,01,019  »••  severally 
by  1,  -,  5,  ...  and  we  have 

1  1  »(»-!)  1 

by  means  of  which  the  successive  coefficients  can  easily  be 
calculated. 

Thus  let       n  =  l;  /.     Ai4.^Ao  =  0; 

but        Ao=  — =  1;  .-.     Ai=-h; 

Oq  a 

H  =  2,  .-.    A2  +  gAi  +  gAo  =  0,       and      A2  =  g; 

11=8,        As  =  0; 


and  by  a  similar  process  the  other  coefficients  may  be  found ; 
and  these  are  severaUy  the  numbers  of  Bernoulli. 

97.]  Again,  if  u  ^f{a,  py  y, ...)?  where 

^« 
a  =  ao+OiX-^a^Y2  +    •' 

y  =  Co-f  Ciaj+Cay-g  +  ..., 

> 

then         u  =  Ao+Ai^+Aay-^  +  ..., 
where  Ao  =  /(aQ,  4©,  Co,...)*  »nd  a»  =  rfVC^i  *o,  c^j  •••)*  *e 
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total  dififerentials  being  taken,  and  on  the  supposition,  as  here- 
tofore^ of  da«=ai,  doi  =  o^,  ... ;  dbo  =  bi,  db\  =  ft^, ... ;  dco  =  Ci, 
dci  =  Ci,  ••• ;  for  example^ 


-    =   Ao+Aij 

• 

+ 

bo  +  l 

^f+*.^+.. 

Ao  = 

boOi  —  Oobi 

Ai  — 

w 

bo*       ' 

*o  {*o«2— ao*a} 

-2^{Aoai- 

OoAi} 

A2  — 

V 

> 

Also  since  ao  =  Ao^oy  we  may  by  successive  dififerentiation,  as  in 
the  last  example^  implicitly  determine  the  relation  between  the 
successive  coefficients. 

As  a  particular  example  of  the  last  theorem,  suppose 

«=-^(y'i'  0 )' 

x^ 

where  y  =  ao+fli^+fl«Y2  "^ ' 

dy  X 

^=«l-f«2J+ 

rf*y  X 

dx^   =   «2+fl8Y-f    , 


tt   =   Ao  +  Ai^-hAaj^H- 


where  Ao  =  /(Oo,  ai,  «2 ), 

and  Ai,  A2, are  the  successive  total  differentials  of  a^  on  the 

supposition  that  doo  =  Ci,  dai  =  021 

dy 

Thus  if  tt  =  ±,  Ao  =  ^, 


*  ~  flo  "^        «o*        1  "^ 
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The  process  which  is  developed  and  applied  in  the  preceding 
Articles  was  first  communicated  to  me  by  Mr.  W.  P.  Donkin^  the 
Savilian  Professor  of  Astronomy  at  Oxford.  It  is  somewhat 
similar  to  that  which  is  the  subject  of  Arbogast's  Calculus  of 
Derivations.  The  form  of  the  series  which  is  here  taken  as  the 
subject  of  the  functional  symbol  is  different  to  that  chosen  by 
Arbogast;  and  the  method  by  which  I  have  shewn  that  the 
differentials  of  the  several  constants  will  in  the  expansion  be 
replaced  by  their  next  following  constants  is  also  different.  It 
is  however  convenient  to  call  the  process  by  the  name  which 
he  has  given  to  it^  although  the  preceding  form  of  it  is  due  to 
Professor  Donkin. 

The  student  also  may  consult  the  Treatise  on  the  Differential 
and  Integral  Calculus,  by  Augustus  De  Morgan,  London,  1842, 
Art.  214 — 227;  the  large  treatise  on  the  Differential  Calculus, 
by  S.  F.  Lacroix,  Paris,  1810 ;  and  papers  in  the  Cambridge  and 
Dublin  Mathematical  Journal,  by  Mr.  De  Morgan,  vol.  i.  p.  238 
and  vol.  vi.  p.  35,  and  by  Professor  Donkin,  vol.  vi.  p.  141. 

To  complete  the  theory  of  the  expansion  of  functions  in  as- 
cending powers  of  the  subject-variables,  it  is  necessary  to  inquire 
into  the  form  which  the  general  or  nth  term  of  such  an  expan- 
sion assumes :  because  on  the  form  of  this  and  its  relation  to 
the  preceding  and  the  succeeding  terms  does  the  convergency 
or  the  divergency  of  the  series  depend.  But  this  requires  con- 
ditions which  at  present  we  are  unable  to  assign :  and  therefore 
the  remainder  of  our  investigations  on  the  subject  must  be  re- 
served until  the  sixth  Chapter. 


Section  7. — On  the  formation  of  Differential  Eqtmtiona  by  the 
elimination  of  constants  and  Junctions  by  differentiation, 

98.]  An  equation  which  contains  differentials  or  derived^ 
functions  is  called  a  Differential  Equation ;  and  it  is  called  an 
equation  of  the  first,  second, ...  nth  order,  according  to  the  order 
of  the  differential  or  derived-function  involved  in  it.  It  is  also 
called  a  partial  or  a  total  differential  equation,  according  as  the 
differentials  which  it  contains  are  partial  or  total.  Thus  equa- 
tions (56),  (62)  of  Art.  52  are  partial  differential  equations  of  the 
first  order;  Ex.  1  and  2  of  Art.  77  are  total  differential  equa- 
tions of  the  second  order. 
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Now  the  simplest  process  by  which  these  equations  are  formed 
from  integral  equations,  is  the  elimination  of  one  or  more  con- 
stants, or  of  a  determinate  function  firom  the  equation.  If  the 
fimction  is  indeterminate,  and  of  variables  combined  in  a  given 
relation  as  in  Art.  52,  the  resulting  differential  equation  will  be 
partial :  and  so  also  nay  it  be  when  the  function  is  of  three  or 
more  variables.  Of  all  these  several  cases  instances  will  be 
given  in  the  following  Articles ;  and  we  shall  first  take  the  most 
simple ;  that  viz.  in  which  the  equation  arises  immediately  by 
differentiation,  and  the  consequent  elimination  of  one  or  more 
constants. 

Since  a  constant  quantity  connected  with  a  variable  by  the 
symbols  of  addition  and  subtraction  disappears  in  diflTerentia- 
tion,  it  follows  that  if  an  equation  can  be  put  under  the  form, 

y=/(j7)  +  C,  (167) 

its  derived  wiU  be  ^  =  f\x) ; 

from  which  the  constant  has  disappeared.  And  therefore,  what- 
ever may  have  been  its  value  in  the  first  or  primitive  equation, 
the  derived  equation  contains  no  trace  of  it.  Similarly,  if  an 
equation  can  be  put  under  the  form, 

y  =/(5?)  +  Cia?  +  Co, 

and  thus  in  two  differentiations  two  arbitrary  constants  will 
have  disappeared;  and  the  resulting  differential  equation  is  of 
the  second  order. 
And  similarly,  if 

dy 

^  =/'(;r)  +  nc„a?«-i-f- ...  +2c2a?  +  Ci, 


and  thus  all  th^  n  + 1  Arbitrary  constants  have  disappeared  in 
the  process  of  n  +  1  differentiations;  whenever  therefore  the 
functions  admit  of  being  put  under  the  above  ftnrmft,  at  each 
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differentiatian  one  arbitrary  constant  will  disappear;  and  the 
resulting  differential  equation  is  of  the  (n  +  l)th  order. 

Ex.  1.     y  =  ax-\^b. 


or  substituting  ^  for  a  in  the  primitire, 

whence  it  appears,  that  by  one  differentiation  either  a  or  ft  may 
be  eliminated,  and  the  result  is  a  differential  equation  of  the 
first  order ;  and  by  two  differentiations  both  may  be  made  to 
disappear,  and  the  differential  equation  is  of  the  second  order. 

99.]  Suppose  however  that  the  equation  of  relation  between 
w  and  y  is  implicit,  involves  m  arbitrary  constants,  and  is  of  the 

^^™'  tt  =  F(^,y)  =  0;  (168) 

for  the  sake  of  simplicity  consider  x  to  be  equicrescent,  and 
differentiate  (168)  n  times  in  succession;  thereby  n  different 
equations  will  be  formed,  which,  added  to  (168),  give  us  n  +1 
different  equations  involving  m  constants.  Let  us  suppose  m 
to  be  greater  than  n ;  then  by  means  of  these,  n  of  the  con- 
stants may  be  eliminated,  and,  theoretically  at  least,  any  n  of 
them;  whereby  the  final  equation  will  contain  m  — n  of  the 
constants ;  and  of  course  there  may  be  as  many  different  final 
equations  as  there  are  combinations  of  the  m  constants  taken 
n  and  n  together ;  that  is,  there  may  be 
»»(m  — l)(m— 2)...(m— »-f-l) 


1.2.3 . 


different  equations. 


Thus  suppose  (168)  to  be  differentiated  twice;  three  equa- 
tions will  then  be  given  containing  m  constants.  By  means  of 
which  two  may  be  eliminated,  and  the  resulting  equation  will 
contain  m— 2  constants;  and  as  any  two  may  be  eliminated,  we 
may  have  as  many  different  final  equations  as  there  are  com- 
binations of  the  m  constants  taken  2  and  2  together.  Hence  it 
follows,  that  if  we  differentiate  m  times,  there  will  be  altogether 
m  + 1  equations,  from  which  the  m  arbitrary  constants  may  be 
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entirely  eliminated  >  and  that,  generally,  m  constants  invoked 
in  the  primitive  cannot  be  eliminated,  unless  there  are  formed 
m  derived-functions  of  the  primitive  expression. 

Ex.  1.    y*  =  m  (a*— 0?*) ;  it  is  required  to  eliminate  m  and  a. 

y^=-m^;  (169) 

also  eliminating  m  between  this  and  the  primitive,  we  have 

y^  +  (a«-j?»)^  =  0;  (170) 

and  differentiating  again  (169), 

That  isy  we  have  two  differential  equations  of  the  first  order, 

which  contain  -^  only,  and  which  respectively  do  not  involve 

a  and  m ;  and  one  differential  equation  of  the  second  order,  viz. 
(171),  from  which  both  the  constants  have  disappeared. 

Ex.  2.    Eliminate  the  constant  a  from 

(1-^)*  +  (l-y2)*  ^  a{x^y). 

—  xdx  ydy  , .        ,  . 

^    ^    ,  =  a  {dx—dy) ; 

(l-a7«)*      (l-y^)* 

whence,  by  the  common  process  of  elimination,  and  dividing 
out  the  common  factors, 

dx dy 

(1-^2)*  ~  (l-y»)*' 
which  is  a  differential  equation  of  the  first  order. 

Ex.  3.    Eliminate  c  from  j7*4-y*  =  ca7. 
2(xdx-\-ydy)  =  cdx; 

y^^2xy^^x^=^0; 
which  is  a  differential  equation  of  the  first  order. 
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Ex.  4.    Given  (^— a)'4-(y— /3)*  =  P*i  it  is  required  to  elimi- 
nate a  and  /3  by  differentiation. 

Let  neither  x  nor  y  be  eqnicreacent ;  then 

(ar-o)rfr+(y-/3)rfy  =  0, 

(ar-a)rf«ar  +  (y-i8)rf«y4-&?>-f  rfy«  =  0; 

••    ^     ""  ^  dxdhf^dyd^x'  y    P-      dxd^y-dyd^x' 

therefore  squaring  and  adding, 

(^-a)»  +  (y-i3)> 
And  if  «  is  equicrescent. 


<'-«'•+*-«' =  ''-(7^^r|fe- 


(•^^)' 


,_  {dai^-\-dy^f  _  ^   ^cfa?^^ 
'^   "     (dxdhf)^    ■"       /rf2y\«     ' 
\dx^) 
which  is  a  differential  expression  of  the  second  order. 

100.]  Also  since  the  differentials  of  logarithmic  and  inverse- 
circnlar  functions  are  algebraical  quantities;  the  differentials 
of  exponential  functions  reproduce  themselves^  and  of  circular 
functions  are  other  circular  quantities  related  to  them  by  trigo- 
nometrical formulae ;  such  transcendental  functions  may  be  eli- 
minated from  given  primitive  equations  by  means  of  differentia- 
tion^ and  differential  equations  will  thereby  be  formed.  The 
following  examples  will  explain  the  process,  and  enable  the 
student  to  apply  it  to  other  similar  problems. 

m 

Ex.  1.    If  y  =s  (a>  +  a?*)n ;  it  is  required  to  eliminate  the  irra- 
tional function.  m 
y  =  (a«-fa?»)n; 

.-.     logy  = —log  (a»+^),  -^= Tl—i'> 

dy  _     2mxy 

•*     dx  "  n(a^+x^y 

a  differential  equation  which  is  free  firom  radical  quantities. 

Ex.  2.  y  =  0 sin  ^4-d cos  x, 

dy  ,    . 

-/-  =  a  cos  x—b  sm  x, 
ax 

d*y  . 

~^  =  '-asmx'-bcosx; 
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which  is  a  differential  equation  of  the  second  order. 
Ex.  3.  y  =  ce'^'^*. 


=   CC 


dx  (l-a?a)*' 


which  is  a  differential  equation  of  the  first  order,  and  contains 
an  irrational  quantity  which  we  may  remove  by  a  subsequent 
differentiation.    Thus 

■■■  a-)S-'l  =  (>-'^*|. 

=  y; 
a  differential  equation  of  the  second  order  which  is  free  from 
radicals  and  transcendental  functions. 

Ex.  4.        y  =  be^  cos  (im?h-c)  ; 

^=  aie*^C08(fM?4-c)— «ife«*Bin(»M?+c), 

=  ay— nic«*sin(fM?4-<?), 

rf^V  rfv 

T-%  =  a^— nAac«'sm(«a?+c)— n*ie«*cos(«a?+£f), 

a  differential  equation  of  the  second  order,  and  free  from  expo- 
nential and  drcnlar  functions. 

^»'  =  |3Y;  .-.    2a?  =  log(y  +  l)-log(y-l), 


y+1     y-l' 
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.-.     dhp  =       ^    ,     or   -^  =  1  — y^ 

1  — y*  dx  ^ 

101.]  Differential  equations  also  sometimes  arise  in  another 
way :  it  is  often  more  convenient  to  express  the  relation  which 
holds  between  two  given  quantities  or  functions  by  a  differen- 
tial than  by  its  primitive  equation :  the  differential  equation 
indeed^  as  will  be  seen  hereafter,  can  frequently  be  found,  when 
the  primitive  is  beyond  our  powers  of  expression.  Here  how- 
ever I.  shall  give  only  one  or  two  examples  wherein  differential 
equations  are  formed. 

Ex.  1.  It  is  required  to  express  in  the  form  of  a  differential 
equation  the  relation  between  cos  nx  and  cos  or. 

Let        Un  =  cosn^,  and  z  =  cos  or; 

dum,  dx  -  .        , 

dz  dz 

n  sin  nor 


sin^p   ^ 


dUn 
dz 

cos  X  -^  —  (smx)*  -T-j-  =  n*  cos  iM? ; 

which  is  a  differential  equation  of  the  second  order.  K  we 
assume  u^  to  be  expanded  in  a  series  of  ascending  powers  of 
z,  the  coefficients  of  which  are  to  be  determined,  this  equation 
win  enable  us  to  determine  the  coefficients,  because  it  is  to  be 
satisfied  by  them  for  all  values  of  n. 

In  this  equation  it  will  be  observed  that  cos  ^  is  the  equi- 
cresceut  variable. 

Ex.  2.    It  is  required  to  express  in  the  form  of  a  differential 
equation  the  relation  which  exists  between  cos  x  and  the  series 

U^  =  COS»d?  +  COS(»  — l)d?4-  ...  +  cos  2a? +  008  0?. 

The  sum  of  the  series  is  found  without  difficulty ;  and  we  have 

.   X        .   nx       n  +  1 
ttnsm^  =  smy  cos-^o?; 

•  .-.    2ii„sm|  =  sin(«  +  ^)a?  — sin|. 


z  2, 
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172  FOJBUIATION  OF  DIFPHBINTIAL  EQUATIONS  [loa. 

Let  co8^  =  z;  .•.  rf2f=  --sinwdx;  let  2r  or  oos^  be  equi- 
crescent ;  then  differentiating  twice^  we  have 

2  (sin  ^)^  sins  -j-i- —  3  cos  a?  sm  ^r  -= ^^  Bin^^Un 

/        1\«  .    /        1\         1    .    a? 
=  -(«  +  2/''"'i'*"*"2)''-^i'*^2 

/        1\*/  .    a?     rt       .   a;\      1    .    a; 
=  -(n  +  ^)(8in^+2ttn8uig)+^8m2; 

which  is  the  required  differential  equation  of  the  second  order. 
These  two  examples  are  sufficient  to  illustrate  the  process. 

102.]  Thus  far  the  primitive  equations  have  contained  only 
two  variables,  and  the  differentials  and  derived-functions  have 
been  total :  it  remains  still  to  exhibit  the  analogous  processes^ 
when  three  or  more  variables  are  implicitly  or  explicitly  in- 
.  volved,  and  when  the  differentials  are  therefore  partial.  I  shall 
consider  two  cases  of  this  process.  In  the  former  the  variables 
will  be  contained  in  an  equation  which  is  free  from  any  nnde- 
termined  or  arbitrary  function.  In  the  latter  I  shall  suppose 
one  or  more  arbitrary  functions  to  be  involved,  of  which  the 
subject  variables  enter  in  certain  given  relations,  such  as  we 
have  supposed  and  exemplified  in  Art.  52  and  58 ;  and  the  de- 
rived functions  of  which  will  accordingly  bear  certain  relations 
to  each  other  dependent  on  the  form  in  which  the  subject  vari- 
ables are  combined,  and  will  thereby  admit  of  elimination. 

Ex.  1.  It  is  required  to  eliminate  a,  b,  c  and  d  from  the  equa- 
tion Aa?H-B^4-c2r  +  D  =  0,  and  to  express  the  resulting  relation 
in  the  form  of  a  partial  differential  equation. 

A.r-f  B^  +  CZ  +  D  ==  0. 

Let  us  assume  z  to  be  the  dependent  variable,  and  take  suc- 
cessively the  0?-  and  ^-partial  differentials ;  then,  observing  the 
power  of  brackets, 

AcLv-\-cdz  =  0,  .-.     A  +  c(^)  =  0; 

Bflfy+crf;r  =  0,  .-.     b4-c(^)  =  0j 
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dtber  one  of  which  dififerential  equations  satisfies  the  equation. 
Of  these  results  we  shall  hereafter  see  the  geometrical  meaning. 
Ex.  2.  Determine  the  partial  differential  equations  which  arise 
in  the  elimination  of  a,  b^  c  from  the  equation 

a»  ^  *»  ^  <?»  ~     • 
Taking  2  to  be  the  dependent  variable,  we  have 

and  of  the  fonner  of  these  two,  taking  the  x-partial  dififerential, 
we  have  j        j   ,    .    ,  ,,     . 

from  which  and  (172)  eliminating  a^  and  c^  we  have 

«©)+'©■-'(£)  =  '••  a'^) 

Similarly,  if  we  take  the  ^-differential  of  (173),  and  eliminate 
ft>  and  c^,  we  shall  have 

Either  (175)  or  (176)  is  the  required  differential  equation. 

Ex.  8.  It  is  required  to  express  a  property  of  the  following 
equation  in  terms  of  partial  derived-functions,  and  independently 
of  0,  6  and  c. 

V  =  {(ar-a)«-h(y-A)>+(;3r-c)*}-»; 

•'•    O  ^  ^  ^^'^''^  {(^-«)^+(y-*)*+(^-c)«}~* 
=  —  (a?— a)v*, 

(£)  =  — -"■(«-«)0 

=  -v»+8v«(a?-a)*. 
Similarly,  (0)  =  -v»+8v»(y-A)*, 
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rrf*v\      /(Py\      /d^y\ 


=  0. 

As  many  examples  of  the  formation  of  these  and  similar  differ- 
ential equations  will  occur  in  the  sequel,  it  is  unnecessary  to 
insert  others  here. 

103.]  Again,  let  us  consider  the  formation  of  partial  diflTer- 
ential  equations  as  they  arise  &om  the  elimination  of  arbitrary 
functions,  when  the  subject-variables  of  these  functions  are 
combined  in  particular  relations.  And  first  let  us  take  the 
most  simple  case ;  that  viz.  of  an  explicit  function  of  two  in- 
dependent variables,  of  the  form 

«=  F(^,y);  (177) 

in  which  the  form  of  f  is  undetermined,  and  wherein  ^  and  y 
enter  in  particular  combinations,  such  as  x  divided  by  y,  or  ^ 
multiplied  into  y,  and  so  on :  so  that  the  x-  and  the  y-partial 
derived-functions  of  u  will  contain  the  same  arbitrary  functional 
term.  Let  us  also  suppose  that  (177)  contains  only  one  arbi- 
trary function.  Then  the  partial  derived-functions  having  been 
calculated,  we  shall  have  two  equations  containing  the  same 
arbitrary  function,  which  by  means  of  them  may  be  eliminated; 

and  an  equation  will  result  in  terms  of  (^)>  yj')'  ^^^  '^^'^* 

ables  and  constants,  some  or  all,  of  the  primitive  equation,  and 
it  will  be  independent  of  the  arbitrary  function. 

If  the  primitive  contains  mimy  arbitrary  functions  of  w  and  y, 
with  their  subject  variables  combined  in  given  relations,  succes- 
sive partial  derived-functions  may  be  formed,  and  thence  equa- 
tions will  be  obtained  independent  of  the  arbitrary  functions, 
and  in  terms  of  the  partial  derived-functions.  The  process  has 
already  been  employed  in  Art.  52  and  53  of  Chapter  II,  and 
(56),  (59),  (62),  (65),  (76),  (86)  of  those  Articles  are  cases  of  it. 
The  following  examples  are  in  further  illustration. 

Ex.  1.  u  z=i  aX'\-btf'^ cf{mx  +  «y) ; 

then  if,  as  explained  in  Art.  58,  the  relation  between  /and  /'  is 
such  that  d.f{z)  =f\z)  dz, 
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Ex.2.  i«  =  F(4?»+y»); 

let  y  be  related  to  f  so  that  d.Y{z)  =  V{z)  dz^  then 

Ex.8.  «  =  y»  +  2/(^  +  lo8y)j 

kt/and  /'  be  related  so  that  d.f(,z)  =^f\z)  dz ;  then 

•■•  -0+»(|)=v. 

We  will  now  take  a  case  wherein  two  arbitrary  functions  are 
inYolved,  and  two  successive  differentiations  are  required. 

Ex.4.  ti  =/(flw?4-*y)H-<^(to— ay); 

then  nsing  a  notation  the  s^me  as  heretofore^ 

(^)  =  hf{ax-^by)^a4!{bx^ay)', 

And  taking  again  sncoessiyely  the  x-  and  the  y-differentials  of 
this  equation^ 

«(^)  +  *(^)  =  *(«'+*V"(«*+«y); 
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Ex.  5.  tt  =5  «?/(-)  +  t{xy) ; 

and  using  a  similar  notation, 

and  substituting  for/(-)  from  the  given  primitive,  we  have 
and  replaciiig  2«yp'(«y)— p(«y)  by  ^(«Sf)>  we  have 

'*(S)-^'($)-''- 

104.]  Thus  far  the  dependent  variable  has  been  explicitly  in- 
volved :  if  however  all  the  variables  are  implicitly  involved/  a 
process  similar  to  the  preceding  may  be  employed,  if  we  con- 
sider one  of  the  variables  to  be  a  function  of,  and  thus  depend- 
ent on  the  other  two,  and  on  this  supposition  calculate  its  par- 
tial variations  due  to  the  variations  of  the  others.  Some  cases 
of  this  kind  have  already  occurred  in  Art.  52  and  58,  and  some 
functions,  the  subjects  of  which  are  in  particular  combinations, 
have  in  them  been  eliminated. 

Ex.  1.    Eliminate  the  function  from 

Let ;?  be  a  variable  dependent  on  x  and  y,  which  are  two  inde- 
pendent variables ; 
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.-.     (mz-ny)  (^)  +  (nx-lz)  (^)  =  ly-mx. 

And  if  the  primitive  is  in  the  form  r  {x,  y,  z)  =  0,  the  resulting 
partial  differential  equation  is 

{mz-ny)  (g)  +  {ni,-lz)  (g)  +  {ly-mx)  (g)  =  0. 

Ex.  2.        u  =  xy{^,-).' 
^x   z' 

Since  f  has  two  subjects  -^  -,  let  Fi  and  F2  be  so  related  to 

X    z 

r  that  they  are  the  functional  factors  in  the  denTed-fonctions 
of  F,  according  as  the  first  or  second  subject  varies. 

W  -''yx'zl-x^'yx'zl  +  z^'yx'zl' 
(du\  _       x>      (y  x\ 


=  u. 


Ex.  8.     1*  =  f(ax^  4-  by^  -hcz^)  +  ^  (cos  ir + cos  my  4-  cos  nz). 
idx'  ^  ^oxf\ax^  +  by^-h  cz^) —Isialx  0'(cos  te  +  cos  my  4-  cos  njgr), 

(^ j  =r  8  by^f{€ux^  4-  Ay*  4-  c^r*)  —  w  sin  wy  <;>'(cos  Ix  4-  cos  «iy  4-  cos  nz), 

(^)  =  4c2r'/'(aa?*4-Ay*4-c;?*)— nsin«2r0'(coste4-cosf»y4-cos«5r); 

therefore  by  Lagrange's  method  of  cross-multiplication,  see 
Preliminary  Proposition  II,  we  have 

(^)  {4c»Mf'8inmy— 84ny*sin»2r}  4-  (^){2and?sin»Mr— 4c/;8r»sinir} 

4-  yj-)  {3A/y2gii^j2?— 2a»M?sinmy}  =  0, 
an  equation  independent  of  the  arbitrary  functions^  and  there- 

PBICE,  VOL.  I.  A  a 
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fore  expressive  of  the  properties  of  such  functions,  whatever  is 
their  specific  form. 

Ex.  4.         z  =/(a?4- fly)  +  <;>(^— fly). 

Let/'  and  ^',  f"  and  </>''  stand  in  their  usual  relation  to /and 
i^:  then  » 

(^)  =/'(a?+ay)+4>'(ar-ay). 

(^)  =  o/'(a?  +  oy)-a«^'(jr-ay), 

•••    (f)-(S)  =  o- 

105.]  In  general^  for  determining  to  what  order  of  differen- 
tiation we  must  proceed  to  eliminate  any  number  of  arbitrary 
functions  from  an  expression  containing  two  variables  in  given 
combinations^  for  we  will  not  enter  upon  the  more  general  case^ 
let  the  following  considerations  suffice. 

Suppose  «  =  0  to  comprise  m  arbitrary  functions  of  x  and  y, 
then  it  is  plain  that  each  successive  differentiation  introduces 
m  other  arbitrary  functions^  which  are  the  derived  of  the  given 
functions ;  so  that  by  proceeding  to  the  nth  order  of  differen- 
tiation, we  have  (n  + 1)  9»  different  arbitrary  functions :  but  as 
the  original  equation  u  =  0  gives  one  relation  amongst  these 
functions,  so  do 

O = 0.       (S) = ». 

give  us  other  relations ;  and  therefore  by  means  of  n  differen- 
tiations we  have  the  number  of  relations  equal  to    ■ 

1  +  2  +  3+ +(„  +  l)  =  <^±lH»±2). 

In  order  that  we  may  be  able  to  eliminate  all  these^  we  must 
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evidently  have  the  number  of  relations  greater  than  the  number 
of  unknown  quantities,  that  is, 

j-g >  (n-f-l)m; 

that  is,  n  +  2>2fii,  ii>2m  — 2; 

that  is,  n,  which  expresses  the  order  of  differentiation,  must 
=  2f»— 1  at  least;  and  we  shall  then  have  a  sufficient  number 
of  equations  to  eliminate  the  arbitrary  functions  from.  Thus, 
if  the  original  equation  involve  but  one  arbitrary  function, 
m  =  ly  and  we  need  differentiate  but  once ;  if  it  involves  two 
arbitrary  functions,  we  must  in  the  general  case  differentiate 
thrice,  and  so  on.  An  example  is  subjoined  in  which  three 
differentiations  are  required: 

(^)-(^)  =  (y-^)*(^-y)4-2a?y<^'(a:-y). 

d^l-ydiAi)  =  (y-^)*(^-y)-"/>(*-y) 

(dht  \      /<Pu\ 
d^)-\-dyi)  =  -(y-*)*(*-y)+*(^-y) 

+  8«  *'(a?-y)  -  8ay  4,"{x-y) ; 
And  differentiating  again, 

^-         *'<-^>  =  .-(^l(S)-($)l' 

/rf»tf\     /  dh$  \    /  dH$  \     ((Pu\ __     2     </rf^\     /^\) 


A  a  2 
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Section  8. — Transformation  of  partial  differential  expressions 
into  their  equivalents  in  terms  of  new  variables, 

106.]  In  a  previous  section  of  the  present  chapter  we  have 
investigated  the  process  by  which  an  equation  involving  total 
differential  expressions  may  be  changed  into  its  equivalent  in 
terms  of  new  variables^  and  we  explained  the  modifications 
which  such  expressions  underwent  according  as  one  or  another 
of  the  variables  is  equicrescent.  In  the  last  section  the  elimina- 
tion of  arbitrary  functions  and  other  processes  have  given  rise 
to  equations  containing  partial  differential  quantities;  and  for 
purposes  of  simplification  or  for  other  reasons  it  is  often  neces- 
sary to  transform  them  into  their  equivalents  in  terms  of  new 
variables.  The  process  of  this  transformation  I  proceed  to  ex- 
plain ;  but  I  shall  take  only  simple  cases,  as  they  will  be  suffi- 
cient to  unfold  the  principles ;  and  the  more  complicated  will  be 
discussed  where  they  arise  in  the  second  volume  of  our  work. 

Let  us  first  take  the  most  simple  case :  that^  viz.^  of  a  differ- 
ential expression. involving  i^r-jf  l^-j*  ^>  ^Vi  ^  which  ac- 
cordingly the  first  partial  derived-functions  and  differentials  are 
involved^  and  wherein  are  none  of  a  higher  order.    Now  let  it 

be  observed  that  as  a  relation  between  [jt-)'  (t")'  ^^^  ^*"^" 

ables  X  and  y,  and  certain  constants  is  given  by  the  given  equa-- 
tion,  so  is  there  of  necessity  a  relation  of  the  form  v{u^  x^  y)  =  0, 
whether  such  a  relation  can  be  found  or  not. 

Let  us  suppose  that  the  variables  x  and  y  are  connected  with 
two  new  variables  r  and  $  by  means  of  equations  of  the  form 

y  =  <l>2(r,e)j'  ^ 

and  that  it  is  required  to  transform  the  given  differential  equa- 
tion into  its  equivalent  in  terms  of  the  new  variables.  If  the 
primitive  function  is  of  the  form  u  =/(^,  y),  then  after  the  sub- 
stitutions of  the  preceding  values  for  x  and  y,  we  shall  have 

u  =  r(r,e);  (179) 

of  which  the  total  differential  is 

■'«=(f>+0''»'    '  (i«» 
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whence^   dividing   through    successively   by   dx  and   dy,   and 

,      .       Df*  .        idu\        -  Dw  .        idu\  , 

changing  ^  into  [-7-),  and  —  into  \-r)>  Bince  m  these  cases 

we  have  the  ratio  of  the  partial  variations  of  u  and  of  x,  and 
of  u  and  of  y,  and  bracketing  them  to  indicate  that  they  are 
partial,  we  have 


\dx^  ""  \dr)dx'^^deldx' 
/rftt\  _  /rfp\  dr      /dr\  dB 
\dyf  ■"  W  dy  "^  \def  dy ' 


(181) 


Bat  since  y  does  not  vary  when  l--z-)  is  calculated,  and  x  does 
not  vary  when  (^  j  is  calculated^  we  must  bear  in  mind  that 

dr     dA 

^>  ^- are  to  be  calculated  on  the  supposition  that  dy  ^=^0; 
and  that  -y-^  -y-  ^^^  ^o  ^^  calculated  on  the  supposition  that 
dr  =  0.    Let  us  introduce  these  conditions ;  from  (178)  we  have 


•^=(f)*+(ii)*. 


dx  dx 

therefore  to  calculate  ^  and  -^ ,  lei  dy=:0;  and  eliminating 

successively  d$  and  dr  between  these  two  equations  on  this 
supposition,  we  have 


dx 


($)(t)-{^)($) 


(d<Pi\  /d<p»\  _  (d^\  (d4>i\ 
\ddi\dri      \dei\dri 


dx 


*  ld<h 


(d<h\ 
\drl 


(182) 


(188) 


id^\  id^\  _  ,d^\  (d^\ 
\de'\  dri      \de  i\drl 

(d4>i\ 
\d0f 


Bifflilarly,     ^  =    ^«.>'  '  «^  '       '  «'>  '  ^  «^  \  (184) 
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dy        \def\drf      \  dO '  \  dr  f  ^^^^, 

-jT.  = ;  (185) 

\dri 
and  if  we  substitute  these  quantities  in  the  expressions  above 

for  \^  and  (^),  the  resulting  expressions  will  be  the  equi- 
valents of  (^j  and  (;t-)>  when  x  and  y  are  replaced  by  their 

equivalents  in  terms  of  r  and  B.  It  is  unnecessary  to  express 
the  values  in  their  full  length,  because  it  is  more  convenient  to 
work  each  example  with  its  own  particular  formulae. 

107.]  Ex.1.  To  transform  \j-)  and  (^)  into  their  equi- 
valents in  terms  of  r  and  d,  when  x=^r  cos  By  y  —  r  sin^. 

In  this  problem  there  is  implied  a  function,  r  ^f{x^y)y  which 
becomes^  when  x  and  y  are  replaced  by  their  equivalents, 

R  =  P(r,d); 


idK\  _  /dK\  dr       /dR\  dB 
'''     W  ""  v^/  d^  "^  V5^/  ite' 
/rfax  __  /dB,\  dr      /dax  dB 

But  dx  z=:  drcosB  —  rmiBdB,    1 


(186) 


(187) 


rfy  =  rfr  sin  ^  +  r  COS  ^  dB, 

To  calculate  dx^  dy  must  be  equal  to  0 ;  whence,  eliminating 
dB  and  dr  in  turn  from  (187),  we  have 

dx  =  drcosB  —  rsinBdB,  0  =  i/r  sin^H-^cos  d</^; 

and  therefore 

dx  1  rf<a?  r  __ 

^  =  — ^.  ^=--^-^-  (188) 

dr         cos  d  '  </d  sin  d  ^       ' 

'  Similarly  to  calculate  dy,  dx  =  0;  wherefore,  by  means  of 
(187), 

P  =  dr  cos  B  —  r  sin  BdB,  rfy  =  rfr  sin  d  +  r  cos  B  dB ; 

whence  ^  =  4^,  |  =  ^ ;  (189) 

dr       nmB'  dB       cos  ^  ^      ' 

and  substituting  these  values  in  (186), 
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/rfR\  /dR\     .     ^        /dK\COS$       \ 


(190) 


Hence  we  have  two  transformations  useful  in  the  Planetary 
Theoiy,  Tiz.  ,  .  , 

Ex.  2.   It  is  required  to  transform  into  its  equivalent  in  terms 

of  r.  By  and  4>,  x  (^)  +  y  (^)  +  '2r(^),  when  d?  =  r  sin  Q  cos  ^, 

y  =  rsindsin^,  xr=:rcos^. 
Let  r  sin  ^  =  p;  so  that 

d?  =  p  cos  ^  1  /»  =  r  sin  ^  1 

y  =  p  sin  <^  J  '  ^  =  r  cos  ^  J  ' 

therefore  by  the  last  example, 

ld^\         /dvi\  /dR\ 

IO8.3  The  general  formulse  for  the  transformation  of  second 
and  higher  partial  differentials  and  derived-functions,  which  are 
analogous  to  those  of  Art.  107,  are  evidently  very  long ;  and  as 
their  discovery  is  easy,  it  will  be  sufficient  for  our  purpose  to 
give  one  or  two  examples  wherein  particular  and  the  most  com- 
mon forms  of  them  appear. 

-7-jj  +  \~j^)  i^*^  i*8  equivalent  in 

terms  of  rand  ^,  where  ar=:r  cos  d,  y  =  rsind. 
By  the  process  of  the  preceding  Article  and  (188),  we  have 


^da^        ^drf  ^dS^     r 

(dv\  _  /rfv\    .  /rfv\  cos  $ 


/rfv\        fdv\        ^      /dy\%m6  ,,^,^ 
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differentiating  (191),  and  bearing  in  mind  that  ^^j  and  y^a) 
are  functions  of  r  and  $,  we  have 

\dx^f  "  ^^^l\dr^'  dx  '^  \drdef  dx] 

sin  ^  O  fPv  \  dr      /rf*v\  dO)^ 
"T"  VWdBf  dx  "*■  ^dev  dx) 

/dv\   .    ^d$      /dy\  rcosOdO —  Bin  $dr 

-U''''^di-U r^ ' 

whence,  substituting  from  (188),  we  have 

Similarly, 

(^)  =  (""^  ^)*  (^)  + r (dPW)  +  -75-  \W) 

/dv\  (cos  fl)'      2Bintfco8g  /rfT\ ,    ,(^ 

The  results  (198)  and  (194)  are  no  other  than  particular 
cases  of  equation  (100),  Art.  80,  when  the  right  substitutions 
•  are  made,  and  consistently  with  the  independence  and  equi- 
crescence  of  the  variables. 

^-2 )  and  (-^-j) 
have  been  found,  it  may  be  proved  that 

/  rf*v  \        .    ^        ^id^^\     cos2d/«Pv\      sin^cos^ /<f'T\ 

lrfi^)  =  »"'^*'*»«nd;^)  +  -7-Wfl) — FT— (^) 

C08  2g/rfY\ 

d^l  +  1^)  +  (5;^)  ""^  '**  ^^"^^ 
lent  in  terms  of  r,  d,  and  </>,  when  ^  =  rsin^cos^,  y  x=  rsind  sin^, 
jiT  s=  r  cos  d. 

It  is  convenient  in  this  example  to  introduce  a  subsidiary 
quantity  p,  so  that 
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y  =  p  sin  0 
Then  by  the  preceding  example, 


]>      ^'-'^n       (197) 


therefore  by  addition, 
(tPy\      /isPvx      /d*v 


/a*v\      /iPv\      /a*v\ 

therefore  substituting  for  p  from  (197)  we  have, 
/rf'vx      /iPv\      /^''^X  _  /^*^\      ?  (^^\ 

\dx^)  +  v^/  +  \d^)  -  l^;  +  r  W 

1         /rf*v\       1   /rf^v\      coti?  /rfv\     ^„^_^ 

+  i:^(d^«  (5^)  +  7^{w)  +  1^  U'  <^^> 

To  reduce  this  farther  let  cos  ^  =  /a  ;  therefore  0  =  cos-^/x ;  and 

80  that  (201)  becomes 

I  may  observe,  see  Ex.  3,  Art.  102,  that  the  given  differential 
equation  expresses  a  property  of 

V  =  {(a?-a)»+(y-*)*  +  (-?-c)»}-*. 

If  in  this  we  replace  x,  y,  z  by  their  values  given  in  (197),  we  have 
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V  =  {r*  — 2r(a8in^cos<^-f- Asindsin^  +  ccos^) 

+  «»-f  A*  +  c«}-*;  (203) 
so  that  (202)  is  a  property  of  this  last  expression. 

A  further  reduction  of  the  equation  (202)  has  been  made  by 
Mr.  Hargreave  in  a  paper  in  the  Philosophical  Transactions  for 
1841 ;  but  as  it  introduces  considerations  beside  our  present 
purpose^  I  must  omit  it.  Also  a  discussion  of  some  properties 
of  it  by  Mr.  Boole  will  be  found  in  the  first  volume,  page  10,  of 
the  Cambridge  and  Dublin  Mathematical  Journal.  These  me- 
moirs however  for  the  most  part  are  with  the  view  of  inquiring 
whether  (202)  is  or  is  not  a  diflferential  equation  derivable  from 
some  finite  expression  more  general  than  (203). 
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CHAPTER  IV. 

THE  RELATIONS  BETWEEN  FUNCTIONS  AND  DERIVED-FUNC- 
TIONS, ON  WHICH  CERTAIN  APPLICATIONS  OF  THE  CAL- 
CULUS  DEPEND. 

109.]  In  the  preceding  part  of  the  work,  with  the  single  ex- 
ception of  Art.  71,  72,  we  have  considered  the  changes  of  the 
variables  to  be  infinitesimal,  and  have  estimated  the  changes  of 
the  functions  and  their  derivatives  as  they  are  due  to  such  infi- 
nitesimal increments ;  but  many  subsequent  applications  require 
a  knowledge  of  the  properties  of  functions,  when  the  variables 
are  increased  by  finite  augments.  One  object  of  this  Chapter  is 
therefore  to  connect  such  finite  changes  with  differentials  and 
derived-functions ;  a  relation  of  the  kind  has  been  established 
in  equation  (81)  of  Art.  72,  the  second  member  of  which  consists 
of  a  finite  number  of  terms ;  and  an  accurate  equality  exists 
between  the  sum  of  them  and  the  left-hand  member,  except  so 
far  as  ^  is  an  undetermined  proper  fraction.  But  the  proof  is 
insuflicieut,  inasmuch  as  it  does  not  afford  answers  to  such 
questions  as  follow :  Are  all  functions  of  the  form  f{x  -\-  h)  capa- 
ble of  expansion  in  a  series  of  the  form  of  the  second  member 
of  equation  (81) ;  and  if  all  are  not,  what  are  the  characteristics 
of  those  which  are  ?  and  supposing  the  function  to  be  capable 
of  expansion,  can  it  be  so  expanded  for  all  values  of  ac  and  A,  or 
is  it  possible  for  some  and  impossible  for  others  ?  and  what  are 
the  characteristics  of  x  and  h  for  which  it  is  possible  ?  and  is 
the  series  true  when  continued  to  any  number  of  terras,  or  must 
it  cease  at  a  certain  term,  because  the  requisite  conditions  are 
not  satisfied  by  subsequent  terras  ?  Hence  arises  the  necessity 
of  proving  certain  theorems  which  establish  relations  between 
functions  and  their  derivatives,  and  which  involve  certain  con- 
ditions subject  to  which  they  are,  and  in  failure  of  which  they 
are  not,  within  the  general  range  of  the  Calculus ;  and  by  means 
of  these,  the  infinitesimal  calculus  will  be  extended  to  changes 
of  functions  due  to  the  finite  changes  of  the  variables. 
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110.]  Theorem  I. — GHven  that  y=:f(x)  is  a  continuoua  func- 
tion of  07,  for  a  given  value  of  it,  viz.  w  =  xq,  and  for  values  a 
little  greater  and  a  little  less  %han  Wq,  that  is,  for  Xo-\-dx,  and 
XQ-~dx:  then,  \i  f\xo)  is  positive,  x  and  f{x)  are,  for  that  par- 
ticular value,  increasing  or  decreasing  simultaneously;  and  if 
f'(Xo)  is  negative,  as  x  increases  and  passes  through  X(^  f{x)  is 
decreasing,  or  vice  versd. 

Let  ^y  and  ^x  be,  as  before,  the  simultaneous  and  finite 
changes  in  the  values  of  ^  and  x;  then  it  is  plain,  that  accord- 
ing as  —  is  positive  or  negative  when  the  increments  are  less 
than  any  assignable  quantity,  so  is  ^  orf\x)  which  is  its  limit. 

Since  y  =  /(a?),  y + Ay  =  f{x  -h  a  x), 

.         Ay   _   f(^+AX)-f(X) 
AX  {X-{-AX)~'X 

On  the  supposition  that  —  is  positive,  the  numerator  and 

saX 

denominator  of  the  fraction  must  have  the  same  signs ;  and 
therefore,  if  a?4-Aa?  is  >  or,  that  is,  if  x  increases,  /(x-^ax) 
is  >  than  f(x) :  but  if  07  +  a^  is  <  x,  that  is,  if  x  decreases, 
then  f{x+Ax)  is  <  thanf(x)',  and  the  same  is  true  of  the 
limiting  value  when  ax  and  Ay  become  dx  and  dy.     So  again 

if  —  is  negative,  the  numerator  and  denominator  must  have 

AX 

different  signs ;  and  th^efore,  if  x  increases,  f{x)  must  de- 
erease :  and  if  x  decreaAes,  f(x)  increases,  and  the  same  will  be 

true  in  the  limit.     Hence  we  conclude  that,  if  ^  =  f'(x)  is 

positive  for  x  =  Xq^  at  that  particular  value,  x  and  f(x)  are  in- 
creasing or  decreasing  simultaneously;  and  H  f\x)  is  negative 
when  x  =  Xo,  t^  X  increases  f(x)  decreases,  or  as  o?  decreases 
/(a?)  increases.     Thus,  if 

f(x)  =  x^-6x^-^Ux-6,  fix)  =  Sx^-I2x+U. 

Hoyf  f'{x)  is  positive  when  a?  =  1 ;  therefore  f{x)  and  x  are 
simultaneously  increasing  at  that  value  of  x ;  but  f'{x)  is  n^a- 
tive  when  x  =  2\  therefore  as  x  increases^  f{x)  is  decreasing  at 
.that  value. 

CoBOLLARY  I. — Hcuce  it  f{x)  is  continuous  for  every  value 
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of  X  between  ^o  ^nd  x^y  Xn  being  greater  than  Xq,  x  and  f{x) 
are  increasing  or  decreasing  simultaneously  through  all  values 
for  which  f'[x)  is  positive ;  and  through  all  values  for  which 
f'{x)  is  negative,  as  x  increases, /(j?)  decreases,  and  vice  versd. 

Cor.  II. — Hence  also  if,  up  to  a  certain  value,  d?  =  a,  as  a? 
increases  f{x)  increases,  and  after  that  value  f{x)  decreases, 
f'{x)  will  be  positive  until  a?  =  a,  and  then  will  become  nega- 
tive ;  and  as  the  sign  of  such  a  quantity  changes  only  by  the 
quantity  passing  through  zero  or  infinity,  according  as  the 
factor,  to  the  change  of  sign  of  which  the  function's  change  of 
sign  is  due,  is  in  the  numerator  or  denominator,  so,  when  07=  a, 
will  f\x)  be  equal  to  either  zero  or  infinity. 

In  further  illustration  of  this  theorem  and  its  corollaries,  let 
us  consider  the  following  examples : 

In  fig.  10,  let  OB  A  be  a  semicircle,  the  radius  of  which  is 

equal  to  a;  let  o  be  the  origin  and  oca  the  axis  of  x;  then  the 

equation  to  it  is 

y*  =  2ax~-x^; 

a—x 


fix)  =  y  =  {2ar-a?2}*,        ^  =/'(a?)  = 


dx      •^  '  '       (2a^-j?«)* 

Now  for  all  values  of  a?  between  0  and  a,f\x)  is  positive,  and 
therefore  as  x  increases,  f{x)  increases  also ;  and  for  all  values 
otx  between  a  and  2  a,  f\x)  is  negative,  and  therefore  as  x  in- 
creases, f{x)  decreases.  And  when  a?  =  a,  f'{x)  =  0,  and  changes 
sign  from  +  to  — . 

Or  again,  let  y  =f(x)  =  sin  x; 

•'•     ^=/'(^)  =  ^«^- 

So  that  for  all  values  of  x  in  the  first  quadrant,  cos  x  is  positive, 
and  X  and  sin  x  are  simultaneously  increasing  or  decreasing. 
But  for  all  values  of  x  in  the  second  and  third  quadrants,  f'(x) 
or  cos  X  is  negative,  and  sin  x  decreases  as  x  increases ;  and 
similarly  for  all  other  values  of  the  arc. 

It  is  also  to  be  observed,  that  not  only  by  its  sign  does  -^ 

(tx 

or  f\x)  indicate  whether  an  increase  of  the  variable  is  accom- 
panied contemporaneously  by  an  increase  or  decrease  of  the 
fiinction,  but  it  also  by  its  value  denotes  the  rate  of  such  in- 
crease or  decrease;  the  greater /'(j?)  is,  if  it  is  positive,  the 
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faster  does  f{x)  increase  as  x  increases ;  and  the  less  fix)  is, 
if  it  is  negative,  the  slower  does  /(a?)  decrease  as  x  increases. 
Thus  if  ^  =  ^,  the  equation  to  a  straight  line  passing  through 
the  origin,  dy  =  dx^  and  the  simultaneous  increments  of  x  and 
y  are  equal ;  but  if  y  =  2a7,  dy  =  2dx,  and  the  increment  of  y  is 
always  twice  that  of  x, 

111.]  Theorem  II. — If  Xn  and  Xq  are  two  definite  values  of 
X,  Xn  being  greater  than  xq,  and  Xn—Xo  being  a  finite  quantity; 
and  if  r  (x)  is  a  function  of  x^  which,  as  also  its  first  derived- 
function,  is  finite  and  continuous  for  all  values  of  x  between 
Xn  and  Xo-i  then 

¥{Xn)—Y(Xo)   =    (^n—^o)r'{Xo-he(Xn-Xo)}, 

6  being  some  proper  positive  fraction. 

Let  the  difference  x^  —  Xq  be  divided  into  n  parts,  and  let  x^ 
<r2, ...  Xn-i  be  the  values  of  x  corresponding  to  the  n  — 1  points 
of  division ;  and  let  us  moreover  suppose  n  to  be  so  large,  that 
each  of  the  divided  elements,  Xi—xo,  x^—Xu  .-.  ^n— ^n~i>  is  an 
infinitesimal. 

From  the  definition  of  a  derived-function  given  in  (6),  Article 
18,  we  have  the  following  series  of  equations, 

f(^i)-f(^o)  =  (a?i-a?o)FVo), 

P(j?2)-F(^l)    =    (^2-^l)l?'(«yi), 


(1) 


F(jPn)  — F(arn-l)    =    (^n-<a?n-l)  F'(a?n_i)  ;  ^ 

whence,  adding  all  the  first  and  second  members  of  the  series 
of  equations,  the  sum  of  the  first  is  F(^n)— ^(^o);  aud  the  sum 
of  the  second  is,  by  Preliminary  Theorem  III,  the  product  of 
the  sum  of  the  first  factors,  viz.  Xn^XQ,  and  some  mean  value 
of  the  second  factors ;  that  is, 

F(^„)-F(a?o)   =   (^n  — ^O)y'{'2?0  +  ^(J?«-^0)},  (2) 

in  which  6  is  some  positive  proper  fraction :  and  therefore  the 
last  factor  is  a  correct  symbol  of  the  required  quantity;  for 
putting  d  =  0,  we  have  only  the  first  term  of  the  series,  and 
which  would  therefore  be  correct  if  all  the  derived-functions  in 
equations  (1)  were  equal;  and  if  ^  =  1,  we  have  F'(;r„),  which  is 
a  term  just  beyond  that  which  the  series  reaches;  hence  B  must 
be  greater  than  zero  and  less  than  unity. 

Let  the  finite  difference  Xn—Xo  be  represented  by  h^  so  that 
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jr«— ^e  =  i^;  and  therefore  j?n=:  ^oH-^^  and  h  is  the  finite  incre- 
ment of  ^o;  then 

F  (a?o  +  A)  —  F  (^o)  =  h  p'(  j?o  +  ^h),  (3) 

It  ia  to  be  observed  tbat^  if  h  is  infinitesimal^  we  must  neglect 
Bh  when  added  to  the  finite  quantity  Xq  ;  and  the  result  is,  the 
derived-function  as  originally  defined  in  Art.  18. 

112.]  Theorem  III. — If  ^^  and  Xq  are  two  definite  values  of 
x^  Xft  being  greater  than  Xq  and  Xn—  Xq  being  a  finite  quantity ; 
and  if  F(a?)  and /(^)  are  functions  of  x,  which,  as  also  their 
first-derived-functions,  are  finite  and  continuous  for  all  values 
of  JT  between  Xq  and  Xni  and  besides,  ii  f\x)  does  not  change 
sign  within  these  limits ;  then 

where  6  represents  a  iraction  mean  to  0  and  1. 

Let  the  difference  Xn  —  Xo  be  divided  into  n  parts,  and  let  x^^ 
^j,...^,.i  be  the  values  of  x  corresponding  to  the  n  — 1  points 
of  division;  and  let  us  moreover  suppose  n  to  be  iufiuite,  and 
fet  each  of  the  divided  elements,  j?i  — a?o,  ^2—^1*  .••  i*?n— ^n-i> 
be  au  infinitesimal.     Then,  since 

F(a?i)-F(57o)  =  (a?i— j?o)y'(^o), 

and  /(^i)  -/(^o)  =  (^1  -  ^o)/'(^o) ; 

^      r(^i)-F(ayo)  _  /(d?o) 
•  •    /(^i)-/(^o)       /'(^o)' 


F(^„)-F(a7„_i)  F'(a?n-i) 


(4) 


Now  this  being  a  series  of  fractions  whose  denominators  are 
all  of  the  same  sign,  according  to  Preliminary  Theorem  IV,  the 
nitio  of  the  sum  of  all  the  numerators  of  the  left-hand  members 
of  the  equations  to  the  sum  of  all  the  denominators  is  equal  to 
some  mean  value  of  the  fractions ;  that  is, 

/{^n)-/(^0) 

is  equal  to  some  mean  value  of  the  fractions  which  are  the 
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right-hand  members  of  the  above  equations;  and  such  a  yalae 
will  be  properly  represented  by 

where  tf  is  a  proper  and  positive  fraction ;  therefore 

For  the  sake  of  convenience,  let  Xn  —  ^o  =^  h,  so  that 
x^ssXo  +  h;  and  therefore  A  is  the  finite  increment  of  Xq,  and 
the  functions  under  consideration  include  those  for  all  values  of 
X  between  Xo  &nd  oi^o-^h;  then 

p  (a?o  -f  A)  —  P  (a?o)        p'(^o  +  <?  A) 


/(a7o  +  A)-/(^o)        fi^o+eh)' 


(5) 


The  further  condition  to  which  f{x)  is  subject^  viz.  that  f(x) 
does  not  change  sign  between  Xq  and  xo  +  h,  is  necessary,  in 
order  that  the  sum  of  the  denominators  of  the  right-hand 
members  of  (4)  may  not  vanish,  for  thereby  the  first  member 
of  (5)  might  be  equal  to  an  infinite  quantity,  and  the  equation 
might  be  useless. 

To  enable  a  student  the  better  to  grasp  the  full  meaning  of 
the  conditions  of  this  important  theorem,  the  graphical  illustra- 
tion of  fig.  11  is  given. 

Of  the  two  curves  therein  delineated,  let  the  upper  one  be 
that  whose  equation  is  y  =  F(a?),  and  let  the  lower  one  repre- 
sent y  =  /(j?). 

Let  o  be  the  origin,  OMo  =  aro»  oM|,  =  ar»;  therefore  MnMo  =  A; 
0M  =  a7,  X  referring  to  any  point  intermediate  to  Ho  and  m»; 
and  suppose  that  f\x)  is  positive  for  all  values  of  w  between 
Xq  and  Xn,  which  property  is  represented  by  the  curve  being 
such  that  the  ordinate  increases  as  the  abscissa  increases ;  now 
it  is  immaterial  what  forms,  or  branches,  or  points  of  discon- 
tinuity the  curves  may  have  outside  the  assigned  limits;  we 
consider  them  only  within  and  between  the  limits,  and  restrict 
them  to  certain  conditions  within  those  limits,  and  which  are 
expressed  in  the  curves  of  the  figure,  viz.  that  they  are  finite 
and  continuous ;  also 

MoPo  =  r(^o),  Mo/?o  =  fi^oh 

MhPh  =  r(Xn)  =  p(a?o  +  A);  U^Pn  ^fi^n)  =/(^o-fA). 
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CoF.  I. — Suppose  in  the  above  equation  (5)^  that  f(j7o)  =  0 
and  /(a?o)  =  0,  which  expresses  the  condition  that  both  the 
curves  in  fig.  11  pass  through  the  point  Mo,  then 

Cor.  II. — ^Also  suppose  that  Xo,  which  is  the  lower  limit  of 
X,  —  0,  which  expresses  the  condition  that  in  fig.  11  the  origin 
of.coordinates  is  at  Mo>  then 

p(&)-F(0)  _  v\eh) 
/(A)-/(0)  "^  f\ehy 

and  writing  x  for  h,  as  h  is  measured  from  the  origin  Mo  in  this 

and  if  f(0)  =  0^  and/(0)  =  0^  that  is,  if  both  the  curves  pass 
through  the  origin,        ^  ^  ^^^ 

fix)"  fifixY  ^^> 

113.]  By  Corollary  I.  of  the  last  Article  and  equation  (6),  it 
appears  that  if  any  two  functions  of  x  vanish  when  x^x^; 
then,  subject  to  the  necessary  conditions, 

f(Xo+h)       f\xo  +  eh)  ^  f{Xo-\-h{) '  ^^^ 

replacing  Oh  by  hi  for  the  sake  of  convenience,  and  observing 
therefore  that  hi  is  less  than,  A. 

Suppose  now  that  /(^o)  =  0,  and  /'(a?©)  =  0,  and  that  v"{x) 
and  fix),  as  well  as  y'{x)  and  fix),  are  finite  and  continuoua 
for  all  values  of  ^  between  Xq  and  XQ-\-6h;  and  that/"(j7)  does 
not  change  sign  within  these  limits ;  then,  by  virtue  of  (9),  w& 

^"^  F^(^o+&i)  ^   ^\xo-\-ehi) . 

and  replacing  ^Ai  by  ?i%,  and  observing  that  A2  ^  less  than  Ai,, 

""^  *'*'^®  P>o  +  Ai)  _  F>o  +  A,) 

/>o+Ai)  "/>o  +  A,)-  ^'""^ 

Similarly  again,  if  F"(a?o)  =  0  and  f\xo)  =  0,  and  if  the 
derived-functions  v'^'ix),  f'"{x)  are  finite  and  continuous  for  all 
values  of  x  between  xq  and  ^o+Aj ;  and  if,  besides, /"(a?)  always 
increases  or  decreases  with  x  between  these  limits ;  then 
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/"(*.  +  Ai)  ~  /"'(*o+  tf  A.)  ~  /"'(^o+  As) '  ^     ' 

replacing  Bht  by  A3 ;  whence  it  appears,  that  A3,  which  is  less 
than  hi,  which  is  also  less  than  hi,  and  therefore  less  than  A,  is 
of  the  form  6h. 

S  appose  now  that  these  several  conditions  as  to  the  derived- 
functions,  and  others  similar  to  them,  hold  good  up  to  the 
(n~l)th  derived-functions  inclusively,  then 

¥{xo  -h  eh)    _   P*»(^o  +  ^A) 

f\xo-^eh)  "  /"(^o-f^A)' 

But  by  (5)  the  left-hand  member  of  this  equation  is  equal  to 

f(j7o  +  A)  — p(jgo)  , 

/(^o-hA)-/(cro)' 

so  that  we  have  the  following  proposition : 

Theorem  IV. — If  F(a?)  and  f(x)  are  two  functions  of  x, 
which,  and  also  all  the  derived-functions  up  to  the  nth  inclu- 
sively, are  finite  and  continuous  for  all  values  of  j?  between 
^0  &iid  ^0  +  A  ;  and  if 

p'(^o)  =  0,     P>o)  =  0, P'-i(^o)  =  0, 

/Vo)  =  0,    /Vo)  =  0, f^-H^o)  =  0; 

and  if,  besides,  f'(x),f"{w), /"(J?)  severally  do  not  change 

sign  between  the  limits ;  then 

F(j?o.f  A)~p(j7o)  _  F''(a;>o-f^A) 

f{Xo  +  A)  -/(.ro)  "  f^(Xo  +  eh) '  ^'^^ 


Cor.  I. — Hence,  if  ¥(xo)  =  0,  and  /(j?©)  =  0, 

p(^o-fA)  __  F"(a?o  +  ^A) 
/(a7o  +  A)  "/M^o  +  ^A)* 


(13) 


Cob.  II. — Also,  if  j?o.  which  is  the  inferior  value  of  «,  =  0 ; 
then,  writing  x  for  A,  as  A  is  measured  from  the  origin,  we 
have  from  (12), 

fW-f(O)  _  fjOx) 

f{x)-fiO)  -  fidx)'  ^^*' 

Cob.  III.— And  if  in  addition  f(0)  =  0,  and/(0)  =  0,  then 

fW  _  y"(gj^)  ,,-- 

fix)  -f»[0x)-  ^^^' 
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114.]  In  equation  (12),  which  is  the  result  including  all 
others  of  the  above  Articles^  let  a  specific  form  be  assigned 
to/(^),  which  will  satisfy  the  requisite  conditions  and  render 
the  equation  applicable  to  future  purposes ;  as,  for  instance,  let 
f{3c)  =  (o?— ^o)">  wherein  n  is  positive  and  integral ;  then 
/(4?o)  =  0,    and  /(a?o  +  A)  =  A"; 

f\x)  =  »t(a7-a?or-^  .-.    />o)  =  0, 

f\x)  =  n(n-l)  (x-XoT-\  f\x,)  =  0, 

f^-\x)  =  n(n-l)...8.2(a?-a?o),         /""H^o)  =  0, 
f^{x)  =  n(n-l).,.  3.2.1,  /»(4?o)  =  n  (n-1).,. 8.2,1  ; 

and  as  f^{x)  does  not  involve  x,  it  has  the  same  value  what- 
ever X  is,  therefore 

/'•(a?o  +  ^A)  =  «(«-l)...  3.2.1; 
and  substituting  these  values  in  the  general  result,  we  have 

A" 
F(a?o  +  A)-P(«?o)  =  i2.3...(n~l)»'"^'^'"^^^^^       ^'^^ 

the  conditions  to  which  this  equation  is  subject  being,  that 
f(j?),  f'(^),  j^\x),...v^(x)  are  finite  and  continuous  for  all  values 
of  X  between  Xo  and  xq  +  A,  and  that  ¥^(xo)  =  0,  f"(^o)  =  0,  up  to 
F""^(a?o)  =  0;  and  that  v^(xo)  does  not  vanish. 

115.]  Cor.  I. — Hence,  if  f(^o)  =  0,  we  have 

p(^o+A)  =  j-2;^P»(a?o  +  ^A);  (17) 

and  as  a  particular  case  of  this,  let  ^0  ==  0 ;  then 

and  writing  x  for  A, 

which  proposition  may  be  enunciated  as  follows : 

Theorem  Y. — If  ¥(x)  is  a  function  of  x,  which  and  also  all  its 
derived-functiona  up  to  the  nth  inclusively  are  finite  and  con- 
tinuous for  all  values  of  ^  between  0  and  x;  and  if  v(x),  f'(^), 
...  F""*(^)  severally  vanish  when  x  =  0,  then 

c  c  a 
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Cob.  II. — ^In  equation  (16)  let  d?o  ==  0 ;  then  writing  x  for  h, 

P(^)  -  F(0)  =  Yj^Zi  ''"^^^^ '  ^^^^ 

of  which  result  (19)  is  a  particular  case. 

II6.3  Let  us  consider  some  particular  cases  of  these  general 
theorems  which  arise  from  particular  values  of  n. 

In  equation  (16)  suppose  that  v^(^o)  does  not  yanish,  then 

n  =  1,  and 

F(a?o+A)  — P(4?o)  =  h¥^(afo  +  Oh);  (21) 

which  gives  a  symbolical  expression  for  the  right-hand  member 
of  equation  (7)^  Art.  18,  including  its  residual  expression  b. 

Hence  we  have  the  following  result.  If  for  all  values  of  a^, 
i^{x)  =  0,  then  also  V(xQ-{-Oh)  =  0;  and  therefore  by  (21) 
f(^o+A)  =  F(^o)*  That  is,  as  Xq  and  A  are  arbitrary,  the  value 
of  y{x)  is  the  same,  whatever  is  the  value  of  x\  and  therefore 
f(^)  is  constant.  The  quantity  therefore  of  which  the  derived 
function  is  zero  is  constant.  Hence  also  conversely  we  infer 
that  if  a  derived-fimction  is  zero  for  cM  values  of  its  subject, 
then  the  function  of  which  it  is  the  derived  is  a  constant ;  and 
also  that  a  constant  is  the  only  continuous  quantity  of  which 
the  derived-function  is  zero. 

Or  suppose  again  that  'b'{xq)  =  0,  and  that  if'(xQJ  is  finite, 
then  n  =  2,  and 

f(^o  + A)  -  F(a?o)  =  ^  »"(^o  +  ^A).  (22) 

Suppose  again,  in  equation  (20),  that  f(0)  =  0,  and  that  r'(O) 
is  finite,  then  ^^x)^x^{Bx);  (28) 

and  therefore  every  function  of  a  variable  ^,  which  vanishes 
when  ^  =  0,  has  x  for  a  factor,  imless  the  first  derived-fimction 
is  equal  to  00  when  a;  =  0. 

Thus,  for  example,  let  f(^0  =  sin  x,  which  =  0  if  a?  =  0 ;  then 
its  derived-function  =  cos  <r,  which  =  1  when  j?  =  0 ;  therefore 
^  is  a  factor  of  sin  x. 

Similarly,  if  f(^)  =  tan^,  which  =0  if  j?  =  0;  then  i^(x) 
=  (seca;)^  which=l  when^  =  0;  therefore  a?  is  a  &ctor  of  tana?. 

j_  2       -L 

But  if  Jf{x)  =  e"*«,  which  =  0  if  ^  =  0,   F'(a?)  =  -^e~««, 

•  X* 

which  =  ^,  when  a?  =  0,  and  is  therefore  indeterminate ;  whence 

j_ 
we  cannot  conclude  that  ^  is  a  factor  of  e"  x*. 
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The  statement  made  in  most  of  the  ordinary  text  books  on 
the  Theory  of  Algebraical  Expressions^  viz.  that  a?  is  a  factor  of 
f(4?),  if  F(a?)  =  0  when  ^  =  0;  or,  which  is  equivalent,  that,  if 
F(a?)  =  0  when  ar  =  a,  x—a  is  a  factor  of  p(a?),  is  only  one  of 
too  many  universal  propositions  which  are  unduly  assumed ;  it 
may  be  and  is  true  in  most  cases,  but  it  is  an  unphilosophical 
desire  of  generalization  which  leads  us  to  conclude  that  it  is 
true  in  all  cases.  All  possible  functions  are  not  known,  and 
cannot  be  known;  and  therefore  a  conscious  ignorance  ought 
to  guard  us  from  such  an  error,  and  be  a  much  more  cogent 
reason  against  it  than  the  knowledge  of  a  particular  instance 
which  disproves  the  induction ;  practically  however  it  is  found 
not  to  be  so ;  let  the  student  be  cautious  as  to  such  universal 
assumptions,  which  rest  for  proof  only  on  our  ignorance. 
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CHAPTER  V. 

THE  DETERMINATION  OF  THE  ORDERS  OF  INFINITESIMALS; 
AND  THE  EVALUATION  OF  QUANTITIES  WHICH  FOR  PAR- 
TICULAR VALUES   OF  THE  VARIABLES  ASSUME  THE  FORMS 

§.     ^.     Ox  00,     00-00,    00,     3oO,     1-,    0*. 

117.3  ^^  questions  such  as  those  proposed  for  discussion  in 
the  present  Chapter,  it  is  important  to  observe  what  is  the  exact 
meaning  of  the  numerical  unit ;  namely^  that  it  is  the  ratio  of 
equality,  and  that  it  is  independent  of  the  particular  magnitude 
of  the  quantities  which  are  compared.  Hence  it  follows,  that 
it  is  immaterial  whether  the  quantities  are  infinitesimal,  finite, 
or  infinite,  provided  that  we  can  assure  ourselves  that  they  are 
equal.  Whenever  therefore  the  same  fSeu^tor  is  involved  in  the 
numerator  and  denominator  of  a  fraction,  be  it  of  any  magni- 
tude and  kind,  it  may  be  divided  out,  and  the  value  of  the 
fraction  will  not  be  changed  by  the  division:  by  this  means 
expressions  on  which  operations  are  to  be  performed  can  often 
be  simplified;  an  instance  will  illustrate  the  process  and  its 
effect.    Suppose  that  it  is  required  to  determine  the  value  of 

when  ^  =:  a ;  in  which  case  the  firaction  assumes  the  form  ^ ; 

but  why?  Because  both  numerator  and  denominator  involve  a 
factor  (^— a)^,  which  is  equal  to  0  when  x^a\  but  the  factor 
in  the  numerator  being  exactly  the  same  as  the  factor  in  the 
denominator,  the  ratio  of  one  to  the  other  is  unity ;  by  which 

/^ £j\i 

therefore  ^ -r  may  be  replaced,  and  the  fraction  becomes 

{x—a)^ 

(j.-fl)i-|-(23?)i 

which  is  equal  to  1,  when  d?  =  a. 
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Section  1. — The  determination  of  orders  of  infinitesimals. 

118.]  It  is  necessary  first  to  repeat  with  greater  exactness 
the  main  points  of  the  account  of  infinitesimals  which  was  given 
in  rough  outline  in  Art.  8  and  9,  Chapter  I. 

The  determination  of  the  Order  of  Infinitesimals,  such  as  is 
there  assumed^  which  is  a  relative  term^  requires  a  standard  or 
a  base  to  compare  them  with.  This  standard  is  called  the  Base 
of  Infinitesimals ;  and  according  to  the  power  of  the  base^  which 
a  given  infinitesimal  expression  involves^  is  its  order  called. 

Thus  suppose  t  to  be  the  base;  then^  o>b,c, being  finite 

numbers^  at,  bi^^  ci^  are  respectively  infinitesimals  of  the  first, 
third,  nth  orders;  t^^  $)  are  infinitesimals  respectively  of  the 
one-half  and  three-fourths  orders.  Similarly  there  may  be  in- 
finitesimals of  negative  orders. 

Suppose  that  F(i)  is  a  function  of  infinitesimals^  and  an  in- 
finitesimal itself,  whose  order  is  to  be  compared  with  i  as  the 
base.  If  F(i)  is  an  infinitesimal  of  the  nth  order^  i^  is  a  factor 
of  it,  and  the  only  other  factor  that  enters  with  t**  is  a  finite 
quantity ;  and  of  all  the  terms  which  contain  powers  of  i  enter- 
ing as  factors  into  their  composition,  that  containing  i^  is  the 
lowest :  higher  ones  being  neglected  of  necessity  by  virtue  of 
Theorem  VI,  Art.  9.  Therefore,  if  p(i)  is  divided  by  i",  the 
quotient  is  finite;  if  it  is  divided  by  i  raised  to  an  index  lower 
than  n,  the  quotient  is  infinitesimal;  and  if  it  is  divided  by  i 
raised  to  an  index  higher  than  n,  the  quotient  is  infinite. 
Hence  we  are  enabled  to  construct  the  following  definition  of 
the  order  of  an  infinitesimal  expression : 

Def. — Let  F(i)  be  the  infinitesimal  expression  whose  order 

is  to  be  determined ;  then,  if  -^  is  infinitesimal  for  all  values 

of  r  less  than  n,  and  infinite  for  all  values  of  r  greater  than  n, 
F(i)  is  an  infinitesimal  of  the  nth  order. 

Hence  every  finite  quantity  is  an  infinitesimal  of  the  order  0 ; 

for  suppose  ^  to  be  finite^  then  -7^  is  infinitesimal  for  all  values 

of  r  less  than  0^  and  infinite  for  all  values  of  r  greater  than  0. 

Hence,  if  we  use  0  for  the  general  symbol  of  an  infinitesimal, 
the  form,  which  all  finite  quantities  assume  from  this  point  of 
view,  is  QP.  This  is  also  evident  from  the  example  given  iii  the 
last  Article,  where  both  numerator  and  denominator  =  0,  when 
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X  ^  a;  80  that  *r— a  is  an  infinitesimal  which  enters  into  both 
numerator  and  denominator,  whereby  the  fraction  is  of  the 

form  -p — r:,  k  and  k'  being  constants ;  and  as  the  infinitesimals, 

being  exactly  equal,  are  of  the  same  order,  the  form  of  the  firac- 

k 
tion  is  0^77;  and  as  0^  is  equal  to  1  in  this  case,  the  tme  value 

of  the  fraction  is  77  • 

119.3  ^^  results  of  the  preceding  Chapter  enable  us  to  con- 
struct a  rule  by  which  this  definition  may  be  applied  to  any 
fimction  of  infinitesimals ;  and  by  which  the  order  may  be  de- 
termined. 

If  we  replace  ^  by  t  in  equation  (19),  Art.  115,  we  have 

'<^>  =  1.2.8  J(n-l)n'"<^*>-  <1> 

Now  observe  the  conditions  to  which  F(f)  is  subject;  viz.  that 

P(0)  =  0,    p'(0)  =  0, P^-^CO)  =  0, 

and  that  v*^(i)  is  the  derivative,  which  first  does  not  vanish  when 
t  =  0;  and  that  F(i)  and  all  its  derived-functions  up  to  the  nth 
inclusively  are  continuous  and  finite  for  all  values  of  i  between 
i  and  0 ;  and  observe  also  the  limits,  viz.  i  and  0 ;  but  that,  as 
we  have  to  use  the  equation  only  when  t  =  0,  we  may  make 
the  diflerence  between  the  limits  to  be  infinitesimal.     Hence 

7^  =  1.2.8.!!'(»-l)n'"<^')>  (2> 

which  is  infinitesimal  for  all  values  of  r  less  than  n,  and  infinite 
for  all  values  of  r  greater  than  n ;  and  therefore  we  have  the 
following  theorem  for  the  determination  of  the  order  of  infini- 
tesimals. 

Theorem. — If  r(i)  is  a  fimction  of  an  infinitesimal  i,  such 
that  f(0)  =  0,  and  that  all  its  derived-functions  up  to  the  nth 
vanish,  when  t  =  0;  and  that  Y^{i)  does  not  vanish;  then  r(i) 
is  an  infinitesimal  of  the  nth  order,  if  t  is  taken  to  be  the  infi- 
nitesimal-base. 

If,  when  t  =  0,  r{i)  assumes  an  indeterminate  form,  its  value 
is  to  be  found  by  the  methods  which  are  explained  in  the  fol- 
lowing sections  of  this  chapter. 
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120.]  In  the  following  examples  %  is  taken  as  the  base  of  in- 
finitesimals. 

Ex.  1.    To  determine  the  order  of  infinitesimal  of  sin  i. 
p  (t)  =  sin  i  =  0,  when  «  =  0 ; 
F'(t)  =  cost  =  1,  -     -    -     - 
Therefore  sin  t  is  an  infinitesimal  of  the  first  order. 

Ex.  2.    Find  the  order  of  infinitesimal  of  tan  i  —  sin  t . 
F(t)    =  tant  —  sint  =  0,  when  «  =  0; 
F'(i)    =  (sect)*— cos i  =  0,  -     -     -     -     ; 
p"(t)  =  2(sect)*tant  +  sint  =  0,  when  t  =  0, 
V'\%)  =  6(sect)*  — 4(sect)2-f  cost  =  3,  when  t  =  0. 

Thns  tan  t  —  sin  t  is  a  fanction  of  an  infinitesimal  t  which 
vanishes  when  t  =  0 ;  and  so  do  all  its  derived-functions  up  to 
the  third,  which  does  not  vanish ;  therefore  tan  t  —  sin  t  is  an 
infinitesimal  of  the  third  order,  when  t  is  the  base. 

Ex.  3.    To  determine  the  order  of  c'  —  2  sin  t  —  e'K 
p(t)    =  e'  — 2sint  — e-'  =  0,  when  t  =  0; 
F'(t)    =  6'-2co8t  +  e-' =  0,     -    -    -    - 
p"(t)  =  6<-|-2sint  — e-»  =  0,     -     -     -    - 
F'"(t)  =  e'-f2c0st-|-6-*  =  4,     -     -     -     -  . 
Therefore  c'  —  2  sin  t  —  6"'  is  an  infinitesimal  of  the  third  order. 

Ex.  4.    To  determine  the  order  of  infinitesimal  of  e'*—  1. 
F(t)    =  6«'-l  =  0,  when  t  =  0; 

F'(t)  =  2tc'*  =  0,    -    -    -    - 

r"(t)=  4t*c<*-|-2e<'  =  2,    -    -    -    -  . 
Therefore  e^^—\  is  an  infinitesimal  of  the  second  order. 

Similarly  let  the  student  prove  that  tan  t,  sin-^  t,  e^  —  c*,  are 
infinitesimals  of  the  first  order;  that  versint,  sint^  are  infini- 

tesimals  of  the  second  order;  that  e  i  is  an  infinitesimal  of  the 
order  oo . 

Similarly,  if  f(^)  is  a  function  of  ^  which  vanishes  when 
x  =  a,  we  may  replace  x  —  a  by  i;  in  which  case  the  function 
becomes  ^(t),  and  vanishes  when  i  =  0;  and  its  order  of  infini- 
tesimal may  be  determined  in  the  manner  above  explained. 
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Section  2. — Evaluation  of  quantities  of  the  forma 
qi     q5->     0x00,     00—00. 

121.]  Evaluation  of  quantities  of  the  form  ^  • 

If  a  quotient  of  two  functions  of  a  variable  or  variables,  for 

particular  values  of  them,  assumes  the  form  ^>  it  is  plain  that 

such  is  the  case  only  because  certain  factors  in  the  numerator 
and  denominator  become  0  for  these  particular  values^  that  is, 
become  infinitesimals.  It  is  dear  too  from  Theorem  IV,  Art.  9, 
that,  if  these  infinitesimals  are  of  the  same  order,  the  fraction 
will  be  a  finite  quantity ;  and,  if  that  in  the  numerator  is  of  a 
higher  order  than  that  in  the  denominator,  the  value  of  the 
fraction  is  0 ;  and,  if  that  in  the  denominator  is  of  a  higher 
order  than  that  in  the  numerator,  the  fraction  is  oo :  an  exam« 
pie  will  render  this  plain. 

Suppose  that  we  have  to  evaluate  \ —-— ,  when  a?  =  a ;  m 

and  N  being  functions  of  x  or  not,  as  the  case  may  be ;  but  not 
involving  any  factor  of  the  form  (x—a),  and  not  vanishing  when 

J7  =  a ;  the  fraction  assumes  the  form  ^ ;  but  the  law  of  indices 

authorizes  us  to  put  it  under  the  form, 

M 

(o?— a)*"""  —  ; 

N 

If 

and  if  07  =  a,  it  =  0,  if  m  is  greater  than  n ;  it  =  — ,  if  m  =  n ; 

it  =  00 ,  if  m  is  less  than  n.  It  will  be  seen  from  Art.  125  that 
analogous  results  are  true,  if  the  numerator  and  denominator 
are  infinities. 

122.]  Hence  the  first  step  towards  the  evaluation  of  such 
quantities  is  to  detect,  if  possible,  the  factors  common  to  both 
the  numerator  and  the  denominator,  and  to  divide  them  out; 
and  then  to  evaluate  the  resulting  fraction  by  giving  to  the 
variables  the  assigned  values;  of  this  method  some  examples 
are  subjoined. 

Ex.  I.     -^ — jr— 5 — jr -.  =  y,  when  a?  =  1 ; 

j?3_2a?*  +  2ar  — 1       0' 

(j7^  +  ^-hl)(^-l)  0?«-fO?  +  l  _         ,  , 

=  7~i TT-, ?T  =  —9 i-  =  Sj  when  ,r  =  1. 

(a?^— 07  4-1)  (c2^—l)  07*— 07  +  1  ' 
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the  common  fiEU^r  is  {a—x)^\  divide  numerator  and  denomi- 
nator by  it,  and  we  have 

128.]  The  preceding  method  of  evalaating  indeterminate 
forms  may  often  be  advantageously  employed  in  one  or  other 
of  the  two  following  ways. 

Furstly^  expand  by  the  Binomial  Theorem,  or  by  Maclaurin's 
Series,  or  some  other  equivalent  method,  the  given  functions 
in  terms  of  the  infinitesimal,  and  then  by  dividing  out  the  com- 
mon fEU^ors,  the  fimction  will  assume  a  determinate  form. 

^x ^-* 

Ex.  1.    Determine  the  value  of  — ; ,  when  a?  =  0. 

sm  X 


e*-e- 


'jr 


.       X        sfl  [^       X         X^  \ 


faux  x^ 


''-TM^ 


»(^+tS8  + ) 


1.2.8 

=  is ' 

*- 1:2:8+ 

2(l  +  iSs  + ) 

=  r ,    =  2,  when  j?  =  0. 

1  — 

0:8  ■*■ 

Secondly^  if  the  function  assumes  an  indeterminate  form 
when  ^  =  a,  replace  x  —  a^  or  a  —  x^  as  may  be  more  conve- 
nient, by  h ;  that  is,  for  x  substitute  a  -f  A,  or  a  —  A,  in  all  the 
terms  of  the  function ;  and  develope  them  in  series  of  ascend- 
ing powers  of  A ;  and  after  cancelling,  by  means  of  division,  the 
common  powers  of  A,  put  A  =  0 ;  and  the  result  is  the  determi- 
nate value  of  the  function. 

Ex.  1.    Evaluate  ^^ . 

For  X  write  a  4-  A,  and  the  function  becomes 

D  d  2 
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{(a-|.A)«-a«}* 


(2aA  +  A«)* 
A*-f  (2ii)* 


=  1,  when  A  =  0. 


(2a  +  A)* 

124.]  In  cases  however  where  it  is  difficult  to  detect  the 
common  factors^  as  well  as  in  aU  cases  where  the  necessary 
conditions  are  fulfilled,  the  theorems  of  the  preceding  Chapter 
enable  us  to  evaluate  these  quantities. 

Suppose /(a?)  and  <f>(a:)  to  be  two  functions  of  a:,  which  =  0 
when  07  =  o^q.  Suppose  also  that^  when  x  =  Xq,  their  several 
derived-functions  up  to  the  (n  — l}th  inclusively  vanish,  but  that 
the  nth  neither  vanishes  nor  becomes  infinite :  then^  if /(^)  t^nd 
<l>(x)  are  finite  and  continuous  for  all  values  of  ^  between  xq  and 
«ro  + A,  by  the  theorem  contained  in  equation  (17),  Art.  115, 

/O^o  +  A)  =  lot''    „fH^o  +  eh); 

A" 

.    and  ^(^^4.^)  =  j-^-^— ^<^"(a?o  +  ^A). 

.      /(^o-fA)  ^  /""{xo-^eh) 
0(a?o  +  A)        4)*'(j?o  +  ^^)' 
Suppose  now  that  A,  the  difference  between  the  superior  and 
inferior  limits,  becomes  infinitesimal,  since  we  have  to  consider 
the  values  of  the  functions  only  at  the  particular  value  xq  of  the 
subject- variable ;  then  neglecting  A  when  added  to  Xq,  we  have 


<l>(Xo)  ip'^iXo) 


(3) 


That  is.  the  value  of  the  ratio     ,    , ,  which  presents  itself  under 

<^(a?o)' 

the  indeterminate  form  ^ ,  is  the  ratio  of  the  values  of  the  de- 
rived-functions of  the  numerator  and  denominator,  which  are 
the  first  not  to  vanish,  when  x  =  ^o* 

Of  this  general  proposition  the  following  are  particular 
instances : 

Suppose  the  functions  themselves  to  vanish,  and  not  their 
first-derived,  then 
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4>M       <^'(^o) '  ^  ^ 

and  if  the  functions  themselves  and  also  their  first-derived 
vanish,  and  not  the  second  derived,  then 

and  so  on. 

If  the  derived-functions  which  first  cease  to  vanish  are  not  of 
the  same  order,  then  the  indeterminate  form  has  for  its  value 
either  0  or  oo,  according  as  the  denominator  or  numerator  has 
first  ceased  to  vanish.  This  is  plain  from  the  proof  we  have 
given;  because  A  will  be  of  different  powers  in  the  equivalents 
of /(^o+^)  and  <^(a?o+A)^  and  therefore  wiU  not  disappear  in 
the  ratio. 

Ex.1.    Evaluate  ^3-2^,^^^^^-^,  when  ^  =  1. 
/(^> ^^^  =  2,  when  ^  =  l3 


4>(w)        ar»-2a?«-f3a7-l       0' 


=  8,  when  j?  =  1. 


Ex.  2.    Evaluate! — -. ,  when  a?  =  0. 

sm  d? 

<f>{x)  smo?  0 

/»        c^  +  e 


<^'(a?)  cos  a? 


-  =  2,  when  a?  =  0. 


=  y    when  a?  =  0; 


1  _  cos  .27 

Ex.  8.    Evaluate ^^,  when  a?  =  0. 

a?" 

—  /'(^^  _  ^^ 

"■   <I>{X)    "     2a?     ""  0 

—  /''(''^)  _  COS  a?  __  1 

"  ?>)  ""  "2"  ""  2'    "     "    "    "     ■ 

Ex.  4.     Evaluate  -; ,  when  a?  =  0. 

07  — smar 
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^(o?)  a?  — sin  a?  0 

_  /'(^)  _  e*  — 2co»jy  +  g~*  __  0 

"  ^^  -         1-C08^         ~0'   ■    "    "    ■ 

""  ^"(d?)  "■  sin  a?  ""  0'   "*     "    "    ' 

_  /''W  _  g*-h2coaj?  +  g-^  _ 

Ex.  6.    Evaluate  ^-- — ~,  when  x  =  a, 
e*  — e«  ' 

il>(x)        e*-e^        0'  ' 

which^  when  x  =:  a,  is  either  0,  c^,  or  oo ,  according  aa  n  is 
greater  than,  equal  to,  or  less  than,  1. 

On  examination  of  the  above  examples,  it  will  be  seen  that 
the  result  is  infinitesimal^  finite  or  infinite^  according  as  the 
order  of  infinitesimals  in  the  numerator,  determined  by  the 
method  of  Section  1  of  this  Chapter,  is  higher  than,  the  same 
as,  or  lower  than,  the  order  of  the  denominator. 

125.3  Evaluation  of  indeterminate  quantities  of  the  form  ^. 

Let /(or)  and  ^{x)  be  two  functions  of  j?,  which  become  infi- 
nite when  x=zXo;  then,  as  their  reciprocals  become  infinitesi- 
mals, the  ratio  of  the  functions  may  be  evaluated  by  the  former 
method,  as  follows ; 


*W 


^,  when  x=:Xo; 


1(f)  _ 

1 

0 
0' 

vben  X  =  xo; 

/(*) 

*'(*) 
{*(«)}» 
/'(*) 
{/(*)}» 

= 

fix)  {<^W}«' 

Digitized  by 

Google 


1250  INDBTBBMINATB  QUANTITIBS.  207 

whence^  dividing  out  common  terms^  we  have^  when  x  =  ^o> 

<^(a?o)        *'(^o)' 
If  the  first-derived-functions  /'(^o)>  <^'(^o)  also  become  infi- 
nite, their  ratio  must  be  evaluated  in  the  same  way  as  ^^      \ 
and  we  shall  have 

*(a?o)        ♦"(«o) ' 

and  if  the  aereral  deriTed-fonctioiu  vanuh  or,  if  it  is  posdble, 
become  infinite  up  to  the  nth,  when  a!  =  Xq,  and  the  nth  are 

4>{So)        <^'(^o)        *~(^o)' 

The  determinate  value  therefore  of  such  indeterminate  func- 
tions is  the  ratio  of  those  derived-functions  of  the  numerator 
and  denominator  which  first  become  finite  when  x  =  Xq. 

Ex.  1.    Evaluate  -^|^,  when  a?  =  0. 
cot  4? 

0(«)  cot  a?  00 

<^'(a?)  X  0'    ■    ■    "     ■ 

— ^  by  the  last  Article, 

=  0,  when  x  =  0; 

.'.    ^  =  0,  when^  =  0. 
cot  J? 

Ex.  2.    Evaluate  LlJ?«f  ^  ^hen  x  =  0. 
^  =  i:i^=i-,when*  =  0; 


x^ 
Ex.  8.    Evaluate  --,  when  a?  =  oo , 
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fix)         ^'^  00         I. 

i^-f  =  --  =  g-,  when  a?  =  00 , 

it>{x)        e'        ^  '  ' 

4i\x)  e'  00'    -    ■    "    - 


f-{x)  _  n(n~l)(n-2)... 3.2.1 
=  -r^rr-T  = =  0,  when  a?  =  00  . 

The  result  of  which  shews  that  e*  is,  when  ^  =  00 ,  an  infinity 
of  a  higher  order  than  x^ ;  also  a  similar  property  is  trae  of 
a^;  a  finite  quantity  therefore  raised  to  an  infinite  power  is  an 
infinity  of  a  higher  order  than  the  same  infinite  quantity  raised 
to  a  finite  power. 

Ex.  4.    Evaluate  — 5^--,  when  ^  =  0. 

Replace  ^^  by  - ;  so  that  z=zqo  ,  when  x  =  0;  and  the  fimo- 
z 
tion  becomes 


= 

00 
00  > 

when 

r  =  00; 

— 

nz'' 

-1 

00 
06"' 

c* 

= 

«(n- 

-l)2r' 

pi-2 

00 
00  » 

= 

. 

. 

. 

. 

»(n- 

-1).. 

.3.2.1 

—  n 

=  0,  when  jzt  =  00  : 

therefore  the  function  is  equal  to  0,  when  a?  =  0 ;  whence  we 

_-L 
conclude  that  e   x*  is  an  infinitesimal  of  a  higher  order  than 

J?*",  however  large  be  the  value  of  n. 

This  is  a  result  of  some  importance ;  insomuch  as  it  shews 

that  although  e  x*  vanishes,  when  ^  =  0^  whence  it  might  be 
inferred  that  a?  is  a  factor  of  it,  yet  it  admits  of  no  factor  of  the 
form  x^^  however  large  n  be.  Compare  equation  (23),  Art.  116, 
and  the  remarks  thereupon. 

lOGT  X 

Ex.  5.     Evaluate     ^    ,  when  a?  =  00  . 

X 
log  «2?  Qo  , 

--T-  =  ^»  ^'len  a?  =  00  ; 

=  1  =  0.....=  .. 


X 
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if  X  therefore  becomes  infinite^  it  is  an  infinity  of  a  higher  order 
than  its  logarithm. 

126.^  Evaluation  of  functions  which  for  particular  values 
assnme  the  indeterminate  form  0  x  oo  . 

Let  f{ai)  and  ^{x)  be  two  functions  of  x  which  respectively 
become  O  and  oo  ,  when  ^  =  a?o ;  then  their  product  may  be  put 
under  the  form 

^       ,  which  =  ^,  when  x  =  ^o, 

J{x) 
and  may  be  evaluated  according  to  the  method  of  the  last  two 
Articles. 

Ex.  1.    Evaluate  e~'\o%x,  when  a?  =  oo  . 

c-*log47  =  ^^  =  ^,  when  a?  =  oo  ; 

=  — -  =  0,  when  ar  =  oo  : 
xe* 

.• .     €"*  log  a?  =  0,  when  a?  =  oo . 

Ex.  2.    Evaluate  x""  log  x,  when  a?  =  0. 

,             Xqslx            1             a?* 
a?»loga?  =  -^  = =  =  0,  when  a?  =  0: 

.'.     x^  log  a?  =  0,  when  a?  =  0. 

127.]  Evaluation  of  functions  which  for  particular  values 
assume  the  form  oo  ~  ao  . 

Ijetf(x)  and  <t>{x)  be  two  functions  of  x,  which  =  0,  when 

X  =  xo;  in  which  case,  -^r-^  and  -r-r-ri  both  become  oo  :  then 
'fix)  <t>(x)[ 

_1 L_  ^  <>>(^o)  "/W  ^  0. 

7(^o)       *(^o)  *(^o)/(a?o)         0' 

and  may  be  evaluated  as  heretofore. 

Ez.1.    Evaluate-^-- L_,.hen.=  l. 

2  1  2-d?-l       0      V  , 

^^-^31  =  ^nr  =  0' '"^"^  *  =  ^' 
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TT 

Ex.  2.     Evaluate  sec  x  ^  tan  a?,  when  ^  =  a  • 

■ec^  — tan jr  =  00  —  00,  when  *  =  o> 
_  1  — sinor  _^  0 

—  cos  a?        /v      1  ^ 
=    -. —   =  0,  when  a?  =  ^  ; 

—  sin  J?  2 

therefore^  when  ^  =  ^,  sec  ^  and  tana?  are  either  absolutely 

equal,  or  differ  by  a  quantity  which  must  be  neglected  in  their 
algebraical  sum. 

1  :c 

Ex.  8.     Evaluate  z , ,  when  a?  =  1. 

log  X      log  X 

1  X  1—0? 


, 1 1 =  X,  when  a?  =  1, 

log^      logo?       log^        0 

=  —  cT  =  —  1,  when  0?  =  1. 


Section  3. — Evaluation  of  Explicit  Functions  of  a  single  vari- 
able, which  for  particular  values  assume  the  forms  0^,  oo<*, 
1*,  0*. 

128.3  Let  f{x)  and  <^{x)  be  two  functions  of  x  which,  when 
X  =  Xo,  assume  such  values  that  f{xo)^^'^  is  of  one  or  other  of 
the  above  forms. 

Let  y  =/(d?)*('); 

.-.     logy  =  (t>(x)logf(x); 

and  as  logf(x)  has  singular  values  when  f{x)  =zO,  or  =  1,  or 
=  00 ,  we  may  express  the  last  equation  in  the  form 

logy  =  —2^-^-^, 

which,  for  the  particular  value  of  Xq,  will  be  of  the  form  2  or 
^,  and  may  be  evaluated  according  to  the  methods  explained 
in  the  last  Section. 
Ex.  1.    Evaluate  a?*  when  a?  =  0. 

Let  y  =  X',  .'.     logy  =  0?  logo?; 
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and  by  Article  126,  Ex.  2,  ^  log  ^  =:  0,  when  a?  =  0 ;  therefore 
log  y  =  0 ;  and  since  log  1=0;  therefore  y  =  j^'  =1,  when 
j?  =  0. 

Ex.  2.     Eyaluate  xx,  when  ^  =  oo  . 

I 
Let  y  =  j?«^ 

.-.     logy  =  -^  =  ^,  when  a?=  oo; 

=  1  =  0, . 

a? 
1 

.-.     y  =  XX  =z  I,  when  a?  =  oo . 

Ex.  3.    Evaluate  (1  +  ax)x,  when  jr  =  0,  and  when  jr  =  oo  . 

Let  y  =  (1  -f  ax)x ; 

,              Alog(l  +  a^)       0      u  ft 

.-.     l<^y  =  — ^-^ '-  =  g,  when  a?  =  0, 

=  ad,   -    -     -    -    . 


l-^-ax 

L 
•.     y  =  (1  -Ha*)«  =  e*^  when  ^  =  0. 


A     .  1  il<»(l-fad?)       oo       - 

Again,  logy  =       ^  ^ =  ^,  when  a?  =  oo , 


=  0,  when  j?  =  oo  ; 


l-\-ax 

.'.     (1  +  ax)x  =  1,  when  ^  =  oo  . 


Ex.4.    Evaluate  ^^^'"'^^'"^  >>.  -f  0.-^^  when  x  =  0. 

Let    y^^^^'"-^^'"+'-'^^'"Y, 

.      I         ^  log  («!**  + fla'^^-h  .>■  +  fln**^)  -  log  »  ^  0    if^_Q 

a?  0' 

—  **log^i'^i''*"*"^log^*^***'^"  •••  +» log On.aw"* 
=  log(aia2...«n),  if  ^  =  0. 
Therefore  |^i--H^»-+ »>>  "f  ^>^-|-'^  ^^^...^^  if  ^^0. 
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CHAPTER  VI. 

ON  EXPANSION   OF  FUNCTIONS. 


Section  1. — On  Junctions  of  one  variable. 

129.]  The  Theorems  of  Chapter  lY  afford  rigorous  proofs 
and  limits  of  application  of  Taylor's  and  Maclaurin's  Theorems, 
of  the  general  truth  of  which  perhaps  little  more  than  a  favour- 
able presumption  can  be  raised  from  what  is  said  in  Chap.  III. 

On  referring  to  Art.  18^  equation  (6),  it  will  be  seen,  that  if 
dx  is  an  infinitesimal  increment  of  «r,  we  have  by  the  definition 
of  a  deriyed-function, 

p(a?-f  rfr)  — p(a7)  =  V{x)dx\  (1) 

but  if  £kX  or  (as  we  shall,  to  preserve  an  uniform  notation, 
say)  h,  is  finite,  see  Art.  18,  (7), 

p  (j?  +  A)  —  p  (a?)  =  A  p'(^)  +  Ri,  (2) 

writing  Ri  for  rA.  Ri  is  therefore  a  junction  ofh^  which  must 
be  neglected  when  A  is  infinitesimal,  but  has  a  value  finite  and 
determinable  when  A  is  finite.  Let  us  assume  this  function  of 
A  to  be  capable  of  expression  in  certain  powers  of  A ;  then  the 
problem  which  arises  out  of  (2)  takes  the  following  form  : 

Oiven  that  p(^)  is  continuous  and  finite  for  all  values  of  ^ 
between  w  and  x-\-h,  it  is  required  to  expand  p(4?-f  A)  in  a 
series  of  ascending  powers  of  A. 

We  may  also  thus  arrive  at  the  equation  (2)  above. 

If  V{x)  does  not  vanish,  and  remains  finite  and  continuous 
for  all  values  of  x  between  x  and  x-^h,  then  by  equation  (21), 
Art.116,  p(jf+A)-p(a?)  =  Ap'(af-l-^A); 

as  the  right-hand  member  differs  from  A  y\x)  by  reason  of  the 
0  which  enters  into  p'(^+^A),  we  may  assume  that 

hV{x-\-eh)  =A/(a?)-|-Ri; 
so  that  we  have 

p(ar-h^)— '(^)  =  Ap'(ar)-f  Ri, 
We  proceed  to  determine  Ri  :  from  (2), 

Ri  =  p  (^  -f  A)  —  p(a?)  —  A  V{x), 
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therefore  Ri  is  a  function  of  h  which  is  equal  to  0^  when'  A  =  0 ; 

also  . 

^  =  /(j?  +  A)-i!^(a?)  =  0,  when  A  =  0; 
an 

^  =  F"(^+A),  (8) 

which  does  not  vanish^  when  A  =  0. 

Now  by  Theorem  V,  Art.  115,  it  appears  that,  If /(A)  is  a 
function  of  h,  which,  as  well  as  all  its  derived-functions  up  to 
the  nth  inclusively^  is  finite  and  continuous  for  all  values  of  A 
between  0  and  A;  and  if^  in  addition^  /(A)  and  its  derived- 
functions  up  to  the  (n— l)th  vanish,  when  A  =  0;  then 

Accordingly  *»  =  i^  '"(^ + ^*^ '  ^^> 

and  substituting  this  value  in  equation  (2)  above,  we  have 

Y(x+h)  =  ^{x)-\-hV{x)  ^  ^  r"(^-h^A);  (5) 

which  may  be  written  in  the  form^ 

A^ 

P(a?+A)  =  P(a?)  + Af»  +  j-^  y'V)  +  Ra- 

To  determine  Rs^  we  have 

11,  =  p(^+A)-f(^)-A/(^)-^f'»;  (6) 

and  therefore  b,  is  a  function  of  A,  which  vanishes  when  A  =  0 ; 

its  Ist  derived,  ^  =  /(^-hA)-/(a?)-AA^)  =  0,  when  A  =  0; 
an 

its  2d  derived,  ^^  =  p"(a?  + A)  -  V\x)  =  0,  when  A  =  0; 

its  8d  derived,  ^^  =  V"{xJ^h) ; 

and  which  therefore  does  not  vanish  when  A  =  0.  Hence,  in 
accordance  with  the  Theorem  Y,  Art.  115,  cited  as  above, 

R3  =  |^F">-h^A);  (7) 

subject  to  the  condition  that  V(x),  r"(x),  if'\x)  are  continuous 
and  finite  between  the  assigned  limits.  Substituting  this  value 
of  R2,  we  have 
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214  EXPANSION  OP  FUNCTIONS.  [^3^ 

and  coatinuing  in  the  same  maimer,  if  all  the  derived-fnnctionB 
of  f(^)  are  finite  and  continuous  between  the  assigned  limits  up 
to  the  nth  inclusively,  we  have 

F(;p -I-  A)  -  P(a?)  -  f'(w)  t  -  ...  -  F«-H^)  -         ^" 


1       ••  '  M.2.8...(«-l) 

A' 


-  1:2:3:::^ '"^^^^^^^ 
and  therefore 

F(*  +  A)  =  T(x)  +  t\x)  j  +  t"(ib)  -^  +  r"\x)  ^  +  ... 

This  expression  then  gives  the  equivalent  of  f(^+A)  in  terms 
of  a  series  of  ascending  powers  of  A,  and  the  conditions  under 
which  it  has  been  formed  indicate  the  cases  in  which  the  ex- 
pansion is  possible. 

As  applications  of  this  series  have  already  been  given  in 
Article  73,  it  is  unnecessary  to  add  others. 

130.]  In  equation  (8)  the  equality  of  the  two  members  is 
perfect,  and  the  development  may  be  considered  as  completely 
effected,  except  so  far  as  some  indeterminateness  arises  from 
the  nature  of  $,  to  which  quantity  a  specific  value  cannot  be 
assigned.  It  was  however  before  shewn  that  it  must  be  some 
positive  and  proper  fraction ;  and  sometimes,  if  the  series  is 
convergent,  when  n  is  very  great,  the  last  terms  and  their  sum 
become  infinitesimal,  and  we  must  neglect 

and  we  may  write 

P(a?  + A)  =  F(;p)  -h  A^)  Y  -h  f''(^)  y^  +  F'"(a?)  j^  -h  ...    (9) 

in  which  incomplete  form  the  series  was  first  given  by  Dr.  Taylor, 
and  now  generally  bears  his  name. 

1313  In  equation  (8)  let  a?  =  0 ;  that  is,  let  us  consider  the 
function  for  all  values  of  the  variable  between  0  and  A ;  and  let 
us  write  x  for  h,  remembering  that  x  is  the  superior  limit; 
whereby  the  conditions  are,  that  none  of  the  functions  or  de- 
rived-functions are  infinite  or  discontinuous  for  any  value  of  a? 
between  0  and  a: ;  then 
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r(x)  =  F(0)  +  /(0)|  +  f"(0)  ^  +  

this  is  Maclaurin^s  Theorem^  of  which  an  imperfect  proof  was 

given  in  Art.  57 ;  and  it  accordingly  appears  that  it  is  only  a 

particular  case   of  Taylor's.     Many  examples    of  this   series 

having  been  given  in  Chapter  III^  it  is  unnecessary  to  add 

others.     Of  the  general  series  (10)  however  the  following  are 

particular  instances : 

Let  n  =  1,  then  ¥{x)  =  p(0)  -h^F'(da?).  (11) 

c'  — 1 
Thus        e'  =  1  +  are*',  .-.     =  e^'. 

X 

mix 
wax  =^  X cos  Ox.  =  cos  Ox. 

X 

log(H-a?)  = 


182.]  If  the  series  (10)  is  such  that  ^^-^ Y^'iOx)  becomes 

infinitesimal  as  n  increases  without  limit,  then 

¥{x)  =  p(0)  +  a?/(0)+^p"(0)+  ^^^"(0)+ (12) 

that  is,  the  limit  of  the  sum  of  the  second  member  of  the 
equation  is  F(a?). 

133.]  Again,  taking  the  other  form  of  Taylor's  Series,  viz. 
(84)  in  Art.  74,  we  have 

P(a?)  =  p(fl)  +  (^-a)F'(fl)-f^-^^  •'(«)+  

'      (^-«)"""'*  pn-i(«)  ^  ^^^I^     Y-{a^e(x^a)},  (18) 


^1.2. ..(»-!)         '  ^^  1.2...(n~l)n 

the  superior  and  inferior  values  of  x  in  this  case  being  re- 
spectively X  and  a ;  so  that  it  is  for  all  values  of  x  between  these 
limits  that  the  conditions  are  to  be  satisfied. 

As  particular  cases  of  the  formula  we  have 

p(ar)  =  F(a)  +  (^— a)p'{a  +  d(a7— a)},  (14) 

Y{x)  ^  >(a)  +  {x-a)  Y\a)  +  ^^^^^  Y"{a^6{x--a)].     (15) 
134.]  Hence  it  appears  that  if  we  stop  at  the  nth  term  of 
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Taylor's  Series,  and  neglect  to  take  accoant  of  all  terms  after 
it,  the  error  committed  by  so  doing  is 

and  as  $  lies  between  0  and  1,  the  error  lies  between 

l2^S...n  ^^""^^^  ''''^  '"C^+A)}  ;  (17) 

which  is  the  same  value  as  that  before  determined  in  Art.  72. 

Similarly,  if  we  stop  at  the  nth  term  of  Maclanrin's  Series, 
and  do  not  take  account  of  the  terms  after  it,  the  error  is 

which  is  the  same  value  as  that  before  determined  in  Art.  58. 

The  expressions  (16)  and  (18)  are  called  respectively  the 
Hmits  of  Taylor's  and  Maclaurin's  Theorems. 

135.]  The  series  given  in  Article  133  enables  us  to  put  the 
limit  of  Taylor's  Series  under  another  form  which  is  sometimes 
convenient. 

Let  us  represent  the  last  term  of  (13)  by  (f>ia);  so  that 

,••    F(a?)  =  P(a)  +  ^  Aa)  +  ^^^  r»  + 

Let  a  be  variable,  and  let  us  differentiate  this ;  and  we  have 

j^^=^^,-(«)  +  *'(«)  =  0.  (21) 

It  is  plain  from  (19)  that  <^(<i?)  =  0;   therefore,  writing  in 
(14)  if>  for  p,  we  have 

<^(a)  +  (a?-a)0'{a-f^i(a?-a)}  =  0, 
$1  being  different  from  0  in  (19) ; 

.-.     0(a)=  -(a?-a)0'{a  +  ^i(47-a)}.  (22) 

In  (21)  for  a  write  a  +  ^i(a?— a),  and  we  have 

whence,  by  elimination  between  (22)  and  (23), 
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»">="ii»i:'(i-T'-(-^«.(»-))^   OT 

and  substituting  in  (13)  this  particular  form  of  the  remainder, 
we  Iiave 

,(*)  =  F(«)  +  ^  P'(«)  +  ^-^'  F"(a)  + 

(x-ar-^  (g-a)»(l-tfr-' 

^1.2...(n-l)        ^'^     1.2... (n-1)     '^t«+*'^*    «;;  ^*«'; 

Substitnting  in  this  series  a+A  for  x,  and  subsequently  writing 
«  for  a,  we  have 

F(«  +  A)  =  »(*)  +  Ap»  +  ^  (p"dr)  + 

A"-i  A"  f  1  —  d'i"-^ 

'"-'W+.o      ,.:     ,,P"(-r  +  gA).      (26) 


•'*  ^  1.2. ..(«-!)         '  '^  1.2... («-l) 
The  corresponding  expression  for  the  remainder,  in  Maclauriu's 
Series,  is  n— m»-ia;» 

Two  examples  of  the  remainders  of  series  in  these  forms  are 
subjoined* 

Ex.  1.       F(a?)  =  a* ;  .♦ .     p'*(a?)  =  a'  (log  a)" ; 

and  therefore  the  sum  of  all  the  terms  after  the  nth  in  the 
expansion  of  a'  is 

1.2.3... («-i)  ^""^"^^  "*  • 

Ex.2.  F(a?)  =  sinww?;  .-.  F»*(ar)  =  m**  sin  (»ia?  +  n^); 
therefore  the  sum  of  all  the  terms  after  the  nth  of  sin  m  (j;  -f  h)  is 

1.2.3...(n-l)^^'^r^<^-^^^>-^^2[' 

136.]  In  these  last  Articles^  as  well  as  in  Chapter  IV^  we 
have  frequently  used  the  expression  "  finite  and  continuous  for 
all  values  of  x  between^'  certain  limits ;  now  although  we  can- 
not tell  all  the  cases  wherein  these  conditions  are^  and  are  not 
fulfilled,  for  a  complete  knowledge  of  all  functions  and  all  their 
properties  would  be  necessary  to  our  doing  so,  yet  we  do  know 
certain  cases  where  they  are  not  satisfied ;  these  we  propose  to 
discuss  briefly.     In  them  Taylor's  and  Maclaurin's  Series  are 
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said  to  fail;  which  is  surely  an  incorrect  tenn^  for  we  are  en- 
deavouring to  bring  all  functions  within  a  particular  formula, 
which  is  true  only  of  some ;  that  is,  we  are  trying  to  make  that 
which  is  true  only  when  certain  conditions  are  satisfied^  com- 
prise all^  whether  such  conditions  are  fulfilled  or  not.  We  shall 
omit  the  consideration  of  discontinuous  functions^  as  such  are 
excluded  by  their  very  forms,  and  confine  our  attention  to  those 
which  fof  particular  values  of  the  variable  become  infinite,  and 
on  that  account  fail  to  satisfy  the  requisite  conditions. 

First  let  us  consider  Taylor's  Series.  To  develope  p(a?-f  A) 
to  n  -f  1  terms,  and  so  that  the  last  term  of  the  series  may  com- 
prise the  sum  of  all  the  terms  after  the  »th,  and  be 

it  is  necessary  that  f(^),  and  all  its  derived-functions  up  to 
F"(ar)  inclusively,  should  not  be  infinite  for  any  value  of  J?  be- 
tween X  and  x-\'h.  Now  let  the  following  effects  of  differentia- 
tion on  functions  be  observed ;  (1)  that  all  rational  and  integral 

p 
functions  of  a?,  and  all  functions  of  the  form  x^-\-cx''^'\-€Xq  arc 

lowered  one  dimension  by  it ;  and  that  therefore,  if  n  is  posi- 
tive and  integral,  the  nth  derived-function  of  x^  is  a  constant, 
and  the  (n-i-l)th  is  zero;  that  however  many  times  x"'^  is  dif- 
ferentiated, the  result  is  never  zero,  but  that  the  negative  expo- 
nent is  increased ;  that  if  -  is  a  fraction  proper  or  improper, 

some  derived-function  of  it,  sooner  or  later,  has  a  negative  ex- 
ponent, and  therefore  some  power  of  x  appears  in  the  denomi- 
nator ;  (2)  that  if  e^^'^  is  a  factor  of  the  original  function,  it  is 
also  a  factor  of  every  one  of  the  successive  derived-functions. 

Excluding  all  consideration  as  to  values  outside  those  for 
which  the  series  is  applied,  let  a  be  a  particular  value  of  x 
within  them ;  and  suppose  that  when  x  ^  a,  v^{x)  is  finite,  but 
pn-f  1^^^  is  infinite :  then  it  is  plain  that  some  factor  of  the  form 
Of— a  must,  in  passing  from  F"(ar)  to  p*"^^(a?),  have  been  intro- 
duced into  the  denominator ;  and  therefore,  as  far  as  the  above 

remarks  go,  there  must  have  been  in  the  original  function  a 

p 
factor  of  the  form  (a?— a)"*"*" 7,  where  m  is  an  integral  and  posi- 

tive  number,  and  -  is  a  proper  fraction.    And  if  the  primitive 
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136.]  FAILURE  OP  TAYLOR'S  SERIES.  219 

and  all  its  derived-functioiia  are  infinite^  when  a?  =  a^  there 
must  in  the  original  function  have  been  a  factor  of  the  form 

Thus  in  the  former  case,  suppose  that  we  have  to  expand 

F(a?)  =  fix)  +  (x^af^^it>{x), 

in  which  neither /(^)  nor  0(j?)  involves  factors  of  the  form 
a?— a;  then  all  the  derived-functions  up  to  p"»(a?)  will  "be  finite^ 
when  ^  =  a,  but  the  subsequent  ones  will  be  infinite ;  the  ex- 
pansion therefore  must  not  be  carried  beyond  the  mth  term; 
and  the  addition  of 

will  make  the  equation  exact. 

Suppose,  for  instance^  that  it  is  required  to  expand  7(a-)-A)^ 
having  given  .   . 

then  a  is  the  least  value  of  x  for  which  the  function  is  con- 
sidered, and  a  +  A  is  the  greatest;  and 

y{x)  =  4tx^  -\-  ^  {x—a)T  sin  x  -f  (a?— a)^  cos x^ 

V\x)  =  12«r*-|- -j-(^— a)*sina?4-5(a7— a)5cos^— (a;— a)48ina?. 

But  if  we  form  if"\x),  it  involves  (a?— a)""*,  which  becomes  in-  * 
finite  when  x  =  a,  and  therefore  fails  to  fulfil  the  conditions 
under  which  equation  (8)  has  been  determined :  therefore,  in 
this  case, 

v(x+h)  =  Y{x)  +  J  V{x)  +  ^  r{x-\-eh) ; 
and  substituting  the  specific  values  above  given,  and  putting 

+  ^(i?A)*sin(a  +  ^A)  +  5(dA)*co8(a-|-dA)-(dA)4sin(a  +  ^A)}, 

6  being  a  positive  and  proper  fraction.  On  inspection  it  is 
plain  that  the  first  three  terms  of  the  series  are  correct  terms 
of  the  expansion  of  (a  +  A)^,  and  that  they  might  have  been 
carried  further;  and  that  the  last  three  express  {x^a)iAiix, 
when  X  •=s.  a  +  A. 

F  f  a 


Digitized  by 


Google 


220  EXPANSION  OF  FUNCTIONS.  1^3^- 

Now  observing  that  the  last  three  terms  involve  hi,  we  have 
a  good  illustration  of  the  reason  why  Taylor's  Series  "  fails ;'' 
viz.  because  we  are  attempting  to  express  by  a  formula  which 
involves  only  integral  powers  of  h,  a  function  which  in  its  de- 
velopment requires  fractional  powers.  Another  and  perhaps 
better  illustration  is  the  foUowing:  Let  us  consider  the  case 
of  (a?*— a*)*,  which  is  to  be  developed,  when  w  =  a-^h;  here 
then,  when  ^  =  a,  the  original  function  =  0,  and  the  first- 
derived  is  00  ;  but  as  the  function  may  be  written  in  the  form 
(^  — a)*  (a?  +  fl)*,  this  becomes,  when  a?  =  a  +  A,  A*(2a  +  A)*, 
the  second  factor  of  which  may  be  developed  in  the  ordinary 
way,  and  thereby  the  whole  development  will  consist  of  terms 

of  the  powers  of  A  whose  exponents  are  of  the  form  n  +  ^ ,  n 
being  a  whole  number. 

Similarly,  if  the  original  function  has  factors  of  the  form 
(^— a)~"*,  that  and  all  its  derived-functions  are  infinite  when 
X  =^  a.  Thus  suppose  that  we  have  to  develope  by  Taylor's 
Series,  when  ar  =  a  -|-  A, 

sin^ 

this  and  all  its  derived-functions  become  infinite  when  x  =  a; 
but  the  function  may  be  written  in  the  form 

1       sin^ 

the  first  factor  of  which,  when  a?  =  a  +  A,  becomes  r  i  and  the 

n 

second  fulfils  the  conditions  of  Taylor's  Series  and  may  be  ex- 
panded in  the  ordinary  way ;  but  the  resulting  development  will 
have  at  least  one  term  involving  a  negative  power  of  A,  which 
indicates  the  cause  of  the  failure,  viz.  that  the  function  does 
not  admit  of  development  in  ascending  integral  and  positive 
powers  of  A,  which  alone  is  given  by  Taylor's  Theorem. 

Secondly,  as  to  the  failure  of  Maclaurin's  Theorem.  Two 
cases  correspond  to  those  of  Taylor's  Series  above  discussed. 
In  the  former,  the  original  function  contains  factors  of  the  form 

x*^'^ii;  and  therefore,  when  these  are  difierentiated  more  than 
m  times,  powers  of  x  with  negative  indices  are  introduced ;  and 
these  become  infinite  whien  x=:0.   Although  therefore  the  series 
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will  be  correct  up  to  the  mth  term,  yet  the  development  must 
not  be  carried  beyond  that  term,  and  the  limit  will  be  the  sym- 
bolical expression  for  the  sum  of  all  the  terms  after  it.  In  the 
latter  case  the  original  function,  when  broken  into  factors,  con- 
tains one  or  more  of  the  form  a?~"*;  and  thus  becomes  infinite 
when  ^  =  0.  Of  this  kind  of  failure  cosec  x  and  cotan  x  are 
instances :  see  Ex.  3  and  4,  Art.  S8;  for  of  each  of  these  when 
expanded  x~^  is  the  first  term.  And  therefore  their  equivalent 
series  cannot  be  made  to  correspond  with  that  of  Maclaurin. 

Another  similar  case  is  that  of  log  x ;  because  this,  and  also 
all  its  derived-functions,  =  00  when  a?  =  0. 

Also  another  case  is  e  x*j  because  it  and  all  its  derived-func- 
tions vanish  when  a?  =  0 ;  and  hence  we  infer  that  this  function 
does  not  admit  of  development  into  a  series  of  ascending  inte- 
gral and  positive  powers  of  a?,  which  alone  is  given  by  Maclau- 
rin^s  Series. 

Thus  if  the  function  to  be  expanded  by  Maclaurin''s  Theorem  is 

the  development  of  p(a?)  will  be  that  of /(a?)  alone;  and  there- 
fore will  not  be  correct. 

There  may  also  be  many  other  functions  which  are  not  capa- 
ble of  development  in  the  forms  of  Taylor'^s  and  Maclaurin's 
Series ;  and  therefore  the  student  must  be  on  his  guard  against 
attempts  at  expansion  in  a  form  not  suited  to  the  function. 
The  above  remarks  must  be  considered  as  general  hints  rather 
than  as  a  secure  and  scientific  enumeration  of  cases  of  applicar 
bility  and  non-applicability ;  the  latter  is  beyond  our  knowledge, 
and  therefore  with  the  former,  however  incomplete,  we  must  be 
content. 

There  is  also  another  reason  why  we  have  treated  thus  at 
l^igth  of  the  cases  where  Taylor's  and  Madaurm'^s  Theorems 
fail;  some  foreign  and  most  English  writers  have  attempted  to 
raise  the  Differentifd  Calculus  on  them  as  its  basis.  As  far  as 
they  are  applicable^  reasoning  founded  on  them  may  be  correct ; 
but  since  they  are  not  universally  so^  it  is  objected,  and  validly 
objected,  that  the  basis  of  the  Calculus  is  confined  within  limits 
narrower  than  are  necessary.  And  no  criteria  are  known  for 
determining  whether  functions  can  be  expanded  in  thdr  forms 
or  not,  before  such  principles  of  continuity,  as  those  which  we 
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have  made  fundamental,  have  been  elucidated ;  on  the  expan- 
sion-principle therefore  we  are  left  to  grope  our  way  in  the 
dark,  being  uncertain  whether  the  matter  which  we  are  dis- 
cussing is  within  its  comprehension  or  not. 


Section  2. — On  functions  of  many  variables. 

137.]  In  Chapter  IV.  certain  relations  have  been  investigated 
between  functions  and  derived-functions  of  one  variable  Xy  and 
chiefly  when  many  of  the  derived-functions  vanish  for  particular 
values  of  the  variables.  Similar  theorems  are  true  of  functions 
of  two  and  more  variables ;  but  I  was  unwilling  in  that  Chapter 
to  interrupt  the  discussion  of  a  difficult  question^  or  in  the  fol- 
lowing Chapter  to  break  in  upon  the  immediate  application  of 
it,  by  introducing  functions  of  a  more  complex  order.  Now  we 
must  return  to  the  subject,  and  I  shall  shew  that  for  functions 
of  two  and  more  variables,  theorems  are  true  analogous  to  those 
which  have  been  proved  for  functions  of  one  variable.  We  will 
take  at  first  a  function  of  two  independent  variables  x  and  y. 

Let  T{x,y)  be  the  function  under  consideration;  and  let  us 
suppose  the  function  to  be  finite  and  continuous  for  all  values 
of  X  and  y  between  Xq  and  a?o  +  A,  yo  and  yo  +  k;  and  let  us 
moreover  suppose  all  and  each  of  the  several  and  successive 
partial  derived-functions  up  to  the  nth  to  vanish^  when  x  =  Xq 
and  y  =  yo;  but  the  nth  not  to  vanish  nor  to  become  infinite 
at  these  values :  then  the  following  theorem  is  true,  as  I  shall 
just  now  prove, 

yo'\-Ok; 
the  meaning  of  the  notation  at  the  end  of  the  right-hand 
member  being  that  x  and  y  are  to  be  respectively  replaced  by 
Xo  +  6h  and  yo-^6k. 

Let  us  suppose  the  finite  increments  of  Xq  and  ^o  to  be  A/ 
and  ^/;  so  that  ultimately  they  become  h  and  k,  when  /  =  1 ; 
thus  we  may  consider  rixo  +  htyyo  +  kt)  to  be  a  fimction  of  t; 

'"^  ^^""^  F  (xo+ht,  yo  +  kt)  =  f(t) ;  (28) 

and  therefore  f  (a?o,  yo)  =  /(O).  (29) 
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Now  by  (20),  Art.  115,  if  f(t)  is  finite  and  continuous  for  all 
values  of  t  between  t  =  t  and  ^  =  0 ;  and  if  moreover  all  the  de- 
rived-functions of /(/)  up  to  the  (»  — l)th  inclusive  vanish  when 
^  =  0,  but  if/^CO  does  not  vanish  and  is  not  infinite ;  then 

fit)  ~/(0)  =  j^^  f-  (et).  (30) 

To  apply  this  to  the  present  case,  I  must  deduce  from  (28)  the 
several  deriTed-fiinctions  of/(/).    To  simplify  the  process,  let 


^o+kt  ^  af,  .-.     -T-  =  A; 


yo+kt  =  y',  .-.     ^  =  *; 


(31) 


.:    m  =  F(jf',y'), 

and  observing  that  when  /  =  0,  x'—Xq  and  y'= yo  J  we  have 

the  notation  in  the  last  line  indicating  that  x  and  y  are  replaced 
by  xo  and  yo  respectively. 

If  therefore  (-7-)  =  0,  and  (^-}  =  0,  these  circumstances 

are  equivalent  to  the  vanishing  of /'(/),  when  ^  =  0.     Again, 

bearing  in  mind  that  t  is  equicrescent ;  otherwise  (80)  would 
not  be  tfue. 

and  therefore  if  all  the  second  partial  derived-functions  of 
v(Xy  y)  vanish^  when  a?  =  a?o  ^^^  y  =  Voy  these  circumstances  are 
equivalent  to  the  vanishing  of  f"{t),  when  /  =  0.     Similarly 

/»(«,  =Q  V+8(^)  V*H.8(J^)^»*.+  (9)P,  (3., 
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the  notation  being  used  to  signify  that  x  and  y  are  replaced  by 
ii  and  y\ 

And  thus  if  all  the  partial  derived-functions  of  F(ar,y)  of  the 
(i»  — l)th  order  vanish  when  x^Xs^  and  y  =  yo>  these  circum- 
stances are  equivalent  to  the  vanishing  of /*""*(0) ;  and  /*{/)  is 
given  by  (36).  Suppose  now  all  the  partial  derived-functions 
of  F(^iy)  up  to  the  (n  — l)th  inclusive  to  vanish,  when  x^Xo 
and  y  s:  yo :  but  that  all  the  nth  do  not  vanish ;  then  substi- 
tuting in  (30)  we  have 

p  (a?o  +  A/,  yo  +  *0  —  r  (^0,  yo) 

""  1.2.3...nL^rfr»/      ^1  ^dx-'^dyl  ^ '" 

-U  (5^)  **""  ^  (^)  *"]  -;+ Jjj;  (37) 
In  this  equation  let  /  =  1 ;  then 
t  («o  +  A,  JTo  +  *)  -  F  (a-o.  yo) 

-  1.2.8...«LVrfr"/*  +lV<fc-»rfy^*      *  +  '" 

-  +  T  (wS^^  **"-'  +  (S^)  *"]  '0+ JA  (38) 
^  ^  yo-i-^*,      ' 

which  is  the  theorem  required  to  be  proved ;  and  is  analogous 

to  that  contained  in  equation  (16)^  Art.  114. 

If  the  given  function  is  of  more  variables  than  two,  and  if  all 

its  several  partial  derived-functions  up  to  those  of  the  (n— l)th 

order  inclusive  vanish  for  particular  values  of  the  variables^  a 

similar  theorem  is  also  true.     But  as  the  proof  is  the  same  as 

that  which  has  been  applied  to  a  function  of  two  variables,  it  is 

unnecessary  to  insert  it. 

138.3  Suppose  X(s  and  yo  to  be  each  zero  in  (38) ;  then,  re- 
placing h  and  khj  x  and  y^  we  have 

•••+(i^)»»--0*"]j- 

in  which  all  the  derived-functions  of  T{x,y)  up  to  those  of  the 

Digitized  by  VjOOQ  IC 


,y;(39) 


139]  FUNCTIONS  OP  MANY  VARIABLES.  225 

(n  — l)th  order  inclusiye  vanish,  when  a?  =  0  and  y  =  0.     This 
theorem  is  analogous  to  that  of  equation  (19)^  Art.  115. 

139.]  If  the  ratio  to  each  other  of  two  functions  of  two  or 
more  variables  is  for  particular  values  of  the  variables  indeter- 
minate, and  if  a  function  of  two  or  more  variables  takes  for 
particular  values  of  the  variables  one  or  other  of  the  indeter- 
minate forms  given  in  Sect.  3,  Chap.  V,  we  are  hereby  enabled 
to  evaluate  them.  We  will  take  functions  of  two  variables  only, 
because  the  expressions  are  shorter ;  and  the  method  required 
for  those  of  more  variables  is  the  same  in  form. 

Let  r{x,y)  and  *{x^y)  be  two  functions  of  x  and  y  which 
vanish  when  or  =  a?o  and  y  =  ^0 ;  ai^d  let  us  take  the  most  general 
case,  and  assume  that  all  the  successive  partial  derived-functions 
up  to  those  of  the  (»— l)th  order  inclusive  also  vanish  for  these 
values  of  the  variables  j  and  that  all  the  «th  derived-functions 
neither  vanish  nor  become  infinite ;  then  by  (38), 

„..^.»,,.+*, = j^[(g)*.+»(^)*.-.*+... 

-  +l(^^)"-'  +  (|J)*"]».+»«  (40) 

yo-\-vKy 

'  ♦(-o+A,.oH-*)=  j;^[(£;)A«+f  (^)a-*4... 

yQ-\'dK, 
Let  us  suppose  h  and  k  to  become  infinitesimal ;  to  become, 
that  is^  dx  and  dy ;  then  if  we  neglect  those  terms  which  are 
infinitesimal   and   are   added   to   finite  quantities,  and   divide 
(40)  by  (41),  we  have 

g'(^o>yo)  _ 

♦  (^o,yo) 

To  take  particular  cases,  let  us  suppose  the  functions  to  vanish 
when  x=iXo  and  y  =  y^^  and  their  first  derived-functions  not  to 
vanish;  then 

r  PRICE,  VOL.  I.  G  g 
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(43) 


And  again,  let  us  suppose  the  functions,  and  their  first  de- 
rived, to  vanish  when  ^  =  j?oj  y  =  ^o,  and  the  second  derived  not 
all  to  vanish,  then 

It  will  be  observed  that  I  have  assumed  the  daP^  and  the  dy^9 
to  be  the  same  in  both  functions :  and  the  result  must  neces- 
sarily involve  the  ratio  of  these  to  each  other.  If  however 
dx  =:m  dy^  where  m  is  a  constant  multiplier,  the  result  will  be 
independent  of  the  infinitesimal  variations. 

The  following  is  a  case  in  which  the  preceding  process  of  eva- 
luation is  frequently  required.  Let  p(a?,y)  =  er  be  an  implicit 
function  of  two  variables ;  whence  after  differentiation  we  have 

(-) 

w 

and  suppose  .Tq,  y^  to  be  values  of  x  and  y  which  simultaneously 

fdY\ 


satisfy  the  given  equation,  and  are  also  such  that  \-t-')  =  0^ 

and  (-r-)  =  0:  then  -^  becomes  indeterminate,  and  is  to  be 
^dy^Q  dx 

evaluated  according  to  the  preceding  method.     liCt  us  take  the 

total  differentials  of  the  numerator  and  the  denominator ;  then 

(44j)  becomes 

(-) 

dy  _        ^dx' 
dx  ,dr\ 

= . ^3 ;  (46) 

and  let  us  suppose  all  these  second  derived-functions  not  to 
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vanish  nor  to  become  infinite  when  x=za?o  and  y^y^;  then  we 

whence  the  ratio  of  dy  to  dx  may  be  determined. 

Again,  if  all  the  second  derived-functions  vanish  when  x  =  Xq 
and  y  =  ^o^  then  taking  the  total  differentials  of  the  numerator 
and  the  denominator  of  (45)^  we  have 

and  let  us  suppose  all  these  third  derived-functions  not  to 
vanish  nor  to  become  infinite  when  x=z  x^  and  y  =  ^o ;  then 
(47)  becomes 

whence  -^  may  be  found  by  the  solution  of  a  cubic  equation. 

It  will  be  observed  that  in  the  total  differentials  of  the  nume- 
rator and  denominator  in  (42)  x  and  y  are  equicrescent. 

Ex.  1.      If  ay^  —  x^  —  bx^  =  0,   -f^  =  — jr =  ^,  when 

^  dx  2ay  0 

^  =  0  and  y  =  0 ;  it  is  required  to  determine  the  values  of  -~ . 

dx  2  ay  0 

6xdx+2bdx  _  bdx 
""         2ady         "  ody'  ' 

dy^  _  b  dy /*\* 

dx^  "a'  dx'~  —  ^a'  * 

Ex.  2.     If  J7*  +  ay»  -  2axy^  —  Zax^y  =  0, 
dy        4iX^—Qaxy  —  2ay^ 


-^^r  _0    if^.^^o- 


dx       3act^-f  4oa?y  — 3ay' 
it  is  required  to  determine  the  values  of  -^  - 

dy  _   4^x^-6axy-2ay^  _  0     :f  ^  _  ,,  _  a 
dx  ""  3aa?»-f  4aa?y-3ay2  -  q,  ii  ^  -  y  -    , 

_  (12a;*'— 6ay)cte--(6aj7  +  4ay)(/y  _  0 
"  (Sax-j-iayfdx-^i^ax—Qay^dy  ""0' 
og  a 
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—12  a  ebcdy—  iia  dy^ 


6orfa?*H-  Sada^dy  —  6ady^ 


,  when  ^  =  y  =  0. 


.      ^_2^-3?^  =  0- 
cLv^         dx^         dx  ' 

whence  we  have  -5^  =  0,   and  =  3,    and  =  —  1. 
ax 

Other  examples  will  occur  subsequently  in  which  -^  has  to 
be  evaluated  in  a  similar  way^  when  j?  =  y  =  00  . 

140.||  Again,  let  it  be  required  to  find  in  ascending  powers 
of  A  and  *  the  value  of  p(a?4  A,  y4  *),  F(a?,y)  and  all  its  partial 
derived-functions  up  to  those  of  the  nth  order  inclusive  being 
finite  and  continuous  for  all  values  of  x  and  y  between  the 
values  X  and  x-\  h,  y  and  y  +  A ;  A  and  k  being  finite  incre- 
ments of  X  and  y. 

Let  us  make  the  same  substitutions  in  terms  of  t  as  in 
Art.  137.   Then  by  Maclaurin's  Theorem,  Art.  58,  (13),  we  have 

f{t)  =/(0)4/'(0)(  -Kr(0)j^  +  

-  -^>"^-^(^)  1.2.3.r(Ll)  ^f"^^''^  T^n>  ^^9) 

and  substituting  for  f{t\  /(O),  /'(O),  /"(O),  .../"(O  the  values 
given  in  Art.  137,  except  that  we  will  replace  Xq  and  yo  by  the 
general  values  x  and  y,  we  have 

F(a?  +  A^,  y  +  *0  =  ^{^,y) 


+ 


-,[(£)  »"+«(^)»"-»- 


1.2.3. ..nLV<to"'      ^     V<ii.»-irfy 


*  y  +  fl*/. 
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Let  /  =  1 ;  then  we  have 


+ 


+  1.2.3. .. nLW"/"  +"W-irfv^  ^ 


(£)'■]- 


+  ^a;;;  **+»». 


which  is  the  required  development.   The  following  are  examples 
in  which  the  expansion  is  applied. 

141.]   Ex.  1.   Given  that  r(x,y)  =  ^*(a  +  y)';  it  is  required 
to  find  (X  +  A)a  (a + y  +  *)». 

and  omitting  to  write  down  the  subsequent  partial  derived- 

(d  V    \  I   u  p  \ 

— — -^j  =  12(a-|  y),   ^— -_j 

(if  6p     \ 
3  ,  gj  =  12 ;  whence,  substituting  in  equation  (51), 

(d?  +  A)«(a+y  +  *)»  =  a?«(a  +  y)»  +  2ar{aH-y)8A  +  3ar«(a+y)«A: 

+  (a  +  y)»A*  +  6a?(a  +  y)»A*  +  3a?«(a  +  y)*« 
-f  3(a+y)2A2*  +  6a?(a  +  y)A*a4-^*' 
-i-3(a  +  y)Aait2  4-2^^**  +  A**^ 
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Ex.  2.    The  equation  to  a  conic  is 

it  is  required  to  prove  that  y-j-j  =  0,  (  ^-j  =  0,  are  the  equa- 
tions to  two  diameters  which  are  conjugate  to  diameters  parallel 
to  the  axes  of  ^  and  y  respectively. 

In  the  first  place,  it  is  manifest  that  (-i-j  =  0,  and  (-r-j  =  0 

are  two  equations  of  the  first  degree  in  a?  and  y,  and  therefore 
represent  straight  lines.  Let  the  origin  of  coordinates  be  moved 
to  a  point  (A,  k)  by  replacing  a?  and  y  hj  x-^h  and  y  -f*  respect- 
ively. And  let  it  be  observed  that  the  given  equation  is  only 
of  two  dimensions  in  terms  of  a?  and  y ;  and  that  therefore  all 
the  partial  derived-functions  of  it  after  the  second  vanish.  lu 
F(.r,y)  let  07  and  y  be  replaced  by  or-f^  and  y  +  k;  and  let  us 
expand  in  powers  of  a?  and  y ;  and  we  have 

F^r  +  A,  y-f  *)  =  0  =  F(^,*)  +  (^)  ^  4-  (^)  y 

Now  if  h  and  *  are  such  that  (—)  =  0,  (52)  has  uo  term  in- 
volving the  first  power  of  a?,  and  therefore  is  not  changed  when 
—  a?  is  substituted  for  +  x.     And  (^j  =  2aA  +  bA'  +  e,  which 

is  an  expression  of  one  dimension  in  terms  of  h  and  k^  and 
therefore  represents  a  straight  line,  of  which  h  and  k  are  the 
current  coordinates :  this  line  therefore  bisects  all  chords  of  the 
conic  which  are  parallel  to  the  axis  of  x,  and  is  therefore  a  dia^ 
meter  conjugate  to  the  diameter  which  is  parallel  to  the  axis 

of  X.     Similarly,  if  (^j  =  0,  (52)  has  no  term  involving  the 

first  power  of  y ;   and  therefore  y-jy)  =  0,  which  is  equal  to 

2c^4-bA  +  g  =  0,  and  represents  a  straight  line,  is  the  equation 
to  a  diameter  of  the  conic  which  bisects  all  chords  parallel  to 
the  axis  of  y;  and  is  therefore  conjugate  to  the  diameter  which 
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is  parallel  to  the  axis  of  y.  And  if  we  replace  h  and  k,  as  we 
evidently  may,  by  x  and  y,  i-j-)  =  0,  and  (-r-j  =  0,  or 

2Aa?-fBy  +  E  =  0,1 

2cy-f  Ba?  +  G  =  0,  J  ^ 

are  the  equations  to  the  two  diameters  of  the  conic  f  (^,  y)  =  0, 
which  bisect  all  chords  parallel  to  the  axes  of  x  and  y  respect- 
ively. 

If  (-jt)  and  (-7t)   simultaneously  vanish,  (52)  contains  no 

term  involving  the  first  powers  of  x  and  y ;  and  the  conic  is  re- 
ferred to  the  centre  as  origin.  The  coordinates  to  the  centre 
are  from  (53), 

2CE  —  BG  2aG  — BP  ,^,, 

We  shall  have  a  further  illustration  of  this  theorem  hereafter, 
when  we  come  to  the  consideration  of  tangents  and  polars  of 
plane  curves. 

If  in  the  preceding  general  formula  (51 )  we  make  ^  =  0,  y  =  0, 
and  then  change  h  and  k  into  x  and  y,  we  have 

-f 

•••+(^)dj-;(55) 

where  we  have  to  replace  x  and  y  by  the  value  0  in  all  the 
partial  derived-functions,  except  in  those  of  the  last  term,  where 
they  are  to  be  replaced  by  Ox  and  Oy ;  and  if  this  last  term  de- 
creases without  limit,  as  n  increases  without  limit,  then  the 
remainder  may  be  neglected,  and  the  series  may  be  written 
without  it. 

143.]  If  it  is  required  to  expand  f  (x-\-h,  y-f  A:,  zA-l, ), 

then^  by  a  similar  process,  we  have 
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T(x-]-h,y^k,z  +  l, )  =  F(a?,y,2r, ) 

-^{©--O^-- 

*'{£h)^^*'(£k)"* } 

•••+»0"'- \ 


ja?  +  ^A, 


z-^ei,     (56) 


replacing  x,y,z, ..,  in  the  last  term  hj  x-\^  Oh,  y-{-6k,  z  +  $l, .,. 
As  the  equations  (51)  (55)  and  (56)  stand  at  present,  each  side 
is  exactly  equal  to  the  other ;  but  if  we  can  assure  ourselves  that, 
as  n  increases  without  limits  each  term,  as  well  as  the  sum  of  all 
the  terms^  of  the  part  omitted  decreases  without  limit ;  then  the 
remainders  may  be  neglected,  and  the  equations  will  be  modi- 
fied accordingly. 

Ex.  1.     Y{x,yyZ)  =  Aa?2+By*+C2r*  +  2By^+2G^j7+2H^; 
it  is  required  to  expand  F(a?  +  A,  y +  ^, ;?  +  /). 

(I) = ..,+..,+....  {^)=..,  (I^)=»,. 

.-.    F(^-f  A,y  +  *,2r-f /)  =  K3fi -{-^y^ -\-Gz^  +  2i^yz '\-2qzx -\-2nxy 

+  2{(Aa?H-Gj2r-f  Hy)A-f  (By  +  EZ  +  Ha?)  *H-(c2r  +  Ey +  g^)/} 
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143.]  And  the  result  of  this  last  Article  may  be  extended  by 
that  method  of  Derivation,  the  principles  of  which  have  been 
explained  in  Art.  95 — 97,  and  which  has  been  in  those  Articles 
applied  to  functions  of  one  variable  ao,  I  propose  now  to  apply 
the  process  to  functions  of  two  variables,  although  it  is  evi- 
dently capable  of  application  to  any  number  of  variables.  And 
I  will  first  take  the  following  case.  It  is  required  to  expand  in 
ascending  powers  of  x  and  y  the  function 

/(ao  +  aij  +  oa-fg-f  ...,  Ao  +  iij  +  Asy^  +  ....).        (56) 

The  first  term  of  the  expansion  is  /(oo^  6o) ;  partial  derived- 
functions  of  this  are  to  be  taken ;  in  the  ao-partial  derived- 
functions  da^  is  to  be  replaced  by  a\ ;  and  in  the  6o-partial  de- 
rived-functions db^  is  to  be  replaced  by  ^i;  so  that,  if /stands 
for  /(oo,  6o)>  the  second  term  of  the  expansion  is 

(^)...+  (^)«.,;  (57, 

the  third  term  is 

the  fourth  term  is 


+  J 


and  by  a  similar  process  other  terms  may  be  found ;  but  it  is 
imnecessary  to  write  them  at  length. 

Ex.  1.    By  the  process  above  explained  the  product  of 

X  X  t/  t/ 

«o  +  ai  J -f  02  j-g  +  ...   and  fto  +  ^iY  +  Jayg  +    ..  is 

PBICB^  VOL.  I.  H  h 
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Oo&o  +  ^1  ^u^  +  ^0  ^1  ^ 

+ 

Ex.2.    8in{(ao  +  aiY-f  ^2^  +  ...)  (*o  +  Aiy  + Aay^  +  ...)} 
=  sin  (ao*o)  +  (ai*o^  +  flo*iy)  cos  (ao*o) 
—  Y2  («i*o«2?  +  flo*iy)*  sin  (00*0) 

+  y-o  C08(ao^o){tf3*o^-h^ai^i'3?y4-ao4»y*} 
{ (ai  *o^  H- flfo  *i  y)^  -  08  Ao^ 


1.2.3 

—  3a2ftia?*y— 3ai*2^*  — oo^sy*}  cos  (oo^o) 

j-^  {8(aiM  +  ao6iy)  («2*o^  +  2ai6ia?y +  00*2 y*)}  sin (ooio) 


Another  fonn  is  that  wherein  it  is  required  to  expand  in 
ascending  powers  of  the  variables  a  function  of  variables  of 
the  form 

The  first  term  of  the  expansion  is  evidently /(ooo) :  let  the  suc- 
cessive derived-functions  of  this  be  symbolized  according  to 
Lagrange's  notation.  As  however  /  is  a  function  of  two  vari- 
ables^ duoo  will  be  aio  or  oqi  according  as  the  ^-  or  y-partial 
differential  is  taken :  and  thus  we  have  the  preceding  function 
equal  to 

/(«oo)  4-/'(aoo)  {oio^  +  ooiy } 

+  3/"(aoo)  («io^  +  aoiy)  (fl20^-l-2an^  +  ao2y*) 
+/'(«oo)  (a3oa?»  +  3a2ia?»y  +  3aiaa?y»  +  Oo9y»)]  +  ....  (60) 
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CHAPTER  VII. 

ON  THE   DETERMINATION   OP   MAXIMA   AND   MINIMA 
VALUES   OP   PUNCTI0N8. 

144.3  Let  us  consider  a  function  of  a  single  variable  x ;  axiA,  to 
fix  our  thoughts^  let  the  variable  be  continuously  increased ;  then 
the  corresponding  variation  of  the  function  need  not  always  be 
one  of  increase  or  of  decrease^  but  it  may  increase  up  to  a  cer- 
tain value  and  afterwards  decrease^  or  vice  versd.  In  the  former 
of  these  two  cases,  at  the  value  of  the  variable  when  the  func- 
tion ceases  to  increase^  it  has  attained  a  greatest  value,  or  what  is 
-technically  caUed  a  maxifmuni  state ;  and  in  the  latter  it  reaches 
a  least  or  a  minimum  state ;  such  singular  conditions  of  a  func- 
tion the  principles  of  Chapter  IV  enable  us  to  determine.  And 
we  have  the  following  definition : 

A  particular  value  of  a  function^  which  is  greater  than 
all  its  values  in  the  immediate  neighbourhood^  that  is,  when 
the  variables  are  infinitesimally  increased  or  decreased,  is  said 
to  be  a  maximum.  And  the  particular  value  which  is  less  than 
all  its  immediately  adjacent  ones,  is  called  a  minimum. 

Maxima  and  mini$na  are  therefore  terms  used  not  absolutely, 
but  in  reference  to  the  values  of  the  functions  immediately  ad- 
jacent to  those  to  which  the  names  are  applied. 

As  a  simple  illustration,  let  us  consider  sin  x;  and  let  the  radius 
of  the  circle  be  unity ;  then,  when  the  arc  =  0,  the  sine  =  0 ;  but 

as  the  arc  increases  up  to  ^ ,  the  sine  increases  and  at  last  be- 

comes  1,  which  is  its  maximum,  for  as  the  arc  becomes  larger, 

the  sine  becomes  smaller  and   continually  decreases,  passing 

Sir 
through  0  when  the  arc  =  ir,  until,  when  the  arc  =  -^,  the 

sine  =  —  1 ;  after  which  it  continually  increases  until,  when 

the  arc  =  -— ,  the  sine  =  +  1,  which  is  a  maximum,  and  so  on. 

Thus  as  the  arc  increases,  the  sine   periodically  attains  to 
maxima  and  minima  values. 

H  h  2 
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Section  1. — On  maanma  and  minima  of  eosplicit  functions  of 
one  variable. 

145.]  Let  y  =  r(x)  be  the  function  of  which  the  maxima  and 
minima  are  to  be  investigated. 

From  the  definition  it  is  plain  that  if^  as  ^  increases  up  to  a 
certain  value  ^o*  p(^)  increases;  and  afterwards  as  x  increases, 
F(a7)  decreases;  then  p(^)  has  attained  a  maximum  value  at 
x^  xq.  And  if ,  as  a^  increases  up  to  a  certain  value  Xq,  t(x) 
decreases,  and  afterwards  increases  as  x  increases,  then  f(^o)  is 
a  minimum  value. 

Now  Theorem  I,  Chapter  IV,  is  immediately  applicable  to 
the  determination  of  these  conditions :  if  a?  and  r(x)  are  simul- 
g,/         taneously  increasing,  v(x)  is  positive;  if  ¥(x)  dcicreases  as  x 
increases,  v'(x)  is  negative. 

If  therefore  at  any  point  ^  =  a?o,  r'{x)  changes  its  sign  from 
4-  to  ~,  we  have  a  maximum  value;  and  if  f'(^)  change-s  its 
sign  from  —  to  +,  we  have  a  minimum  value;  and  as  changes 
of  sign  can  take  place  only  when  the  quantity  passes  through 
0  or  00 ,  we  have  the  following  rule  to  determine  Maxima  and 
Minima : 

Find  every  value  of  x  which  renders  ¥\x)  equal  to  0  and  to 
00 ;  if  such  a  value  makes  f'(^)  change  its  sign,  the  correspond- 
ing value  of  r{x)  is  a  maximum  or  minimum;  being  a  maxi- 
mum if  J!^(x)  changes  sign  from  +  to  — ,  and  a  minimum  if 
the  change  is  from  —  to  +  *  but  if  there  is  no  change  of  sign, 
there  is  no  such  singular  value. 

Ex.  1.  y  =  p(a?)  =  a?*  — 2flwr; 

.-.     F'(a?)  =  2a?  — 2a  =  0,  if  x  =  a; 
and  as  ^(x)  is  negative  when  x  is  less  than  a,  and  positive 
when  X  is  greater  than  a,  ¥^{x)  changes  sign  from  —  to  +  ^  ^ 
passes  through  a;  and  therefore  f(^)  has  a  minimum  value, 
viz.  —a*. 

Ex.  2.  y  =  p  (d7)  =  sin  x ; 

^{x)  =  COS  ^  =  0,  if  a?  =     ; 

and  as  cos^  is  positive  when  x  is  less  than^^,  and  negative 
when  X  is  greater  than  ^,  ¥^(x)  changes  sign  from  -f  to  —  ; 
and  accordingly  v(x)  has  a  maximum  value,  viz.  1. 
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Sir 
Also  since  i^(a?)  =  cos  a?  =  0,  when  x=  -^,  and  changes  sign 

from  —  to  +  as  0?  passes  through  this  value,  sin  ^  has  at  it  a 

minimum  value,  viz.  —1.     Similarly  also  ^  =  ^  gives  to  cos^ 

a  change  of  sign  from  -f  to  — ,  and  therefore  gives  to  sin  a?  a 
maximum,  viz.  1 ;  and  thus  may  other  values  be  determined. 

Ex.  3.  y  =  x(a—x)^  =  F(a?); 

.-.     jf^(x)  =  (o-a?)  {aSx)  =  0,  if 
X  =  a,  and  changes  sign  from  ~  to  +^      .'.   a  minimum  ; 

j?  =  -,     -----    from  -h  to  — ,      .-.    a  maximum; 
o 

therefore  0  is  a  minimum  value  of  w{a—x)\  viz.  when  a?  =  a; 
and  when  a?  =  « ,  f(^)  =  -^ ,  which  is  a  maximum  value. 

It  is  convenient  to  have  a  distinctive  name  for  that  value  of 
a  variable  which  makes  a  frmction  of  it  to  vanish,  and  there- 
fore I  propose  to  call  it  the  critical  value ;  thus  a  and  ^  ai*6 

critical  values  of  x  in  v'{x)  m  the  last  example;  0  and  a  are 
the  critical  values  of  a?  in  a?  (a—x)^.  Of  an  algebraical  expres- 
sion, the  roots  are  the  critical  values.  It  is  plain  that  critical 
values  do  not  necessarily  cause  a  function  to  change  sign, 
although  a  function  cannot  change  sign  except  at  a  critical 
value :  at  least  such  is  the  case  so  far  as  we  know.  Similarly 
the  factor  which  vanishes  is  called  the  critical  factor. 

146.]  When,  as  in  Ex.  3  above,  f'(^)  is  an  algebraical  func- 
tion, and  has  many  factors  which,  when  equated  to  0,  cause  it 
to  vanish,  it  is  easy  to  perceive  their  forms  so  that  f'(^)  may 
change  its  sign.  Corresponding  to  every  factor  of  uneven  di* 
mensions,  that  is,  of  the  form  (d?— a?o) *"*"*■  S  as  x  passes  through 
Xof  there  is  a  change  of  sign ;  but  to  factors  of  even  dimen- 
sions, viz,  of  the  form  (^— ^o)^"*,  there  is  no  change  of  sign  as 
X  passes  through  a?o,  and  therefore  there  is  no  maximum  or 
minimum  value. 

To  determine  the  change  of  sign  corresponding  to  a  factor  of 
uneven  dimensions,  the  best  method  is  first  to  determine  the 
signs  of  all  tlie  factors,  short  of  the  critical  factor,  correspond- 
ing to  the  critical  value,  and  then  to  investigate  the  change  of 
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sign  of  the  critical  factor ;  the  following  example  will  explain 
the  process.     Suppose 

i/(jf)  =  jf»  (jr-l)«  (x~2)»  (*-4)*; 
which  is  equal  to  0,  if 

x=iO,  and  gives  a  change  of  sign  firom  +  to  — ^  .'.a  maximaxn  ; 
x=l,  and  gives  no  change  of  sign,  .  no  max«  or  minimnm  ; 
^  =  2,  and  gives  a  change  of  sign  from  —  to  +,  «'.  a  minimnm; 
x  =  4,  and  gives  no  change  of  sign,  .*.  no  max.  or  minimnm  ; 
that  is,  if  X  =:  0,  the  critical  factor  is  x^;  but  when  ;r=:0,  the 
other  factors  severally  are  -f  1,  —8,  +16,  the  product  of  which 
is  —  ;  and  as  a?^  when  ;r  =  0,  changes  sign  firom  —  to  +,  it 
follows  that  i^(x),  when  ^  =  0,  changes  sign  firom  +  to  — ,  and 
accordingly  F(;r)  has  a  corresponding  maximum  value;  by  a 
similar  method  the  changes  of  sign  due  to  the  other  critical 
factors  are  determined. 

147.]  Geometrical  illustrations  of  the  several  conditions  of 
maxima  and  minima  are  given  in  figs.  12, 13, 14, 15. 

Suppose  y  =  v(x)  to  represent  a  curve  such  as  those  drawn 
in  the  figures. 

Let  OMo  :s  xo^  and  let  MoPq  =  tfo  the  corresponding  ordinate. 
Then  in  fig.  12,  as  x  increases  up  to  ^o>  y  =  p(^)  increases,  and 
therefore  ^{x)  is  positive;  but  so  soon  as  x  passes  the  value 
Xo,  y  b^ins  to  decrease,  and  v'{x)  is  negative,  and  the  ordinate 
y  or  f(^)  has  manifestly  attained  a  maximum  value  at  x^ 

In  fig.  13,  the  reverse  is  the  case ;  as  x  increases  up  to  Xq, 
y  =s  f(^)  decreases,  but  so  soon  as  4?  is  greater  than  «o>  p(^) 
increases,  and  thus  the  sign  of  9\x)  changes  from  —  to  +  at 
xq,  and  the  corresponding  value  of  F(ir)  is  a  minimum. 

Fig.  14  illustrates  the  case  of  i/{x)  being  positive  up  to  Xq\ 
and  although  v'{x)  =  0,  yet  it  does  not  change  its  sign,  but 
continues  positive  afterwards,  and  therefore  we  have  no  maxi- 
mum value. 

In  the  curve  drawn  in  fig.  15,  ^(x)  is  negative  throughout; 
at  Po  it  is  equal  to  0,  but  as  it  does  not  change  its  sign,  there  is 
no  minimum  value. 

148.]  Examples  of  maxima  and  minima. 

Ex.  1.  To  determine  the  maxima  and  minima  values  of  y, 
having  given 

y  =  Y{x)  =  ar*-8a^8  +  22a«a?2_  240^0?+ 12a*. 
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=  4(a?-a)(5?-2a)(a?-3a)  =  0; 

\(  X  =  a,  and  changes  sign  from  ~  to  +^       .-.a  minimum; 
x  =  2a,   -------    4.  to  —,       .'.  a  maximum; 

07  =  3a, —  to  -f",       .•.  a  minimum; 

whence  we  have,  it  x  =t  a,  f(o7)  =  8a^,  a  minimum ; 
X  =  2a,  ¥{x)  =  4a^,  a  maximum ; 
X  =iSa,  f(o?)  =  3a^,  a  minimum. 

Ex.  2.    To  determine  the  maxima  and  minima  values  of 

p(a?)  =  (07-1)*  (^+2)'; 

p»  =  (07-1)8  (07 +  2)«  (7^  +  5)  =  0;  if 
X  =:!,  and  changes  sign  from  —  to  +,      .*.   a  minimum; 
07  =  —  2|  but  does  not  change  sign,     .*.  no  max.  or  minimum  1 

07  =  —  =,  and  changes  sign  from  +  to  —,       .*.   a  maximum ; 

hence^  when  o?  =  1,        ir(07)  =^  0,  a  minimum  value; 

and  when      07  =  —  ^,  f(07)  =       y    ,  a  maximum. 

Ex.  8.     To  determine  the  maximum  and  minimum  values  of 
y(o7),  having  given 

.  (07+2)^07^18). 

••     ^(^)  =  (^-8)»        ' 

=  0,  if  07  =  —  2,  and  does  not  change  sign,  .  * .  no  max.  or  min. ; 
=  0,  if  07  =  13,  and  changes  sign  from  —  to  +,  .*.  a  minimum; 
=:oo,ifo?  =  8, +to— ,    .-.  a  maximum; 

hence,  when  07  =  13,     f(o7)  =  --r— ,  a  minimum  value; 

4 
and  when      07  =  3,      f(o?)  =  00 ,      a  maximum  value. 

Ex.  4.     To  determine  the  minimum  value  of  x'. 

v(x)  =  07*; 

p'(07)  =  07' (1  +  logo?)  =  0; 
if  log  07  =  —  1,  that  is,  if  07  =  c-^ ;  and  as  f'(o?)  changes  sign  from  - 
—  to  -f- ,  the  corresponding  value  of  x*,  viz.  (e)  « ,  is  a  mimmum. 
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Ex.  5.    It  is  required  to  find  the  ^alue  of  ^,  when  sin  a?  +  cos  x 
is  a  maximum. 

v{x)  =  sina?  +  co8  4?; 

f'(j?)  =  cos  ^— sin  a?  =  0 ; 

if  tan  0?  =  1 ;  that  is,  when 

i^=--7  9  And  changes  sign  from  -f  to  — ,       .*.    a  maximum; 
w^-T-, —  to+,       .-.    ammunum; 

4 


Hence  the  maximum  value  of  the  function  is  n/2^  and  the 
minimum  is  —  >/% ;  which  values  recur  whenever  w  is  increased 
by  w. 

149.]  The  change  of  sign  of  y{x)  may  often  be  conveniently 
determined  from  the  following  considerations. 

Let  us  suppose  that  y'\x)  does  not  vanish  or  become  infinite 


'■(%) 


when  ifix)  =  0 ;  then  since  V\x)  =  3—  =  — 3 =     '    ^^  > 

^  dx^  dx  dx 

it  is  manifest  that  if  x  increases,  y"(x)  is  positive  or  negative 

according  as  i^{x)  simultaneously  increases  or  decreases ;  but  if, 

as  X  increases,  y\x)  changes  sign  from  —  to  +,  it  is  increasing, 

and  if  it  changes  sign  from  +  to  — ,  it  is  decreasing ;  hence 

for  a  minimum  value  f''(^)  is  positive,  and  for  a  maximum 

value  F"(a?)  is  negative.     Accordingly  F(.r)  is  a  maximum  or 

minimum  value,  according  as  the  value  of  x^  determined  from 

the  equation  f'(^)  =  0,  renders  r"(a?)  negative  or  positive. 

X 


Ex.1.     Let    F(^)  =  = 5; 


_    1  — ^*  „  2x^  —  ^x 

and  t'{x)  =  0,  if  a?  =  -f  1,  and  if  a?  =  — 1 ; 
and  if  0?  =  -fl,   V\x)  =  —  S'     •'•  ^^^^  ~  2'  *^  maximum; 
if  a?  =  —1,   y'\x)  =  -1-  2'     •'•  '('^)  ~  "■  2'  ^  minimum. 
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Ex.  2.         F(ar)  =  sin  a?  C08  (a— a?) ; 

p'(^)  =  cos  J?  cos  (a— a?)  +  sin  a?  sin  (a— a?), 

=  co8(a— 2^?); 
f"(^)  =  2  sin  (a— 2d?); 

.-.     f'(*)  =  0,  if  a-2d?=  -^;      .••^  =  |  +  |' 

-    -   =0,  if  a-2x=  ^;  .-.    d?  =  2-^. 

In  the  former  of  which  cases  p"(a?)  is  negative,  and  the  cor- 
responding value  of  F(a7)  is  a  maximum ;  and  in  the  latter  F''(d7) 
is  positive,  and  the  corresponding  value  of  f(^)  is  a  minimum. 

150.]  This  method  however  of  determining  such  singular 
values  of  functions  is  not  applicable  whenever  the  value  of  x 
which  makes  if{x)  =  0,  also  makes  F"(d?)  =  0 ;  in  which  case,  as 
well  as  in  all  others,  the  following  method  may  be  employed. 

Let  y(x)  be  the  function  of  which  the  maximum  and  minimum 
values  are  to  be  determined ;  then,  by  (21),  Art.  116, 
p(a?+A)  — F(d?)  =  AF'(d?-h^A); 

and  if  A  is  infinitesimal,  f'(^+0A)  becomes  f'(^). 

Suppose  now  that  x^  is  a  value  of  Xy  such  that  f  (x^  is  a 
maximum  or  a  minimum ;  then  if  we  consider  the  values  of 
F(a7)  which  are  immediately  adjacent  to  F(«ro)  on  both  sides  of 
it,  we  shall  be  able  to  detect  a  criterion  of  such  singular  values. 
For  this  purpose  let  us  consider  F(d?o  +  A)  and  F(d7o— A)  when  A 
is  infinitesimal:  then  if  F(d7o)  is  a  maximum,  F(d?o-fA)  — F(d?o) 
and  F(d?o— A)  — F(a?o)  are  both  negative:  and  if  F(a?o)  is  a  mini- 
mum, these  differences  are  both  positive.     Now  if  y\x^  does 

not  vanish,  .      .  ,.        ,    ^       r  ^z    v 

*  F(a?o+A)  — p(d7o)  =  AF(a?o), 

and  F(a:o— A)  — F(a?o)  =  —  A/(*Po); 

and  thus  these  differences  have  different  signs.  But  this  is  in- 
consistent with  f(47o)  being  a  maximum  or  minimum ;  and  there- 
fore we  conclude  that  F(a?o)  is  not  a  maximum  or  a  minimum  if 
F'(a?o)  does  not  vanish. 

Suppose  however  that  ^(d?o)  =  0,  and  that  F"(a?o)  does  not 
vanish;  then,  by  equation  (22),  Art.  116, 

A^ 

F(a?o-fA)-.F(cro)  =  y^f'Vo  +  ^A); 

whence,  when  A  is  infinitesimal, 

PRICE,  VOL.  I.  i\ 
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and  this  does  not  change  sign  with  A;  if  therefore  f''(^o)  is 
positive^  p(j7o)  is  less  than  both  p(^o  +  ^)  and  F(a?o— A),  that  is, 
f(^o)  is  a  minimum;  and  if  F"(a?o)  is  negative,  f(5?o)  is  greater 
than  both  p(a?o  +  A)  and  p(a?o— A),  that  is,  p(a?o)  is  a  maximum; 
whence  we  conclude. 

If  p'(57o)  =  0,  and  p"(a?o)  does  not  vanish,  p(j7o)  is  a  singular 
value;  and  if  p''(^o)  is  negative,  F(a:'o)  is  a  maximum;  and  if 
p"(^o)  is  positive,  p(^o)  is  a  minimum. 

Again,  if  p"(.ro)  =  0,  and  V"(xq)  does  not  vanish,  and  if  A  is 
infinitesimal, 

A' 

in  which  case,  as  A^  changes  its  sign  with  A,  it  is  plain  that 
there  is  no  maximum  or  minimum  value;  but  if  F'"(a?o)  =  0, 
and  p"'(a?o)  does  not  vanish,  then 

A^ 

F(a?o  +  A)-F(.2^o)   =     ^  c^  3^^  F^^W  ; 

in  which  case,  as  before,  f(^o)  ^iU  be  a  maximum  or  minimum 
value  of  p(a?),  according  as  V{xq)  is  negative  or  positive. 

And  thus  generally  if  the  value  Xq^  which  makes  y\x)  =  0,  so 
affects  p"(a?),  F'"(a?),  ...  up  to  f'»-^(^),  that  all  vanish,  but  that 
F'*(<ro)  does  not  vanish ;  then  we  have 

A" 

F (^0 H-  A)  -  F(^o)  =  ^2.3     n  ''*^^°^ ' 

and  if  n  is  an  odd  number,  there  is  no  maximum  or  minimum 
value ;  but  if  n  is  an  even  number,  v{Xo)  is  a  maximum  if  F"(a?o) 
is  negative,  and  a  minimum  if  p^C^o)  is  positive. 

In  the  application  of  this  theory  to  questions  of  geometrical 
maxima  and  minima,  it  will  subsequently  appear  that  figs.  12 
and  18  correspond  to  the  analytical  conditions  of  every  derived- 
function  vanishing,  when  x  =  x^,  up  to  one  of  an  odd  order 
inclusively,  and  of  the  next  derived-function  of  an  even  order 
remaining  finite ;  and  figs.  14  and  15  correspond  to  the  con- 
dition that  the  derived-function,  which  is  the  first  not  to  vanish, 
is  of  an  odd  order. 
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Ex.  1.      t(x)    =  e'  -f  2  cos  a?  -h  e", 

F'(a?)  =  e'-28ma?-c-'  =  0,  if  ^  =  0, 
p"(j7)  =  c'— 2co8a?  +  e-'  =  0,  -  -  -  , 
F"'(a?)  =  e'-f  28in^  — C-' =  0,  -  -  -  , 
i/^iw)  =  c'+2cos^  +  e-'  =  4,    -     -     -    ; 

therefore  if  a?  =  0,  p(a?)  =  4,  which  is  a  minimum  value,  because 
the  fourth  derived-function^  which  is  the  first  not  to  vanish,  is 
positive. 

151.]  We  subjoin  some  examples  of  problems  on  maxima 
and  minima,  the  study  of  which  will  be  sufficient  to  enable  the 
reader  to  apply  the  methods  to  other  similar  ones. 

Ex.  1.  To  divide  a  given  number  a  into  two  parts  such  that 
the  product  of  the  nth  power  of  one,  and  the  mth  power  of  the 
other^  may  be  a  maximum. 

Let  a  be  the  given  number,  of  which  let  <r  be  one  part,  and 
therefore  a— ;r  is  the  other;  and  we  have 

^  '  ^  v?»-fn        ^ 

s:  0^  if  J?  =r  0,  and,  if  n  is  an  even  number,  changes  sign  from 
-*  to  +,  which  indicates  a  minimum;  but  if  n  is  odd, 
f'(«)  does  not  change  sign,  and  thm^  is  no  corresponding 
maximum  or  minimum ; 

^0,  if  X  =:  a,  and,  if  i»  is  an  even  number,  changes  sign  from 
—  to  + ,  which  indicates  a  minimum ;  but  if  m  is  odd, 
i^(x)  does  not  change  sign,  and  there  is  no  corresponding 
maximum  or  minimum ; 

=  0,  if  a?  = ,  and  changes  sim  from  +  to  — ,  which  in- 

) 

wi  +  n' 

Ex.  2.   To  find  the  number  the  ratio  of  which  to  its  logarithm 
is  a  minimum. 
Let  X  be  the  number;  then 

X 

f(x)  =  = ;  which  is  to  be  a  minimum ; 

log«r 
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(log  X)^ 
=  0,  when  x  :=^  e,  and  changes  sign  from  —  to  +,  which  indi- 
cates a  minimum ;  viz.  f  {x)  =  e. 

Ex.  3.  To  find  the  number  of  equal  parts  into  which  a  given 
number  a  is  to  be  divided^  so  that  their  continued  product  may 
be  a  maximum. 

Let  X  be  the  number  of  parts ;  and  thus  each  part  =  - ;  and 
therefore,  if  v{x)  =  the  product  of  them, 

,(0.)  =  (If; 
.-.     log  f(j?)  =  X  {logo  — log jr} ; 

•••     7(^=logo-log*-l, 

=  log  a  —  log  a?  —  log  e, 


=  log(^)-Iogar; 


therefore  V{x)  =  0,  if  ^  =  - ,  and  changes  sign  from  +  to  —  ; 
which  indicates  a  maximum ;  therefore  each  part  =  e,  and  the 

a 

product  of  all  =  (c)  * . 

Ex.  4.  To  inscribe  in  a  given  circle  the  greatest  isosceles 
triangle. 

In  fig.  16^  let  the  vertex  of  the  triangle  be  at  the  extremity  a 
of  the  diameter  of  the  circle ;  let  the  radius  of  the  circle  =  a ; 
and  let  p  and  p'  be  the  other  angular  points  of  the  triangle ; 
therefore  mp  =  m?';  let  cm  =  «r^  mf  =  ^ ;  then  the  equation  to 
the  circle  is  yt^^^^^t. 

the  area  of  the  triangle  =  f(^)  =  am  x  mp^ 

=  (a-fo?)  (a*— a?*)*; 
a*— flfj:— 2a?*       (a  +  a?)*  {a—2x) 


y'(^)  = 


(a»— 0?*)*  (a-a?)* 


=  0,  if  4r  s?  ^^  and  the  sign  changes  from  +  to  —,  which  in- 

3I 
dicates  a^  maximum,  of  which  the  value  is  --r-  a*. 

j\x)  also  vanishes  when  a?  =  a,  and  when  ^  =  —  a ;  but  as  the 
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sign  of  it  in  both  cases  passes  from  +  v--  to  ±,  and  as  the 
geometrical  meaning  of  the  values  is  plain  enough,  we  must 
reserve  the  consideration  of  such  critical  values  to  a  future 
part  of  the  work. 

Ex.  5.    To  inscribe  the  greatest  rectangle  in  a  semi-ellipse. 

In  fig.  17  let  aVbpa  be  the  given  semi-ellipse,  and  mpp'm' 
the  rectangle  inscribed  in  it,  which  is  to  be  a  maximum ;  let 
CH  =  ;r,  MF  =  y;  and  let  the  equation  to  the  eUipse  be 

.-.    the  rectangle  =  F(a?)  =  m'mxmp, 

=   2CMXMP, 

a 


=  0,  if  a?  =  -I — 75*  *n<J  changes  sign  from  +  to  — ,  which 

indicates  a  maximum^  and  F(«!r)  becomes  ab;  and  there- 
fore the  greatest  rectangle  is  one-half  of  that  contained 
by  aa  and  cb. 

Ex.  6.     The  whole  surface  of  a  cylinder  being  given^  it  is  re- 
quired to  find  its  form  when  the  content  is  a  maximum. 
Let  je  =  the  radius  of  the  base^  y  =  the  height  of  the  cylinder ; 
.'.    ira?*y  =  the  content, 
and      2ira7'  +  29ra?^  =  the  whole  surface. 
Let  the  given  surface  be  27ra^  and  let  the  content  be  v{x) ; 

.'.     2wj?*-h29ra?y  =  ^ira^,       and    y  =  ; 

p(a?)  =  wa?*y,  =  ira?(a*— a?*); 

=  0,  if  a?  =  —5,  and  changes  sign  from  +  to  —  ;  which  indi- 

2 
cates  a  maximum ;  in  which  case  y  =  the  height  =  — ^  > 

and  the  content  =  — r— . 
3» 

Ex.  7.    Given  the  content  of  a  cone ;  it  is  required  to  find  its 

dimensions  when  the  whole  surface  is  a  minimum. 
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Let  X  =  the  radius  of  the  base,  y  =  the  altitude  of  the  oone ; 

therefore  by  Ex.  6,  Art.  24,  the  content  =  — ^ ; 

o 

and  the  whole  surface  =  wa?*-|-ira7(^'+y*)*. 

Let  the  content  =   -5-,  and  the  surface  be  F(a?); 

o 

.-.     Tra?*y  =  ira^     and    y  =  — ^  ; 
,        (a«-|-««)* 

X 

p(a?)  =  2ira?  — 7^- 


=  0,  if  0?  =  — ,  and  changes  sign  from  —  to  +  ;  which  indi- 
2» 

cates  a  minimum;  and  y  =  2a;  in  which  case  the  semi- 
vertical  angle  =  cot^^VS,  and  the  surface  =  2ira*. 

Ex.  8.    To  describe  the  least  cone  about  a  given  sphere. 

In  fig.  18,  let  the  circle  apbp',  and  the  triangle  efo,  repre- 
sent a  plane  section  of  the  sphere  and  circumscribed  cone^  made 
by  the  paper  passing  through  the  sphere's  centre ;  let  the  radius 
of  the  sphere  =  a ;  and  cm  =  ^,  MP  =  y^  so  that 

a?»  +  y*  =  a». 

Then^  by  properties  of  the  tangent  of  a  circle, 


CE  =  ,  AP  = 


X  y  ^a—x' 

Let  the  content  of  the  cone  =  r{x); 

,  .        IT      ,  Tt    j,(a  +  a?)* 

.-.     p(a.)=     AP«xAB  =  Ha»-— ^; 


f'(^)  = 


3  3      ax'-x^ 

wfl*  (a-^x)(Sx^a) 
"8         {ax'-xy      ' 


=  0,  if  0?  =  5 ,  and  changes  sign  from  —  to  -h ,  which  indi- 

8 
cates  a  minimum  value,  viz.  owa*;  and  which  is  there- 
fore twice  the  volume  of  the  sphere.    See  Ex.  7,  Art.  24. 

Ex.  9.     To  cut  the  greatest  parabola  from  a  given  cone. 

In  fig.  19^  let  the  radius  of  the  base  of  the  cone  =  i,  let  the 
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altitude  of  the  cone  =  a ;  let  om  =  o?^  mp  =  ^ ;  and  let  the  area 
of  the  parabola  =:¥{x). 

Now     M Q*  =  OM  X  MB  =  ^  (24—0?)  =  2bx—jfl, 
CO       (a^  +  A2)* 

MP  =   MB =   ^^ ^,  i^b  —  X). 

OB  26 

2 
By  Ex.  8,  Art.  24,  the  area  of  the  parabola  =  ^  qq'  x  mp  ; 

.-.       Y(x)  =   g2MQXMP, 

V      -  2(a«  +  A2)*  (2A-a?)*(4-2a?) 
p  (0?)  — 


3d  x^ 


=  0,  and  changes  sign  from  -|-  to  — ,  if  a?  =  -,  which  indi- 


cates a  maximum;  therefore  om  ==  -q-,  and  the  area  of 
the  greatest  parabola  =  -^  (a^^  A*)*i. 

152.]  In  the  preceding  Articles  we  have  determined  certain 
properties  of  maxima  and  minima,  and  have  investigated  me- 
thods by  which  particular  cases  of  such  singular  values  may  be 
found.  The  general  theory  however,  to  be  complete,  requires 
a  criterion  whereby  the  number  of  maxima  and  the  number  of 
minima  of  a  given  function  may  be  determined ;  and  also  means 
for  determining  the  greatest  and  the  least,  or,  as  I  shall  call 
them,  the  absolute  maximum  and  the  absolute  minimum,  of  all 
the  singular  values  of  the  fimction. 

Let  y{x)  be  the  function  whose  singular  values  are  the  sub* 
ject  of  consideration ;  and  let  Xq  be  the  general  symbol  of  the 
critical  value  of  a?  to  which  such  singular  values  correspond ; 
and  let  yo  be  the  corresponding  value  of  y(x)  ;  and  let  ^  be  the 
value  which  the  second  derived- function  of  f(^)  takes,  when 
X  =  Xq.    Then  we  have  the  following  equations,  when  x  =.  Xqi 

P(a.)-yo  =  0,  (1) 

if\x)  =  0,  (2) 

p"(a?)-/3  =  0.  (3) 


Digitized  by 


Google 


248  ABSOLUTE  MAXIMA  AKD  MINIMA.  ['S^- 

Now  as  the  last  two  equations  coexist  when  ;r=  ^o,  a  relation 
exists  between  them  which  can,  theoretically  at  least,  be  ex- 
pressed in  terms  of  ^  and  the  coefficients  of  the  original  func- 
tion, and  which  will  be  independent  of  x  and  Xq  ;  or,  in  other 
words,  X  maj/  be  eliminated  from  (2)  and  (3).  If  this  relation 
is  found,  and  is  arranged  in  terms  of  /3,  we  shall  have  an  equa- 
tion in  terms  of  i3,  the  signs  of  the  roots  of  which  will  enable  us 
to  distinguish  maxima  and  minima;  because  there  will  be  as 
many  maxima  values  as  there  are  negative  values  of  )3,  and  as 
many  minima  values  as  there  are  positive  values.  In  many 
cases  however  this  process  will  not  enable  us  to  determine  the 
number  of  the  singular  values,  because  there  may  be  many  of 
the  same  value.     Thus  if  v{x)  =  sin  j?,  y'{x)  =  cos  a?,  F"(a?)  = 

—  HiVLXi  and  we  have  to  eliminate  x  between  cos  ^  =  0,  and 

—  sin  J?  — )3  =  0;  whence  we  have  jS^  — 1  =  0,  and  )3  =  1,  and 
)3  =  —  1 ;  hence  sin;r  has  one  minimum  value  and  one  maxi- 
mum value,  but  it  has  an  infinite  number  of  maxima  and  mi- 
nima, corresponding  to  the  infinite  number  of  the  roots  of  the 
equation  f\x)  =  0,  or  cos  a?  =  0. 

The  determination  of  the  required  equation  may  be  per- 
formed in  any  way  that  is  practicable,  although  it  is  in  most 
cases  beyond  our  power;  if  however  f(^)  is  a  rational  and  in- 
tegral function  of  x,  then,  because  (2)  and  (3)  are  satisfied  when 
X  =  a?oi  they  have  a  common  measure  of  the  form  (^— a?o)*, 
where  m  is  either  unity  or  some  positive  integer  greater  than 
unity ;  and  if  we  proceed  by  the  ordinary  algebraical  process 
of  finding  this  common  measure,  we  shall  finally  come  to  a 
remainder  independent  of  x  and  in  terms  of  )9,  which  must  be 
equal  to  zero ;  and  if  the  terms  of  it  are  arranged  in  powers 
of  /3,  we  shall  have  an  equation  the  signs  of  the  roots  of  which 
will  fix  the  numbers  of  the  maxima  and  the  minima  of  the  ori- 
ginal function.    The  following  examples  illustrate  the  process. 

Ex.1.        Let     v{x)   =  a?»-2a?«+a7; 

.-.     p'(a?)  =  3ar»-4a?-fl, 

r"(a?)  =  6^-4. 

If  we  proceed  by  the  ordinary  method  to  find  the  ^eatest  com- 
mon measure  between  8  a:*— 4a?-f  1  and  3  a?— 2— )3,  we  shall 
after  two  divisions  come  to  the  remainder  )3*  — 1,  which  must 
be  equal  to  zero ;  whence  we  have  /3  =  ±  1 ;  and  as  the  values 
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of  /3  are  one  positive  and  one  negative,  so  the  singular  values  of 
j(x)  are  respectively  a  minimum  and  a  maximum. 

Ex.2.  F(a?)   =  a^'-f  or*— 20*0?, 

f\x)  =  8afi^2ax-2a\ 
p"(ar)  =  6ar-|-2a. 

If  we  proceed  as  in  the  last  example  we  shall  find  p^—7a^  =  0; 
so  that  /3  =  +  7*  a ;  and  therefore  t{s)  has  two  singular  values 
which  are  respectively  a  maximum  and  a  minimum. 

If  one  of  the  values  of  fi,  deduced  from  the  result  of  the 
elimination  between  (2)  and  (3),  is  zero,  the  criterion  fails  for 
a  singular  value,  or  for  the  particular  kind  of  it,  corresponding 
to  that  value  of  the  variable  which  makes  /3  =  0.  Of  this  cir- 
cumstance the  following  is  an  example : 

p(a?)   =i  84?*-16^-f24a^-ll, 

p'(^)  =  12(^-4j72-f4^), 

f"(^)  =  12(3a?«-8a?  +  4). 

Now  in  pursuit  of  the  process  by  which,  as  in  the  preceding 
examples^  the  criteria  of  maxima  and  minima  have  been  deter- 
mined^ let  us  endeavour  to  find  the  common  measure  of 
a?*— 4a?* -I- 4 J?  and  of  3d?*— 8a? +  4-/3;  then  the  first  remainder 
which  does  not  involve  a?  is  3)3*  — 32)3 ;  and  of  this  when  equated 
to  zero  the  roots  are  0  and  a  positive  quantity ;  so  that  cor- 
responding to  the  factors  which  make  v'(x)  to  vanish,  for  one 
F(a?)  may  have  no  singular  value;  and  the  other  gives  to  ¥{x)  a 
minimum  value,  viz.  —11. 

153.]  Let  thus  much  suffice  for  the  number  of  maxima  and 
the  number  of  minima  of  a  given  function  f  (x)  ;  and  let  us 
now  investigate  a  method  for  determining  the  greatest  and 
least  absolutely  of  all  the  singular  values  which  v(x)  has.  Since 
(1)  and  (2)  of  the  last  Article  are  both  satisfied  when  a?  =  Xq, 
they  have  a  common  measure.  When  r(x)  is  transcendental, 
the  determination  of  this  relation  is  generally  beyond  our  powers ; 
but  when  ¥(x)  is  a  rational  and  integral  algebraical  function, 
it  can  be  found.  For  if  we  operate  on  (1)  and  (2)  in  the  ordi- 
nary process 'of  finding  the  greatest  common  measure,  we  shall 
finally  arrive  at  a  remainder  which  is  independent  of  x,  but 
which  involves  y©  and  the  coeflScients  of  the  original  function ; 
this  remainder  must  be  equal  to  zero ;  and  thus  we  shall  have 
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an  equation  in  terms  of  ^O)  the  roots  of  which  will  be  the  sin- 
gular values  of  r{x);  and  thus  the  greatest  root  will  be  that 
value  of  F(<r)  which  is  absolutely  the  greatest,  and  the  least 
root  will  be  the  absolute  minimum.  The  process  is  illustrated 
by  the  following  examples. 

Ex.1.  T(x)  =  a?»— 2a?«-fa?, 

F'(a?)  =  8  J?*— 407  +  1. 

If,  as  in  Art.  152,  ^o  is  the  singular  value  of  f(^),  and  if  we 
pursue  the  common  process  for  the  determination  of  the  com- 
mon measure  of  a?'— 2o?'+j?— yo  and  of  3o?*—4o?-|-l,  the  first 
remainder  which  is  independent  of  x  is  27yo*'-4fyo;  and  this  is 
to  be  equal  to  zero ;  so  that  the  two  singular  values  of  yo  are 

4 
0  and  ^,  of  which  the  former  is  the  absolute  minimum,  and 

the  latter  is  the  absolute  maximum  of  all  the  relative  maxima 
and  minima. 

Ex.2.  if(o?)  =  jr*-4a^-8a»o?»-hllfl*, 

1^(0?)  =  4^-12aa?»-16aad7. 

If  we  proceed  to  find  the  greatest  common  measure  of 
v{x)—yo,  and  of  r'{x),  the  first  remainder  which  is  independent 
of  a?  is  yo'-f  109  a* yo*  — 986  a®  yo,  of  which,  when  equated  to 
SBero,  the  roots  are  0,  8  a*,  —117a*:  whence  we  know  the  rela- 
tive maxima  and  minima,  and  therefore  the  absolute  values  also. 


Section  2. — On  maxima  and  minima  of  implicit  Junctions  of 
two  variables. 

154.]  Suppose  that  it  is  required  to  find  the  values  of  x  which 
make  y  a  maximum  or  minimum^  when  the  equation  connecting 
y  and  x  is  of  the  form,  «  =  r(a?,  y)  ==  c ;  then,  by  Art.  48, 

^ ^  (A^ 

«a?  /du\ 

w 

and  as  the  necessary  condition  of  such  a  singular  value  of  y  is, 
that  ^  changes  sign,  and  as  a  change  of  sign  can  take  place 

only  by  ^  being  equal  to  0  or  to  co ,  it  follows  that  either 
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( -T-1  =  0  or  00 ,  or  Ij-j  =  0  or  oo  .  Let  us  however  assume 
that  -J^  is  not  indeterminate  in  form,  and  thus  that  y-r-j  and 
l-r-j  are  not  simultaneously  equal  either  to  0  or  to  oo  . 

Suppose  that  y~\  =  0,  at  a  particular  value  for  which  (^) 
does  not  vanish  or  become  infinite,  then  the  singular  value 
depends  on  the  sign  of  ^-j,  see  Art.  150;   being  a  maximum 

or  minimum  according  as  -j^  is  negative  or  positive;  and  by 

Art.  84,  equation  (122),  if  (^)  =  0, 

I—) 

hence  if  this  expression  is  positive,  there  is  a  minimum,  and  if 
it  is  negative,  there  is  a  maximum  value. 

This  method  however  of  determining  maxima  and  minima  is 

very  incomplete,  as  it  does  not  discuss  the  cases  where  {-f)> 

or  any  other  of  the  partial  derived-functions,  becomes  infinite ; 
and  it  is  therefore  to  be  taken  as  a  suggestion  of  the  manner 
in  which  such  problems  are  to  be  solved :  the  best  plan  is  to 
determine  the  special  maxima  and  minima  values  for  each 
problem  separatdy,  as  follows. 

Ex.  1.  It  is  required  to  find  the  maxima  and  minima  values 
of  y,  having  given,  y^-f  ^-8aa?y  =  0.       3^>juu^v-b^iUO  ocv^U--^  ^* 

dy  _        x^—ay  ^         ^^ . 

dx  ""       y^'-ax*  ^"^       ^u*-. 

X* 

which  =  0,  if  a?*  =  ay,  that  is,  if  y  =  — ,  whereby  we  have 
firom  the  equation 

.-.     x  =  0,      y  =  0;        and    ^  =  2*  a,      y=s2*a. 
The  latter  values  render  the  denominator  of  ^  positive ;  and 

K  k  2 
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therefore  there  is  a  change  of  sign  of  —■  from  -f  to  — ,  and 
thus  these  values  correspond  to  a  maximum. 

If  J?  =  0,  y  =  0,  -r^  =  R ,  which  must  be  evaluated  as  in 
^  or       0 

Art.  139; 

dy  ax  ay 


dx  ^    dy  dx' 


-  ^  =  0,   or  =  00  . 
dx 


dy 


If  -^  =  0,  it  changes  sign  from  —  to  -h,  which  indicates  a 
ax 


mmimum. 


Section  3. — Maxima  and  minima  of  an  explicit  Junction  of 
two  independent  variables. 

155.]  Let  u  =  v(x,y)  be  the  explicit  function  of  two  inde- 
pendent variables  x  and  y,  of  which  the  maxima  and  minima 
are  to  be  determined. 

Now  observing  the  definition  of  maxima  and  minima^  given 
in  Art.  144,  viz.  that  a  maximum  is  greater^  and  a  minimum 
less,  than  any  and  every  value  of  the  function  in  its  immediate 
neighbourhood,  it  follows  that  if  xq  and  yo  are  specific  values 
of  X  and  y,  which  give  such  a  singular  value  to  f  {x,  y) ;  then 
P  (^0^  yo)  is  greater  or  less,  as  the  case  may  be,  than  any  value 
corresponding  to  the  variables,  whether  x  infinitesimally  varies 
while  y  does  not  vary,  or  whether  y  infinitesimally  varies  while 
X  does  not  vary,  or  whether  x  and  y  are  simultaneously  and 
infinitesimally  increased,  or  whether  as  ^  is  infinitesimally  in- 
creased y  is  similarly  decreased,  or  vice  versd.  This  property 
may  be  thus  expressed  :  If  f  (a?o,  yo)  is  a  maximum  or  a  mini- 
mum, F(a?o±A,  yo±k)  is  less  or  greater  than  F(d?o,yo)  whatever 
are  the  signs  of  h  and  k,  which  are  infinitesimal  increments,  and 
in  whatever  manner  the  signs  arc  combined ;  and  also  whether 
^  =  0,  when  x  is  increased  or  diminished  by  h ;  and  whether 
A  =  0,  when  y  is  increased  or  diminished  by  *. 
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156.]  This  being  the  definition  of  such  singular  values,  I  pro- 
pose to  extend  to  functions  of  two  variables  the  theory  of  criteria 
which,  in  Art.  150^  has  been  applied  to  those  of  one  variable. 

Let  us  in  the  first  place  assume  that  neither  (-7- )  nor  (^j 

vanishes  for  the  values  Xo,  yo',  then,  by  Art.  140,  (51), 

F(4?o-hA,yo+*)-F(a^yo)  =  [(^)A  +  (J)*]^o  +  e?A.     . 

^       yo+ek'  ^"^ 

the  meaning  of  the  notation  in  the  right-hand  member  of  this 
equation  being  that  xq  and  y^  are  to  be  respectively  replaced  by 
j'o  +  ^A  and  yo  +  Ok,  where  0  is  the  general  symbol  of  some 
positive  and  proper  fraction.  Now  if  v{xo,yo)  is  a  maximum 
or  a  minimum,  the  left-hand  member  of  (6)  will  have  the  same 
sign,  h  and  k  being  infinitesimal,  whether  h  and  k  are  positive 
or  negative,  and  when  either  one  or  the  other  of  them  is  abso- 
lutely zero ;  and  of  course  its  equivalent  must  be  subject  to  the 
same  condition.  But  these  circumstances  cannot  exist  in  the 
right-hand  member  of  (6) ;  that  is,  so  long  as  the  equivalent  of 
the  left-hand  member  takes  the  form  given  in  (6).  It  is  neces- 
sary therefore  that  it  should  have  another  form ;  and  such  it 
will  take  only  when,  for  x  =  Xo  and  y  =  yo> 

in  which  case^  by  reason  of  (51),  Art.  140, 
F(*o+A,  yo+k)-r{xo, y©) 

If  the  left-hand  member  satisfies  the  second  condition  above 
stated  for  a  maximum  or  a  minimum,  viz.  that  the  sign  of  it  is 
the  same  whether  either  h  or  ^,  but  not  both,  is  zero,  it  is  neces- 

(rf^FX  /rf^F\ 

■^-j)  and  \-r-2)  should  be  of  the  same  sign.     Also 

of  the  quadratic  expression  in  the  right-hand  member  the  first 
and  third  terms  are  the  same  whether  h  and  k  are  positive  or 
negative :  but  the  sign  of  the  second  term  may  be  either  positive 
or  negative,  according  as  h  and  k  have  the  same  or  different  signs ; 
it  is  necessaiy  therefore  that  the  relation  between  the  three  terms 
should  be  such  that  the  sign  of  the  whole  expression  within  the 


©=».  &)-«:        <" 
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brackets  should  not  be  altered  by  changes  of  sign  of  h  and  k. 
This  condition  will  be  obtained^  if  the  roots  of  the  expression 
are  imaginary ;  becaase  in  that  case  it  will  be  the  arithmetical 
sum  of  two  squares.  The  roots  of  a  quadratic  are  imaginary,  if 
four  times  the  product  of  the  first  and  last  terms  is  greater  than 
the  square  of  the  middle  term :  that  is,  in  this  case,  if 

If  this  condition  is  satisfied,  the  sign  of  the  right-hand  member 

-T-jj  or  (-^-2 ) ;  ^^^  therefore 
P(^09  yo)  is  a  maximum  or  a  minimum  according  as  l^-j)  ^^^ 
n-^j  are  negative  or  positiye.   Hence,  if  p(a?o,  yo)  i*  a  maximum 
or  a  minimum,  when  x  =  Xq  and  y  =  y^. 


\dr^)  *°^   \d~^l  ^^  ^^  ^^^  same  sign, 


(10) 


and  r{xo,  yo)  is  a  maximttm  or  a  minimum  according  as  (^-j) 

-jr-^j  are  negatiye  or  positive.    The  inequality  (9)  having 

been  first  determined  by  Lagrange,  is  known  by  the  name  of 
Lagrange's  condition. 
Examples  of  illustration  are  given  in  a  subsequent  Article. 

157.]  If  when  x  =  Xq,  and  y  =  y©,  y-^j  =  \-r-j  =  0,  and  also 

F(a?o-f  A,  yo  +  *)  — F(a?o,yo)  = 

yQ-j-uk, 
But  it  is  clear  that  the  right-hand  member,  being  of  uneven 
dimensions  in  terms  of  h  and  k,  will  change  sign  with  h  and  k; 
and  therefore  if  the  equivalent  of  the  left-hand  member  takes 
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the  form  given  in  (11),  f(^09  ^0)  cannot  be  a  maximum  or  a  mi- 
nimum. If  therefore  all  the  first  and  the  second  deriyed-func- 
tions  vanish  when  ^  =  ^0  &iid  y  =  yo,  v  {a^o,  yo)  cannot  be  a  maxi- 
mum or  a  minimum  unless  also  all  the  third  derived-functions 
vanish ;  in  which  case  the  equivalent  of  the  left-hand  member 
of  (6)  involves  fourth  derived-functions^  and  the  sum  of  the 
powers  of  h  and  k  is  four  in  every  term.  This  circumstance  is 
consistent  with  a  singular  value  of  F(a?o>  yo)^  if  the  biquadratic 
expression  in  terms  of  h  and  k  is  subject  to  conditions  analo- 
gous to  that  given  in  (9),  so  that  it  should  not  change  sign  with 
h  and  k.  The  conditions  however  are  such  that  it  is  unneces- 
sary to  state  them.    And  the  singular  value  will  be  a  maximum 

or  a  minimum  according  as  (^-4)  and  (^-4)  are  negative  or 
positive. 

And  generally  if  f (^0^  yo)  is  a  singular  value^  all  the  paitial 
derived-functions  vanish  for  the  particular  values  of  the  vari- 
ables up  to  those  of  an  odd  order  inclusive ;  and  those  of  the 
even  order^  which  are  the  first  not  to  vanish,  must  be  so  related 
that  the  sign  of  the  expression  involving  h  and  k  should  be  the 
same,  whatever  are  the  signs  of  k  and  k. 

158.^  Let  us  however  consider  the  subject  of  maxima  and 
minima  of  functions  of  two  variables  from  another  point  of 
view.  If  F  {w,  y)  has  such  a  singular  value,  it  is  necessary  that 
it  should  exist  for  infinitesimal  variations  of  ^  when  y  does  not 
vary ;  and  for  infinitesimal  variations  of  y  when  ^  does  not  vary. 
If  the  function  fulfils  the  former  of  these  conditions,  we  shall 
call  it  an  ;v-partial  maximum  or  minimum ;  and  if  it  fulfils  the 
latter  a  y-partial  maximum  or  minimum.  And  when  these  par- 
tial maxima  or  minima  are  combined,  we  have  what  may  be 
called  a  total  maximum  or  minimum.  The  criteria  of  such  a 
total  maximum  or  minimum  are  now  to  be  discussed.  If  how- 
ever a  partial  maximum  or  minimum  is  combined  with  a  partial 
minimum  or  maximum,  the  value  does  not  fulfil  the  conditions  of 
the  singular  values  which  are  given  in  Art.  144,  viz.  that  a  maxi- 
mum value  is  greater,  and  a  minimum  value  is  less,  than  each 
and  every  value  of  the  function  in  its  immediate  neighbourhood. 

Let  us  express  these  conditions  and  circumstances  mathe- 
matically.    If  F  (j?,  y)  is  that  function  of  which  the  a?-partial 

singular  value  is  to  be  found,  it  is  necessary  that  (j-j  should 
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change  its  sign  at  the  corresponding  yalues  of  ^  and  y :  and 
thus  it  is  necessary  that  (-r-j  should  be  equal  to  zero  or  to  in- 
finity :   the  case  where   (--z-j  =  oo    we  will  at  present  omit : 

and  according  as   l-j-j  at  the  critical  value  changes  its  sign 

from  +  to  —  or  from  —  to  -h ,  so  is  the  corresponding  sin- 
gular value  a  partial  maximum  or  a  partial  minimum. 

Similarly  for  the  y-partial  singular  value  it  is  necessary  that 
y-r-j  should  change  its  sign  at  the  critical  value^  and  therefore 
that,  omitting  the  infinite  value,  (-=-)  =  0 ;  and  according  as 

the  change  of  sign  of  f-7-)  is  from  -h  to  — ,  or  from  —  to  +, 

so  is  the  corresponding  singular  value  a  partial  maximum  or  a 
partial  minimum.  To  render  our  notions  as  free  as  possible 
from  confusion,  I  will  consider  first  the  subject  of  maxima,  and 
subsequently  that  of  minima. 

Now  as  the  total  maximum  arises  from  the  combination  of 
two  partial  maxima,  it  is  necessary  that  the  conditions  which 
they  require  should  be  simultaneously  satisfied.  And  therefore 
at  such  a  total  maximum  we  must  have 

0=0.  (|)=»-       <>») 

And  as  no  relation  is  given  between  dx  and  dy^  and  as  these 
equations  are  simultaneously  true,  the  quality  of  f  (^,  y),  which 
each  of  them  separately  represents,  is  also  true  for  all  infinitesi- 
mal variations  of  the  function  at  its  singular  value ;  and  con- 
sequently whatever  is  the  direction  along  which  that  variation 
takes  place. 

The  sufiiciency  of  (12)  for  all  directions  of  variation  of  the 
function  at  the  singular  value  may  thus  be  shewn.  Let  x  and 
y  be  expressed  in  terms  of  new  variables  (  and  ri  by  means  of 
the  following  equations,  wherein  the  a's  and  b's  are  constants, 

y  =  *if +  *2»;J 
whence  we  have,  as  in  Art.  106, 


',}■■         '"> 
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^da^'         0162  —  ^2^1  '  ^^  01^2  —  ^2*1 

Wy  01*3  —  02*1  '  ^(^y^        aii2  — «2*i 

...     («,6,.a3^,,(g)  =  A2(|)-*i(^) 

(aiA2-  «2Ai)  (^)  =  -  «2  (^|)  -K  «i  (^) 

And  thus  if  y-j-j  and  (^j  vanish,  (-1-)  and  [-z-j  also  vanish. 

And  therefore,  inasmuch  as  the  constants  in  (13)  are  undeter- 
mined^ the  first  derived-functions  vanish,  whatever  is  the  direc- 
tion of  the  infinitesimal  variation  of  the  function :  and  there- 
fore thus  far  the  conditions  of  a  total  maximum  are  satisfied. 
Let  the  critical  values  of  a^  and  y  which  satisfy  (12)  be  Xq  and 

yo;  we  have  to  examine  the  change  of  sign  which  (^1  and  l-j-j 

undergo  at  these  values.  In  certain  cases  this  change  may  be 
conveniently  determined  by  an  examination  of  the  critical  fac- 
tors themselves,  according  to  the  method  explained  in  Articles 
145  and  146.  In  the  general  case  however  the  following  pro- 
cess gives  the  required  criteria. 

Let  us  assume  that  for  the  critical  values  of  ^  and  y  all  the 
second  derived-fanctions  do  not  vanish,  and  let  it  be  remem- 
bered that  we  are  investigating  the  conditions  for  a  total  maxi- 
mum.  Then  by  Art.  149,  if  for  the  critical  values  l-^j  and  (-7-) 

vanish,  and  change  sign  from  +  to  — ,  the  following  ratios  are 
both  negative,  viz.  .  . 

__and-^;  (16) 

the  total  differentials  being  taken  in  both  numerators,  so  that 
we  may  investigate  the  change  of  sign  of  the  first  partial  de- 
rived-functions for  changes  of  not  only  the  corresponding  vari- 
able, but  also  of  both  the  variables  simultaneously;  otherwise 
we  might  get  from  the  critical  values  singular  values  in  certain 
directions  and  not  in  all  directions.     Now 

dx  ^dwl  ~  \dx^l  "^  ^dxdyl  dx'  ^     ' 
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(4)  =  (d^)d^  +  idfl-  ^^®^ 


D 

In  (17)  and  (18)  da:  and  dy  are  arbitrary;  in  fact,  so  far  as  we 
have  proceeded,  dx  and  dy  in  (17)  need  not  be  the  same  as  the 
djp  and  dy  in  (18).  Let  us  however  suppose  them  to  be  so :  and 
for  convenience  of  expression,  let  us  substitute  as  follows : 

©  =  -.    (^)  =  '.    0  =  -      <•« 

To  examine  the  signs  of  (17)  and  (18),  let  us  assume  0  to  re- 
present some  quantity  to  which  both  may  be  equated ;  so  that 
we  have  a*p  + Brfy  =  (?£&, 

Bdx  ■\-  cdy  =:  ddy; 
which  may  be  written 

(A-O)  dr  -h  B  rfy  =  0,  (20) 

Brfj7-f  (c-d)rfy  =  0;  (21) 

whence,  eliminating  dx  and  dy,  we  have  the  following  quadratic 

^"  ^'  (A-d)  (0-^)  -  B^  =  0,  (22) 

^«-(A  +  C)d  +  AC-B»  =  Oi  (28) 

of  which  the  two  roots  are  to  be  negative,  since  (17)  and 
(18)  must  be  negative,  so  that  T{xo,yo)  ^^7  ^  &  maximum; 
therefore  all  the  coefScients  must  be  positive,  that  is, 

A  and  c  must  both  be  negative,  (24) 

and  AC— b'  must  be  positive.  (25) 

Hence  the  necessary  conditions  that  Xq,  yo  should  render  r{x,y) 
a  maximum  are  the  following : 

<•>       0  =  0'     0  =  0' 

(//2p\  /d^v\ 

■j^j  and  [^)  must  be  negative, 

159.]  Similarly  to  determine  a  total  minimum,  it  is  requisite 
that  it  should  be  a  partial  minimum  of  a  partial  minimum,  and 

(//8p  \         /  d^Y    \        ld^Y\ 


(26) 
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vanish  at  the  critical  values,  that  y-z-j  =  0,  and  (-j-)  =  0, 
and  that  ^  (;t-)  and  -j-i-f)  should  be  positive;  accordingly, 

following  the  process  of  the  last  Article,  the  two  values  of  6, 
and  therefore  the  roots  of  (23),  must  be  positive;  whence  it 
follows,  that  A  and  c  must  be  both  positive,  and  that  ac  —  b^ 
must  be  positive ;  and  therefore  the  conditions  that  ^oi  ^o  should 
render  if{Xjy)  a  minimum  are,  that 


(a) 

(/3)  (^)  and  (^)  must  be  positive, 


(y) 


(27) 


I6O.3  As  (23)  has  two  roots,  and  thus  gives  two  determinate 
values  to  ^,  so  by  reason  of  (20)  and  (21)  dx  and  dy  will  bear  a 
determinate  ratio  to  each  other;  it  may  perhaps  hence  be  in- 
ferred that  the  criteria  of  maxima  and  minima,  which  are  thus 
determined,  are  applicable  for  variations  of  the  original  func- 
tion in  only  two  certain  directions.  This  however  is  not  the 
case :  for  the  criteria  are  true  and  sufficient  whatever  is  the 
direction  of  variation  of  the  original  function  which  is  due  to 
the  combined  variations  of  the  variables. 

Let  the  variables  x  and  y  be  replaced  by  new  variables  (  and 
17^  with  which  they  are  related  by  the  equations  (13),  Art.  158; 
then  from  (15)  we  have 

<•.».-.».)■©  -  V(f  )-2»,».(|l,)  + V(0).(^) 

whence  we  have 

\d^'  \d^f  -  \d^f  ^  vrfp/  \d^f  ~  \df3i)  '  ^^^^ 
and  therefore  whatever  is  the  sign  of  the  left-hand  member,  the 
same  also  is  that  of  the  right-hand  member.  If  therefore  the 
left-hand  member  is  positive,  and  thus  fulfils  the  condition  neces^ 
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sary  for  a  singular  value,  the  right-haud  member  is  also  positive^ 
and  similarly  fulfils  the  required  condition.  Now  in  the  equa- 
tions (13),  which  connect  x^  y,  (,  and  ?;,  the  dii'ections  of  (  and  i} 
relatively  to  those  of  x  and  y,  or,  to  speak  geometrically,  the 
angles  through  which  the  coordinate  axes  are  turned,  depend 
on  Oi,  02,  bi,  bi ;  and  the  equivalence  (31)  is  independent  of  these 
constants:  hence  if  Lagrange's  condition  is  satisfied  for  any 
system  of  two  variables,  it  is  also  satisfied  for  every  other  sys- 
tem which  is  connected  with  it  by  two  linear  equations  of  the 
form  (13),  Art.  158;  and  therefore  if  Lagrange's  condition  is 
satisfied  for  the  infinitesimal  variations  of  the  variables  in  any 
one  direction,  it  is  satisfied  for  their  variations  in  all  directions. 
It  is  also  to  be  observed  that  if  the  right-hand  member  of 

(d^  F  \  /  rf*  p  \ 

-T^j  and  \-j-i)  have 

the  same  sign  as  \-^-^)  and  (^-jj  ;   tod  therefore  if  all  the 

conditions  of  a  total  maximum  or  minimum  which  are  given  in 
(26)  and  (27)  are  satisfied  for  one  direction  of  the  variation  of 
the  variables,  they  are  also  satisfied  for  all  directions  and  for  aQ 
the  circumstances  of  such  total  singular  values  as  exist  at  the 
critical  values  of  the  variables. 

If  all  the  second  derived-functions  of  the  original  function 
vanish  at  the  critical  values,  the  preceding  results  come  to 
nought :  as  however  I  have  alluded  to  this  case  in  Art.  157,  it 
is  unnecessary  to  say  more. 

Some  examples  of  total  maxima  and  minima  of  functions  of 
two  variables  are  subjoined. 

161.]  Ex.  1.  To  determine  whether  any,  and  what,  values  of 
X  and  y  render  a?*y  -f  xy^  —  axy  a  maximum  or  minimum. 

y(^>y)  =  x^y-rJ^y'^—axy, 

(^)  =  ^ixiy^y^-ay  =  y(2a?  +  y-fl); 

/rfp 


(^)  =  ^xy^x^—ax  =  x(2y+x—a)\ 


therefore  putting  y-jA  =  0,  and  \-j-)  =  0,  we  have  the  follow- 
ing systems  of  simultaneous  values : 
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x  =  0 
i/  =  0 
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X  —  0 
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>; 


X  =  a 


y  =  o 


>i 


y  =  a 


a: 


>; 


-?1 
"■  3 

a 


y  = 


neither  of  the  first  three  of  which  satisfy  Lagrange's  condition  ; 

-^j   and    [-7-2)   positive,  and 

W)  ^^^  ""  \d^'  =  T'  ''^'''^  ''  ^  P''''*'''^  quantity; 
.'.    ary-\'Xy^-'axy  is  a  minimum^  viz.  —  „=,  when  a?  =  y  =  5. 

Ex.  2.  To  find  a  point  within  a  triangle  for  which,  if  lines  are 
drawn  to  the  angles^  the  sum  of  their  squares  is  a  minioium. 

Take  a,  one  of  the  angular  points,  see  fig.  20,  of  the  triangle^ 
for  the  origin;  and  let  the  base  ab  =r  a,  and  the  coordinates  to 
c  be  ^,  A: ;  and  let  the  coordinates  of  r  be  x,  y,  and  the  sum  of 
the  squares  =  ¥(x,y). 

.'.     T{x,y)  =  ^  +  y*  +  la--^)^+y*4-(A-ar)«4-(*-y)*, 
=  ^x^  +  3y^-'2{a-{-h)x-2ky^a^-^h^^lfl; 

...     (g)  =  6.-2(a+A)=0,if.  =  if*, 

and  as  in  both  cases  the  change  of  sign  is  from  —  to  +  >  we 
have  a  partial  minimum  of  a  partial  minimum,  and  therefore 
the  necessary  conditions  of  a  total  minimum. 

Ex.  8.    Inscribe  the  greatest  triangle  in  a  circle. 

Fig.  21.  Let  one  of  the  angular  points  of  the  triangle  be  at  a, 
the  extremity  of  the  diameter  acb  ;  and  let  p  and  q  be  the  other 
angles;  let  ac  =  cb  =  a. 

PAB  =  0,  QAB  =  (j) ;  therefore  by  a  property  of  the  circle, 
PA  =  2a  cos  6,  QA  =  2a  cos  (f> ; 

.-.     area  of  triangle  =  ¥{$,  0)  =  -  pa  x  QA  x  sin  {0  +  <l>), 

=  2a*  cos  6  cos  0  sin  (^ -f  ^) ; 
.-.      (— j  =  2a2cos<^  {co8(9cos(d4-<^)  — 8iii^8in(d  +  <^)}, 
=  2a2co8<^cos(2^-f  <^); 

(^)  "  2«*cosdcos(2<^  +  ^); 
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.'.      (^)  =  -4a3cos<^8m(2d-f<^); 

^-jj  =  —  4o*costf  8in(2^+tf). 
But  if  (^)  =  0,  and  (g)  =  0,  2e+<t>  =  ^,  and  ^i^  +  tf  =  ?; 
therefore  0  =  ^  —  -;  in  which  case  l-jas)  ^^d  (jTj)  *"*  ^JOth 
negative,  and  (^)  (J^J  -  (^)  =  9a*j  therefore  the  above 

IT 

critical  values  of  0  and  (^  give  a  maximum :  and  as  $  =  4>  =  ^, 

the  triangle  is  equilateral.  Hence  the  greatest  triangle  that  can 
be  inscribed  in  a  circle  is  the  equilateral  one. 

162.]  In  the  case  in  which  (0)  (^)  -  (^)*  is  nega- 

tive,  the  last  term  of  the  quadratic  in  0  of  equation  (23)  is  nega- 
tive, and  therefore  the  two  values  of  6  are  of  different  signs ; 
whence,  by  means  of  (17)  and  (18)^  it  follows  that  one  of  the 
partial  singular  values  is  a  maximum,  and  the  other  is  a  mini- 
mum :  and  therefore  the  conditions  requisite  for  a  total  maxi- 
mum or  minimum  are  not  fulfilled. 

tion  (23)  =  0,  and  therefore  one  value  of  B  is  zero ;  and  there- 
fore either  (17)  or  (18)  =  0,  and  therefore  either  (^)  or  (^) 

undergoes  no  variation;  whereas  then  there  is  a  partial  maxi- 
mum or  minimum  with  respect  to  one  of  the  variables^  the 
other  is  such  that  corresponding  to  its  variations  the  function 
is  constant;  hence  we  have  a  Iocua  of  such  partial  maxima  or 
minima. 

These  several  conditions  will  be  more  clearly  understood 
from  the  geometrical  analogues  of  them  in  the  theory  of  curved 
surfaces;  which  however  it  would  be  premature  to  explain  in 
this  place,  and  therefore  we  reserve  them  until  they  naturally 
arise  in  the  course  of  the  treatise. 
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Section  4. — Maxima  and  minima  of  fimctiona  of  three  and 
more  independent  variables. 

163.]  Firstly,  let  us  consider  a  function  of  three  independent 
variables^  Wy  y,  z,  of  the  form 

tt  =  F  (a?,  y,  z). 

Extending  the  principles  of  Art.  158  and  159  to  this  more 
general  case^  it  appears  that  a  total  maximum  or  minimum  of 
a  function  of  three  variables  must  arise  from  the  combination 
of  three  several  partial  maxima  or  minima  with  respect  to  the 
several  variables.  And  also,  as  any  two  of  the  three  variables 
may  vary,  while  the  remaining  one  does  not  vary,  it  appears 
that  the  conditions  of  such  a  combination  of  two  partial  maxima 
or  minima  must  be  fulfilled.    Which  conditions  are, 

0=0.  o=».  ©=o^    <»«> 


\d^'\dz*'      \dydz'^    '    \dz*'\dx*'     VrfFrf^/ ^"' 


H38) 


\dx*f\dy*/     \dxdy'  ^    ' 

(d^v\    id^v\    /d^v\ 
-f—i)^  [j"^)'  \^ri/  ^"st  be  of  the  same  sign ;  and 

the  singular  value  of  f  (x,  y,  z)  is  a  maximum  or  minimum,  ac- 
cording as  they  are  negative  or  positive.  There  is  also  another 
relation  between  the  several  partial  second  derived-functions; 

h^£^'Ty  (^) '  ^^  Tz (si)  ■""'*  ^^ °^'*'®  "^""^  '*^'  ""^ ^® 
n^ative  for  a  maximum  value,  and  positive  for  a  minimum ;  and 

dx  \dxf  ^  V(te2/  "^  \d^f  H  "^  Vflterf^/  di '  ^  ^ 

dy  \dy)  "  ^d^d^)  dy  "^  \d^)  "*"  \d^zf  dy  '  ^"^^^ 

dz  \dzl  "  \dzdw^  dz  "^  \dzdy^  dz  "^  \d^r  (^^) 

Now  for  convenience  of  expression,  let 

/d*F\  /rf*F\  /rf*F\ 

I  d^Tf  \  _  /  d^Y  \  __  /  d*F  \  _ 

^dvdz)  "  ^'        \d^dif  "  ^'        \d^diit  -  ""' 


^dydzi  '        ^dzdx'  '        ^dxdyf 
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and  as  (34),  (35),  (36)  are  to  be  of  the  same  sign,  let  us  employ 
a  process  of  reasoning  similar  to  that  of  Art.  158,  and  let  ns 
assume  $  to  be  the  symbol  for  some  quantity  which  is  the  same 
in  all ;  then  the  following  system  results  : 

(A  — (9)  dx-^ody  -\-vdz  =  0'^ 

Gdr-^  (b—O)  rfy  +  e  rfxr  =  0  I ;  (37) 

r  dx  -{-  E  dy  +  (c—6)  dz  =  0  J 
whence,  by  cross-multiplication, 

(A-^)(B-d)(C-^)-E«(A-d)-F2(B-d)-G2(c~d) 

-{-2epg  =  0;  (38) 
the  common  Discriminating  Cubic,  as  it  is  called,  and  which 
has  three  real  roots ;  and,  when  expanded,  becomes 

^^-(A  +  B-f  C)d*  +  (BC4-CA-|-AB  — E^  — p2  — G^)^ 

—  (ABC-f  2efg— ae2-bf2— cg2)  =  0.  (39) 
Of  this  equation  the  three  roots  are  to  be  of  the  same  sign,  and 
the  result  is  a  maximum  or  a  minimum,  according  as  they  are 
negative  or  positive ;  therefore,  besides  the  former  conditions 
(32)  and  (33),  the  following  expression  must  be  negative  for  a 
maximum  and  positive  for  a  minimum,  viz. : 

ABC  -f  2ePQ  — AE*  — BF*  — CG*.  (40) 

Hence,  that  a  function  of  three  variables  may  have  a  maxi- 
mum or  a  minimum  value,  the  critical  values  must  satisfy 
8  +  3  -f  1  (  =  7)  conditions,  viz.  tliree  of  equations  (32),  three 
of  equations  (33),  and  one  of  equation  (40). 

164.]  Lastly,  let  us  consider  the  general  case;  and  let 

T{Xi,Xi,...a^n)  (41) 

be  a  function  of  n  independent  variables,  of  which  the  maxima 
and  minima  are  to  be  determined ;  and,  for  convenience  of 
notation,  let 

(0)  =  <'.".(;^.)  =  <>.^'.-(aS:)  =  <••"'■ 
(^)  =  <-•'- (3^)  =  '-»'-■•■    (S)  =  <-'^ 

of  which  it  is  to  be  observed,  that 

(1,2)  =  (2,1),...  (n,l)  =  (!,«),.... 
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Now  the  singular  value  of  (41)  must  arise  from  the  combi- 
nation of  n  similar  partial  singular  values  due  to  the  separate 
variation  of  each  of  the  n  variables ;  and  therefore  we  must  have 

>^)=<>-  iB-"- (^)=»'    <^' 

dv\      D   (  dr  \  D    1  dv 

dxx  ^dxi'^  dx%  ^dx^f' dxn  ^dxj 

same  sign ;  negative,  that  is,  for  a  maximum,  and  positive  for  a 
minimum.  If  0  is  the  quantity  to  which  each  may  be  equated^ 
then  we  shall  have  the  following  equations, 

{(l,l)-(?}diPi  +  (l,2)dir2+ +  (l,n)£to„  =  0" 

(2,l)diPi-|-{(2,2)-(?}ite8+ +  (2,n)^«  =  0 


also  -= — (-j~)>  -j—y-^—h 3— l^j— )  are  all  to  be  of  the 


(48) 


(»,  1)  Ati  4- («,  2)  dra -h +  {(n,n)-d}  €&?„  =  0_ 

whence,  by  the  elimination  of  the  n  quantities,  dxi,  dx%^ ...  dx^^ 
there  will  result  an  equation  in  ^  of  n  dimensions,  all  the  roots 
of  which  are  to  be  of  the  same  sign ;  and  according  as  they  are 
positive  or  negative,  will  the  corresponding  value  of  the  func- 
tion be  a  minimum  or  maximum. 

The  number  of  conditions,  which  are  required  to  be  fulfilled 
may  thus  be  found :  As  the  total  maximum  or  minimum  arises 
from  the  combination  of  the  several  partial  singular  values,  all 
the  conditions  which  they  involve  must  separately  be  satisfied. 
Hence  it  is  easy  to  see,  that  when  the  equation  in  0  has  been 
formed,  there  will  be  involved,  and  to  be  satisfied,  in  the  co- 
efficients of 

^"-1,  n  conditions, 

^      '       1.2 

_3    n(n~l)(n-2) 
^      '  1.2.3 

^,    .     .     .     n    -    -    -    - 

in  the  constant  term,    .     .     1  condition ; 

^    , .  ,               »(»-l)      «(ii-l)(n— 2) 
the  sum  of  which  =  n  4-    ^  -h  -^^ — ^^ +  ...  -h  » -h  1, 

=  (l-f-l)"-l, 
=  2»-l. 

PEICE,  VOL.  X.  Mm 
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165.]  One  remarkable  example,  wherein  the  minimum  valae 
of  a  function  of  many  yariables  is  to  be  discovered,  deserves 
insertion.  The  problem  occurs  in  the  combination  of  observa- 
tions, all  of  which  are  subject  to,  and  are  supposed  to  be  affected 
with,  accidental  errors ;  and  the  object  is  to  determine  the  most 
probable  conclusion  from  the  series  of  given  results  which  are 
affected  with  these  errors.  The  process,  of  which  the  following 
is  an  outline,  is  generally  called  the  Method  of  Least  Squares. 

Suppose  that  there  are  n  unknown  quantities  ^1,  x^^  ...  Xn\ 
and  let  t^i,  i<2, ...  t«m  be  m  other  quantities  connected  with  them 
by  m  given  equations,  so  that  each  of  the  latter  is  a  given 
function  of  some  or  all  of  the  former.  Suppose  also  that  the 
values  of  t<i,  U2> ...  ^  are  capable  of  being  observed ;  from  these 
observations  the  values  of  5?i,  a?2, ...  a?„  are  to  be  deduced. 

Let  the  observed  values  of  t<i,  tt2,  •••«<„,  be  Oi,  02,  ...o^;  the 
observations  then  give  the  m  equations, 

tti-Oi=:0,    tta-02  =  0,  ...  a,„-o«  =  0,  (44) 

for  the  determination  of  the  n  unknown  quantities. 

If  m  is  less  than  n,  these  equations  are  insufScient.  If  m  =  » 
they  are  generally  sufficient,  and  the  solution  of  the  problem  is 
determinate  and  unique.  But  if,  as  is  usually  the  case  in  prac- 
tice, m  is  greater  than  n,  the  equations  are  more  than  sufficients 
Still,  if  the  observations  were  absolutely  accurate,  the  equatimis 
would  not  be  inconsistent,  and  every  sufficient  combination  of 
them  would  give  the  same  values  for  the  unknown  quantities. 
As  however  the  observations  are  actually  liable  to  error,  the 
equations  (44)  will  in  general  be  inconsistent,  and  no  one  set  of 
values  of  ^1,  ^21  •••  ^n  can  satisfy  them  all  at  once.  The  question 
is,  What  set  of  values  are  we  to  adopt  ? 

At  the  outset  it  may  be  observed,  that  the  simplest  way  of 
expressing  that  all  the  equations  (44)  subsist  at  once,  would  be 
by  the  single  equation, 

(t«i-0i)H(W2-O2)«-f  ...  4-(««~o«,)^  =  0.  (46) 

In  the  actual  case  it  is  impossible  to  satisfy  this  equation ;  but 
the  idea  obviously  suggests  itself  of  satisfying  it  as  nearly  as 
possible,  by  choosing  the  unknown  quantities  so  as  to  make  the 
expression  in  the  left-hand  member  of  the  equation  as  small  as 
possible. 

The  question  whether  this  plan  really  gives  the  most  probable 
values  of  the  unknown  quantities  belongs  to  the  Theory  of  Pro^ 
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babilitieSy  and  it  would  be  out  of  place  to  discuss  it  here.  The 
same  may  be  said  of  the  modifications  to  be  introduced  when 
the  observations  are  not  all  equally  liable  to  error ;  and  of  the 
method  of  estimating  the  precision  of  the  results.  It  may  be 
observed  however,  that  an  obvious  way  of  giving  greater  in- 
fluence to  the  better  observations  is,  to  multiply  each  term  in 
the  left-hand  member  of  (45)  by  a  positive  number  representing 
the  goodness  or>  as  it  is  called,  the  weight  of  the  corresponding 
observation ;  and  this  is  in  fact  the  method  indicated  by  theory ; 
90  that  the  function  of  which  the  minimum  is  to  be  determined  ia 

yi(tti-Oi)»-|-ya(«j-Oa)*+  ...  +ffm(Um-o„,)^;  (46) 

where  ffi,  g^^  ...ffm  ^^^  the  weights  of  the  several  observations; 
and  are  proportional  respectively  to  the  number  of  times  an 
observation,  of  arbitrary  fixed  liability  to  error,  is  to  be  repeat- 
ed^ in  order  that  the  arithmetical  mean  of  its  results  may  be 
entitled  to  the  same  degree  of  confidence  as  the  single  result  of 
the  observation  in  question.  The  estimation  of  these  weights 
is  the  business  of  the  observer;  and  for  our  purpose  they  are  to 
be  considered  as  given  constants. 

Now  if  we  can  find  the  values  of  ^1,  a?2^ ...  Xn  which  make  the 
expression  (46)  a  minimum,  we  may  substitute  them  in  the 
functions  Ui,  u%, ...  ttm*  ftud  the  results  may  be  called  the  calcu- 
lated values  of  these  functions ;  and  the  differences  between 
these  calculated  values  and  the  observed  values  Oi,  02,  ...Om  may 
be  called  the  apparent  errors  of  the  observations :  they  would 
be  the  true  errors  if  the  calculated  values  Ui,  1^2, ...  ti^  were 
absolutely  correct.  Putting  Ei,  E2, ...  Em  for  these  apparent  er- 
rors, we  have  t^i— Oi  =  ei,  ...  ««„— o^  =:  Sm^  and  the  expression 
(46)  becomes        ««a.««2.         .««2 

and  this  is  to  be  a  minimum.  In  the  case  in  which  the  weights 
of  the  observations  are  equal,  representing  their  common  value 
by  unity,  we  have  simply  Bi2  +  B2*+  ...  +Em^  which  is  to  be  a 
minimum ;  and  thus  in  this  case  the  method  consists  in  deter- 
mining the  unknown  quantities  so  that  the  sum  of  the  squares 
of  the  apparent  errors  of  the  observations  may  be  a  minimum. 

Let  us  symbolize  (46)  by  a;  then  as  jpij  X2^...Xn  are  inde^ 
pendent  variables,  and  as  a  is  to  be  a  minimum, 

©=»•  0-0 (t)=»' 


M  m  2 
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and  from  these  n  equations  the  values  of  the  n  unknown  quan- 
tities Xij  Xt, ...  Xn  are  to  be  found.  The  algebraical  solution  of 
these  equations  is  in  general  impracticable,  unless  the  functions 
^i>  ^»  •••  ^  a^e  all  linear;  but  as  the  problems  which  occur  in 
practice  may  be  reduced  to  this  form,  the  difficulty  does  not 
actually  arise.     This  simplification  is  effected  as  follows : 

A  set  of  approximate  values  of  the  unknown  quantities  is  first 
obtained  in  any  way  that  is  practicable,  or  is  previously  known. 
Let  these  be  called  (i,  ity-inl  ^i^d  let  their  unknown  errors 
be  rffi,  rff2>  ••.  d^m  80  that  the  true  values  are  6  +  dfi,  d  +  d^s 
-••fn  +  ^fn;  ai^d  let  d(if  d£i,...  d(n  be  treated  as  small  quan- 
tities, of  which  the  squares^  higher  powers,  and  products  are  to 
be  neglected.  Suppose  the  equation  expressing  Ui  in  terms  of 
^1,  X2, ...  ^n  to  be 

then  we  have 

«i  =  <^ (fi  +  rffi,  fa  +  rfft, ...  f»  +  d(n) ; 
and  expanding  this  by  (56)  of  Art.  142^  and  omitting  all  terms 
involving  higher  powers  than  the  first  of  the  errors^  we  have 

in  this  equation  <f>{(uh,  ...  in),  (^)»  •••  (^)  a^e  all  given 

quantities^  so  that  Ui  is  reduced  to  a  linear  function  of  the  new 
unknown  quantities  d^j,  c/fa, ...  d^^.  A  similar  reduction  may 
be  effected  with  ti2,  t%, ...  t<m ;  so  that  finally  the  equations 

ttl-Ol  =  0,    Ui-Oi  =  0,  ...  %n-o^  =  0, 
which  are  given  by  the  observations,  are  all  reduced  to  the  linear 
form. 

If  then,  as  heretofore,  we  substitute  Xi,  x^, ...  Xn  for  d(i,  rff^, 
...  d(n,  &nd  a,  ai,  02,...  kn  for  the  constants,  we  may  assume 
Ui  =  o  +  aiari  +  a2^aH-...+«n^n' 
Ui  =  b'\'biXi-^b2Xi-\'  ...-{-b^Xn 


(47) 


u^  =  *-f  *iJ:i  +  *,a?8+  ...  -\-knX^^ 
and  the  expression 

^1  (Ui  -  Oi)2  4.  ^a  (tf2  -  Oa)^  +  . . . -f  ^m  («»  -  Om)*» 

or 
is  to  be  a  minimum 


}. 


or  ^lEl*H-...  +5'mEm^ 

Google 
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Here  however  we  may  remark  that  if  each  of  the  equations 
tfx— Oi  =  0, ...  «m— Om  =  0^  is  multiplied  by  the  square  root  of 
the  weight  of  the  observation  by  which  it  was  obtained,  and  if 
Uif  Ob  ...  are  then  written  instead  of  {ffi}^Ui^  {ffi}^Oi,  ...  and 
a,  ai, ...  instead  of  {^i}*o,  {^i}*ai» ...  the  problem  will  be  re- 
duced to  the  form  in  which  ^1  =^2  =  ...  =^m  =  1,  so  that  this 
is  the  only  case  which  need  be  considered. 

Let  u^  be  the  sum  of  the  squares  of  the  errors  thus  modified, 
which  is  to  be  a  minimum ;  then  we  have 

.-.      UhU  =  0  =  EidEi  +  EsrfEa-h  ...  -f  E,„rfB,„; 

and  replacing  (/ei,  dEi,.,.dEm  by  their  values  from  (47)  and 
(48),  and  arranging  the  terms  as  coefficients  of  dxi,  dx^^ ...  dx^, 

we  have  ^  ^  (fliBi  +  AiE24- ...  +*iE«)di7i 
+  (a3Ei-f4aE2+  ...  H-*aEm)^3 
+ 

+  (anEi  +  6nEa+  ...  +*„E|H)d«?«; 

and  as  Xi^  x^, ..,  Xn  are  assumed  to  be  independent  of  each  other, 
the  coefficients  of  each  of  the  differentials  in  the  right-hand 
member  of  the  equation  is  equal  to  zero;  so  that  replacing 
El,  Ba, ...  B«  by  their  values  given  in  (47)  and  (48)  we  have 

(ai*  +  6i^+...+*i*)a?i  +  («ia2  +  *i*2  +  .-+*i*a)^2+... 

...  H-(aian  +  *lAn+...H-*i*n)^n 

+  ai(a-Oi)  +  6i(A~02)  +  ...  +  *i(*— o,«)  =  0, 
(a>ai  +  *»*i  +  ...-l"*2*i)^i  +  (fl2^H-*2*  +  ...H-V)^2+... 

...  H-(a2«»  +  A2*n+.--  +  *2*n)^» 
+  fl2(o-Ol)  +  42(*-08)  +  ...  +  *a(*— Om)  =  0, 

(«»aiH-Mi-f  ...+*n*i)^i  +  (a»a2  +  6nA2+...H"*n*a)a?a+... 

...  +  («»*  +  «»*+...  H-*n*)a^n 

+  «»(a-Oi)H-*»(4-Oa)  +  ...+*n(*-o„)  =  0; 
whereby  we  have  n  linear  equations  containing  n  unknown 
quantities ;  these  may  therefore  be  determined ;  and  the  values 
of  them  thus  found  will,  according  to  the  method  of  Least 
Squares,  be  affected  with  the  least  possible  risk  of  errors.  Now 
without  going  farther  into  the  subject,  and  without  introducing 
the  convenient  symbols  which  Gauss,  to  whom  we  are  in  great 


Digitized  by 


Google 


270  THE  METHOD  OF  LEAST  SQUARES.  [l66. 

measure  indebted  for  the  method,  has  introduced^  I  may  remark 
that  the  practical  rules  for  forming  the  final  simultaneous  equa- 
tionsy  as  appears  from  the  preceding  system  of  equations,  are 
the  following.  Multiply  each  equation  by  the  coefficient  of 
Xi  in  itself)  then  the  sum  of  all  thus  multiplied  is  the  first  final 
equation.  Again,  multiply  each  by  the  coefficient  of  art,  and  the 
sum  of  all  thus  multiplied  is  the  second  final  equation :  and  so 
on  for  all  the  equations.  It  is  evident  that  we  thus  obtain  n 
final  equations  from  which  the  n  unknown  quantities  may  be 
determined.  Two  examples  are  subjoined  for  the  purpose  of 
illustrating  the  process. 

166.]  Examples  of  the  method  of  least  squares. 

Ex.  1.   Let  there  be  four  linear  equations  involving  three  un- 
known quantities,  and  of  the  following  form : 

fi2  =  8a7+2y— Sz 
U8  =  4a7+y  +  4j8r, 
U4  =  — a?-|-3y  +  82r; 

and  let  us  suppose  that  observations  are  made,  and  that  by 
them  tti,  Ut,  th,  ^4  are  found  severally  to  be  8,  5,  21,  14;  then 
the  errors  of  the  several  equations  will  be  tti— 8^  fi^— 5,  tfs— 21, 
114^14 :  and  if  u*  is  the  sum  of  their  squares  we  have 

tt«  =  (tti-8)»  +  (iia-5)aH.(fia-21)8  +  (i«4-14)«; 

and  as  u^  is  to  be  a  minimum, 

|«DI*  =  0=(tti-3)rfl*i-h(tt2-5)d«8  +  (tt8-21)rftt8  +  (tt4-14)rfM4; 

in  which  substituting  from  the  preceding  equations,  and  equating 
to  sero  the  coefficients  of  dof^  dy^  and  dz^  we  have 

tti  +  8ti2-f4tt3—   tt4—  88  =  0 

2tfi— 5iis+4ti3  +  8«4- 

and  substituting  in  terms  of  w,  y,  z,  we  have 

27a?+  6y  =881 

6a?  +  15y+z       =     70  I; 
y  +  54z  =  107  J 

whence  x  sz  2.470,  y  s  3.551,  z  =  1.916;  and  these  are  the 
most  probable  values  of  the  variables. 


1-  88  =  0  ^ 
,-70  =  0  I; 
1-107  =  oJ 
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Ex.  2.  Let  there  be  only  one  unknown  quantity  a?,  for  which 
the  valnea  oj,  o^, ...  a^  have  been  found  by  m  observations  of 
equal  weight.    We  have  then  to  determine  x  so  that 

may  be  a  minimum.  Differentiating  thjs  expression  and  equating 
to  zero  the  differential,  because  u  is  to  be  a  minimum,  we  have 

mw  —  fli — Oj  —  ...  —  dfn  =  0; 

m 
Thus^  assuming  the  validity  of  the  method^  the  best  value  for  x 
is  the  arithmetic  mean  of  the  values  given  by  the  observations. 
It  was  in  fact  by  assuming  this  result  as  an  axiom,  that  Gauss 
first  demonstrated  the  validity  of  the  method.  But  this  is  not 
self-evident^  and  is  not  properly  axiomatic ;  and  in  fact  no  de- 
monstration has  yet  been  given  perfectly  free  from  difficulty,  so 
far  as  I  know. 

If  the  weights  of  the  observations,  instead  of  being  equal, 
were  ffi,  g%,  ...ffm,  the  function  of  which  the  minimum  value  is 
to  be  determined  would  be 

^i(a?-ai)*H-^8(^-a,)«+ ...  +^«(^-«m)*; 

and  the  resulting  value  of  a?  is 


Section  5. — On  maanma  and  minima  of  Junctions  of  variables 
wfien  all  are  not  independent. 

167.]  A  problem,  which  frequently  occurs,  is  the  determina- 
tion of  maxima  and  minima  of  functions  of  many  variables, 
when  certain  relations  between  the  variables  are  given,  so  that 
all  those  involved  in  the  original  functional  equation  are  not 
independent.  Thus  suppose  that  we  have  to  determine  the 
singular  values  of 

tt  =t  p(^,y,z,...),  (49) 

which  is  a  function  of  n  variables ;  and  suppose  besides  that  m 
eqaatioas  connecting  these  variables  are  given,  viz. 
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[167. 


^t(^,y,^, )  =  0, 


(50) 


p«(a?,y,z, )  =  0.^ 

In  order  to  apply  the  method  which  has  been  explained  in  the 
preceding  Section,  it  would  be  necessary  to  eliminate  m  varia- 
bles between  m  + 1  equations,  by  which  means  u  would  become 
a  function  of  n  — m  variables,  all  of  which  would  be  independent 
of  each  other ;  and  then  forming  the  partial  derived-functions 

(z")*  \7r)'  \d~)^  *'^®  number  of  which  is  n  —  m,  and 

equating  each  to  0,  there  woiild  be  »— m  equations,  from  which 
we  could,  theoretically  at  leasts  determine  the  n  —  m  variables. 
This  method  however,  though  theoretically  possible,  is  frequently 
attended  with  great  difficulty  on  account  of  elimination ;  and,  if 
the  original  expressions  are  symmetrical,  the  symmetry  is  de- 
stroyed by  it ;  in  which  case  it  is  better  to  proceed  as  follows : 

It  is  plain  from  what  has  been  said^  that  as  there  are  n  —  tn 
variables  entirely  independent  in  their  variations,  we  have 
n  —  m  conditions  to  make ;  which  will  be  equivalent  to  equating 
to  0  the  n  —  m  partial  derived-functions  with  respect  to  these 

variables  of  F(a7,  y,  r, ).     Differentiating  the  functions  in 

order,  and  remembering  that  dm  =  0,  because  u  is  to  be  a 
maximum  or  a  minimum,  we  have 


DU 


=»=(^)^^(w)*+(w)*+ 


dy 


(51) 


o-i^)^^ 


{^)*^(1&)* 


dy  '  ^  dz 

the  meaning  of  which  is,  that  u:,y^z^ do  not  vary  inde- 
pendently of  each  other,  but  consistently  with  the  conditions 
involved  in  the  last  m  equations.     Hence  to  eliminate  da;,  dy, 

dzy multiply  these  last  equations  severally  by  indeterminate 

quantities,  Xi,  A2>  X3, X^ ,  and  add  to  the  first ;  and  collecting 

the  coefficients  of  dx^  dy,  dz^ we  have 


Digitized  by 


Google 


1 68.]  VALUES  OF  FUNCTIONS.  273 

io+Mf)+M§)- -^m^- 

A '■■}■■■ 

+ =0. 

Which  eqaation  is  subject  to  n  conditions^  viz.  n  —  m,  on  ac- 
count of  n  —  m  independent  variables  being  involved,  and  m  on 

account  of  m  indeterminate  multipliers  Xi^  A2,  As^ A^  having 

been  introduced.     Let  these  conditions  be,  that  the  coefficient 
of  each  differential  is  equal  to  0 ;  therefore 


>;   (52) 


between  which  equations  Ai,  Aa^ ...  Am  are  to  be  eliminated,  and 
^jf/j^}  '••  determined ;  and  these  will  be  the  values  correspond- 
ing to  a  maximum  or  a  minimum  value  of  p(^,  y^z^...). 

The  sign  of  the  second  differential  coefficient  will  determine 
whether  the  particular  value  is  a  maximum  or  a  minimum: 
but  in  most  cases  where  this  method  is  applicable,  the  form  of 
the  function  at  once  decides  whether  it  admits  of  a  maximum 
or  of  a  minimum. 

168. J  In  the  case  in  which  only  one  equation  is  given  con- 
necting the  n  variables  involved  in  the  given  function,  whose 
maximum  or  minimum  value  is  to  be  determined,  the  above 
results  assume  a  particular  form,  by  means  of  w^ich  the  pro- 
cess is  much  simplified. 

Let  u  =  F  (a?,  y,  z, ... )  (58) 

be  the  function  of  which  the  maximum  or  minimum  value  is 
to  be*  determined ;  and  suppose  the  variables  to  be  subject  to 
the  relation  expressed  by  the  equation 

/(a7,y,z, ...)  =  c;  (54) 

then  differentiating  (58)  and  (54),  and  putting  Dt«=:0,  because 
tt  is  a  maximum  or  a  minimum,  we  have 

PRICE,  VOL.  I.  N  n 
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■-/-»= (f)^+(l)*+(g)*+ <«» 

whence,  multiplying  (55)  by  an  indeterminate  multiplier  A,  and 
subtracting  (56)  from  it,  we  have 

^©-(i)i^^i*(g)-(|)h+-='»  <»') 

and  by  virtue  of  the  argument  of  the  last  Article,  equating  to 
zero  the  several  coefficients  of  dxy  dy,  dz, ..»  we  have 

/rfFx  /rfrv         /rfFX 

1  =  -±1=  ll^=  i££-=  (58) 

\dx>        \d^f        \dzf 

that  is,  the  ratio  of  the  coefficient9  of  the  same  differentials  in 
(55)  and  (56)  is  constant. 

The  algebraical  criterion  for  discriminating  between  a  maxi- 
mum and  a  minimum  is  too  complicated  to  be  of  any  service 
even  in  this  particular  case. 

169.]  Examples  illustrative  of  the  preceding  processes. 
Ex.  1 .  To  determine  the  minimum  value  of  a?* + y* + ^9  having 
given  /?  =  fljr  +  Ay  +  cz,  where  p,  a,  A,  c  are  constants. 
Let        w*  =  a?2  +  y*  +  r*,  p  =  ax-\-by'\-cz. 

.*.     unu  =  xdx-\-ydy-\-zdz  =  0, 
0  =  adx-{-bdy-{-cdz; 
therefore  by  reason  of  the  last  Article, 

0?  __  y  _  J?  __   a?*  +  y*-f2:*  ^  m* 
a  "^  b  "  c  "  aw-^by-^cz  ""  p 

= ^  = ,  by  Preliminary  Theorem  I ; 

{a»-hA2  +  c»}*       {o3H.A*-fc2}*      ^  ^ 

P 


X  -  ""P  V  -  ^P  z^  "^^ 

*    «    .     14    .       09  y  —        a    .     to    . — ^i  *    — 


a3_|.ia^c«'      ^  "  a2  +  A»-f c*'  ^  a^-fi^  +  c* 

The  above  is  the  solution  of  the  problem.  To  find  the  shortest 
distance  from  the  origin  to  a  given  plane. 
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Ex.  2.  To  determine  the  plane  triangle  of  given  perimeter^ 
and  of  maximum  area. 

Let  the  area  of  the  triangle  =  u,  and  the  sides  be  x^  y,  z, 
and  the  given  perimeter  =  2  s. 

.-.     28  =  ^-fy-f2r,        and      m*  =  8(8— a?)  (8--y)(8— r); 

therefore  differentiating  the  former  equation,  and  taking  the 
logarithmic  differential  of  the  latter,  we  have 


0  =  dx  +  dy  +  dz, 
2i>«         dx  dy  dz 


=  0; 


u  B—x       8— y       8  — 2r 

.-.     8— ^  =  8— y  =  8— 2r; 

2s  8^ 

.-.    4P  =  y  =  r  =  -5- ;        and  the  area  of  the  triangle  =  — ; 

that  is,  the  triangle  is  equilateral. 

In  precisely  the  same  manner  it  may  be  shewn  that  of  all 
figures  of  a  given  number  of  sides  and  of  given  perimeter^  the 
equilateral  and  equiangular  one  is  the  greatest. 

Hence  also  it  follows  that^  of  all  plane  figures  of  given  peri- 
meter, the  circle  is  that  whose  area  is  the  greatest. 

For  let  2  s  be  the  given  perimeter,  and  n  be  the  required 
number  of  sides; 

.-.     each  side  =  ^; 
n 

and     .•.     the  area  =  —  cot  -, 
n         n 


=  — (-cot-). 


But  the  last  factor  continually  increases  as  -  decreases,  and 

attains  a  maximum  when  n  =  00 ;  in  which  case  the  polygon 
becomes  a  circle,  which  is  therefore  the  greatest  of  all  plane 
figures  under  a  given  perimeter. 

Ex.  3.    To  divide  a  number  a  into  three  parts  x,  y,  z,  so  that 
x^y^zP  may  be  a  maximum. 

u  =  x^y^zP,         .-.    logw  =  wlog4?-|-?ilogy -j-/?  logr; 

a  =  x-^y^z; 


N  n  2 
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Dtt  _  ^  _  mrfjy       ndy       pdz 

tt  a?  y  z 

0  =  dlr  +  ^y +  ^^; 
am  an  ap 

,-.      X  =  ,         y  =  ,         2  r=   i- ; 

m  +  «+j»'       ^       m-\'n'\-p  m-i-n^-p 

(  a  \m+n+p 

u  =r  m^n^pv  ( 1 

^    ^m  +  n+p^ 

Ex.  4.  To  determine  the  greatest  quadrilateral  figure  which 
can  be  contained  by  four  given  straight  lines  a,  b,  c,  e. 

Fig.  22.  Let  ab  =  a^  bc  =  b,  on  =  c^  da  =  e;  the  angle 
ABC  =  d,  ADC  =  0;  «  =  the  area. 

.'.     tt  =  5  {aAsin  6  +  ceBm(f>} ; 

And      (AC)*  =  a*  +  A*  — 2a6cosd  =  c*H-e'— 2cecos0; 

,'.     D«  =  0  =  ^  {ab cos  6 d6  +  ce cos  <t>  d<f>}, 

0  =  2ad  sin  ^  £/^  —  2ce  sin  <^  £/</>; 

cos  0  cos  d> 

*  '     sin  ^  sin  0 '  I 

.-.     tand=-tan<^;  .-.     ^  =  180°— 0; 

that  is^  ^  +  <^  =  180^^  and  the  opposite  angles  of  the  quadri-         I 
lateral  figure  are  together  equal  to  two  right  angles^  and  the 
quadrilateral  is  such  as  can  be  inscribed  in  a  circle.  \ 

Ex.  5.  To  determine  the  maximum  and  minimum  values  of 
the  central  radii  vectores  of  an  ellipse,  and  their  relation  to  a 
pair  of  conjugate  axes. 

Let  the  ellipse  be  referred  to  a  pair  of  conjugate  diameters^ 
whose  lengths  are  2ai  and  2  61,  as  the  coordinate  axes ;  and  let 
iA  be  the  angle  between  the  axes,  and  r  be  the  length  of  any 
central  radius  vector ;  then  the  equation  to  the  ellipse  is 

fl  +  l^  =  1 

Also  r*  =  a?*  H-  2xy  cos  en  +  y*. 

and  (a?  +  y  cos  «)iia?+(y+a?  cos  a))dy  =  rdr  =  0; 
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therefore  employing  au  indeterminate  multiplier,  we  have 

j-^-f  A(^+ycosa))>rfa?  +  ]p  +  A(y  +  a?cosa))t  rfy  =  0; 

and  equating  to  0  the  coefiBcients  of  dx  and  dy, 

-^  + A  (07  +  ^0080))  =  0,  j^  +X(y-fa?eosa))  =  0; 

whence^  multiplying  the  former  by  x  and  the  latter  by  y^  and 
adding,  2         2 

T  +  ^  +  A(a?«-h2a?yco8«4-y')  =  0; 

and  substituting^ 

/I  1  \  cos «  _  cos  0)  /I  1  \  ^ 

whence,  by  cross  multiplication, 

(.^-^)(^.-Jr)-i(-«>-  =  0, 

.  • .     r  *  -  (fli*  +  61*)  r »  +  ai«  Ai*  (sin  a))^  =  0. 

Let  a  and  A  be  the  greatest  and  least  values  of  the  radii  vec- 
tores,  so  that  a^  and  V^  will  be  the  roots  of  the  last  equation ; 
then  by  the  theory  of  equations, 

a« + 6*  =  a^  +  AA  a*  4»  =  ai«  Ai^  (sin  a))^ ; 

by  means  of  which  the  values  of  a  and  b  may  be  easily  de- 
termined. 

By  a  similar  process  may  we  determine  the  analogous  rela- 
tions of  the  principal  axes  of  an  ellipsoid  to  any  system  of 
conjugate  axes. 

Ex.  6.   To  inscribe  in  a  sphere  the  greatest  parallelepipedon. 
Let  07*  +  y'  -I-  jgr'  =  a'  be  the  equation  to  the  sphere ;  and  let 
u  be  the  content  of  the  parallelepipedon. 

.-.     tt  =  8a?yz; 

and  taking  the  logarithmic  differential, 

Dw  ^  -.  ^  cfep      dy      dz  ^ 
u  X        y        z 


also  0  =  xdX'\-ydy-\'Zdz', 
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J?*  =  y*  =  Z*  = 


X-szy  z=:  Z  = 


>/3' 


8  a' 
and  the  volume  of  the  parallelepipedon  =  — |- . 

Ex.  7.  To  find  a  point  within  a  triangle,  snich  that  the  sum  of 
the  lines  drawn  from  it  to  the  angular  points  may  be  a  minimum. 

Pig.  20.  Let  p  be  the  required  point ;  and  let  ap  =  x^ 
BP  =  y,  cp  =  z,  Bc  =  a,  CA  =  by  ab  =  c,  bpc  =  0,  cpa  =  ^, 
APB  =  >^ ;  11  =  sum  of  the  required  lines ;  wherefore  we  have 


a*  =  y^  —  2yzco%0-\-z^ 
b^  =  z*-»-2za?co8</)H-a?* 
c^  =  J?*— 2a?yco8>^-f  y* 


(59) 


(60) 


(61) 


^-f  <^-f-^  =  27r. 
Whence,  by  differentiation, 

Dtt  =  0  =  rfa?  +  rfyH-rf2r;  (62) 

0  =  (y — ^  cos  0)  dy  -j-  (j?—  y  cos  6)dz  -j-yz  sin  $  dB 
0  =  {z—x co9<f>) dz -{■  (a;—zco»<l>) da; -{- zx im<t>d<f>   >;    (63) 
0  =  {x—y  cos  \lf)dx-\-  (y — J?  cos  y^)dy  -\-xy  sin  ^  d>^ 

0  =  rfd  +  rf<^  +  rf>/r.  (64) 

Now  observing  that  we  have  six  variables  involved,  which  are 
connected  by  four  equations  (60)  and  (61),  two  are  independent ; 
multiplying  therefore  the  equations  (63)  severally  by  a?,  y,  z,  and 
adding,  we  have 

{a?(y-f-2r)— y^(cos</)-f  cosV^)}dip+{y(«  +  a?)— za?(cos>/r-f  co8^)}rfy 
-f  {z(a?  +  y)— a?y(cos^  +  cos<^)}  dz 
H-  xyz  {sin  ^  £W+ sin  <^  d<^  +  sin  >/r  d^}  =  0.     (65) 

Whence  multiplying  (62)  and  (64)  by  two  indeterminate  multi- 
pliers, and  adding  them  to  (65),  and  equating  to  zero  the  co- 
efficients of  the  variables,  we  have 

sin  d  =  sin  <^  =  sin  >/r ;  .• .     ^  =  </>  =  ^  =  120°. 

Let  therefore  three  segments  of  circles  be  described  on  the 
sides  of  the  triangle,  each  containing  an  angle  of  120° ;  these 
will  meet  in  a  point,  which  point  will  be  that  required. 
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CHAPTER  VIII. 

APPLICATION  OP  THE   PRECEDING  PRINCIPLES  TO  THE 
THEORY  OP  ALGEBRAICAL  EXPRESSIONS. 

170.]  In  the  present  Chapter  I  shall  take  the  following  to 
be  the  type  of  an  algebraical  expression  of  the  nth  degree,  and 
for  convenience  of  reference  shall  symbolize  it  hyf{x), 

iP"— /?ia?»-i-f;^^"~*-;?8^'*"'+...±i?n-i^+J»n  =  0=/(a?),  (1) 

the  upper  or  lower  sign  being  taken  according  as  »  is  odd  or 
even ;  n  being  integral  and  positive ;  and  no  fractional  or  nega- 
tive powers  of  x  being  involved  in  the  expression;  pi,  p^,  ---  Pn 
being  constant  coefficients,  real  or  imaginary^  and  the  coefficient 
of  the  highest  power  of  x  being  unity. 

A  root  of  such  an  expression  is  a  value  which,  when  substi- 
tuted for  the  unknown  quantity  x,  makes  the  whole  to  vanish ; 
thus,  if  a  is  a  root  off{x), 

f(a)  =  0. 

An  imaginary  or  impossible  expression  is  of  the  form 

a^-A^/^;  (2) 

which,  as  was  explained  in  Art.  60,  always  admits  of  being  put 

into  the  form,  / — -   . 

r(cosd-|- V— 1  sm^), 

of  which  r  is  called  the  Modulus ;  and 

r»  =  a*  -h  A»  =  (a  +  >/=TA)  (a  -  xATT*),  (3) 

the  latter  pair  of  imaginary  factors  being  called  conjugate  to 
each  other. 

Now  of  such  general  algebraical  expressions  as  (1),  almost 
all  the  properties  which  are  proved  in  the  usual  text-books  on 
the  Theory  of  Equations  arise  from  considering  them  in  their 
resolved  or  analytical  form ;  that  is,  as  made  up  of  factors  of 
the  form,  a?— a,  x—b,  ...  .r--a+/3\/  — 1,  a?— a— /3\/  — 1  ...  ; 
such  are  the  relations  which  exist  between  the  roots  and  the 
coefficients,  between  two  equations  the  roots  of  one  of  which 
are  symmetrical  functions  of  those  of  the  other,  &c.    But  a 
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general  treatment  of  the  subject  requires  the  expressions  to  be 
considered  in  their  syntl^tical  or  unresolved  state ;  and  we  pro- 
pose in  the  following  Articles  to  exhibit  such  properties  of  them 
in  their  compounded  state^  as  fall  within  the  grasp  of  the  pre- 
ceding principles. 

In  the  first  place  I  must  remark  on  the  continuity  of  such 
expressions ;  and  I  shall  hereby  be  led  to  shew  that  every  equa- 
tion^ be  its  dimensions  odd  or  even,  has  a  root.  In  other  words, 
I  shall  prove  that  a  value,  real  or  imaginary,  exists,  which  when 
substituted  for  x  in  /(a?)  makes  f{x)  =  0. 

If  it  is  thought  that  an  unfair  assumption  is  made  in  the 
following  Articles  in  the  extension  to  imaginary  quantities  of 
processes  of  differentiation  which  have  been  hitherto  applied  to 
possible  quantities,  let  it  be  borne  in  mind  that  the  principles 
of  differentiation  as  unfolded  in  the  first  and  second  Chapters 
require  only  the  law  of  continuity  to  be  satisfied  in  the  func- 
tions to  which  they  are  applied,  and  that  imaginary  quantities 
satisfy  that  law  as  well  as  possible  ones.  And  I  would  also 
observe  that  logarithmic  and  circular  functions  are  related  to 
each  other  by  means  of  the  exponential  equivalents,  and  that 
these  involve  symbols  of  impossibility ;  and  as  we  have  intro- 
duced and  operated  on  each  of  these  in  the  previous  Chapters, 
our  processes  have  been  applied  to  impossible  as  well  as  to  pos- 
sible quantities. 

171.]  Positive  real  values  may  be  assigned  to  ^  in  (1)  so 
great  that  the  corresponding  value  of  ^'*  shall  be  greater  than 
the  sum  of  all  the  following  terms. 

Let  us  take  the  case  which  is  most  unfavourable,  that  namely 
in  which  all  the  terms  are  positive,  and  in  which  consequently 
their  sum  is  greater  than  it  would  be  if  some  of  the  terms  were 
negative.  Let  px  be  the  greatest  of  all  the  positive  coefficients 
"PuPty*  Tpn'f  then 
— ^iJ?'»-^H-/?8.r'»-*— ...  +/?„  is  less  than/?jk{.r""^-f  j?""*-l- ...  +^-f  1}, 

^n 1 

is  less  than  p^ =- , 

•P  ^~  ± 

/pit 
is  less  than  p^    ^. , 

and  therefore  is  less  than  a?",  if  ^*  =  a? — 1 ;  that  is,  if  x^pk  +  1, 
0?*^  is  greater  than  the  sum  of  all  the  subsequent  terms;  and 
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a  foriioriy  if  j?  is  greater  than  /»*  + 1 »  ^"  is  so  much  greater  than 
the  sum  of  all  the  terms  after  x"^ :  and  thas  by  increasing  x^ 
fix)  becomes  greater  and  greater,  and  in  the  superior  limit  when 
x=^o:i ,  f{x)  also  becomes  infinite.    Thus  in 

if  we  substitute  8  for  x^  x^  is  greater  than  the  sum  of  all  the 
other  terms.  Hence  it  appears  that  for  values  of  x  greater  than 
a  certain  assignable  quantity,  as  x  increases,  f{x)  increases ; 
and  ultimately  becomes  infinite^  when  a?  =  00  . 

If  0?  =  0,  then  f{x)  =  Tpn ;  and  if  n  is  odd,  fix)  =  —  00 , 
when  X  =:  —  00 ;  hence  if  an  equation  is  of  uneven  dimensions, 
f{x)  changes  sign  from  —00  to  +00  as  ^  increases  from  —00  to 
+  00;  and  as  such  change  of  sign  o{f{x)  can  take  place  only 
when  f{x)  =  0,  it  follows  that  an  equation  of  odd  dimensions 
has  at  least  one  real  root :  and  that  root  will  be  positive  or  nega- 
tive according  as  the  constant  term  of  the  equation  is  negative 
or  positive. 

Hence  also  it  follows  that  an  equation  of  even  dimensions 
has  two  real  roots  if  the  last  term  is  negative,  of  which  one  is 
positive  and  the  other  is  negative ;  because  f{x)  will  change  its 
sign  from  -)-  to  — ,  and  again  from  —  to  +,  as  a?  increases 
from  —  00  through  0  to  -h  00 . 

As  X  continuously  varies,  so  f(x)  continuously  varies ;  for  let 
A  be  an  increment  of  x,  and  let  us  suppose  that  fix)  does  not 
vanish ;  then  by  (21),  Art.  116, 

/(a?  +  h)  -fix)  =  hfix  +  0h); 

the  right'hand  member  of  which  is  infinitesimal,  if  h  is  infi- 
nitesimal; therefore  fix-^h)—fix)  is  infinitesimal;  that  is, 
fix)  varies  continuously  as  its  subject- variable  continuously 
varies. 

If/(j?)  is  of  even  dimensions, /(a?)  has  at  least  one  minimum 
value;  because /"(a?)  will  be  of  odd  dimensions,  and  will  change 
sign  from  —  to  -f ,  as  a?  increases  from  —  00  to  +  00 ;  and  cor- 
responding to  the  value  of  x  at  which  the  change  of  sign  takes 
place  will  fix)  attain  a  minimum  value.  Thus  much  as  to  the 
values  of  fix)  when  x  is  replaced  by  a  real  quantity. 

172.]  Having  thus  shewn  that /(a?)  continuously  increases  up 
to  -f-  00 ,  as  0?  increases  upwards  from  a  certain  real  value,  I  will 
now  shew  that  if  for  x  we  substitute  in  fix)  the  most  general 
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form  of  an  imaginary  expression^  via.  y + «  V— 1,  /(y  +  «  v'—  1 ) 
does  not  admit  of  a  maximum  or  a  minimum^  but  continaously 

either  increases  or  decreases.  

Let  us  replace  x  inf{x)  by  y-f-^sV— 1;  then  expanding  by 
Taylor's  Series,  we  have 

of  which  right-hand  member  the  possible  and  impossible  parts 
may  be  separated,  and  the  whole  expression  may  be  equated 
to  p  +  Q  \/^  ;  if 

p  =  m  -f\y)  ^  +/'^(y)  1^ >  (5) 

Q  =/(y).-r'(y)  j^  +r(y)  j^ ;         (6) 

and  where  p  and  q  are  functions  of  two  independent  variables  y 
and  z.    Now  differentiating,  we  have 

/rfp\         /rfQ\  /rfp\  /rfQ\ 

\d^i^  \dzr       \dif-  "^d^r 

\dy^f  ~  \dyTzf  "  "  v^/'      ^dy^f  ""  "  ^dydzl ""  "  VrfF^ ' 

Cd^Tx  /d^p\ 

-T-gj  and  (^-gj  beingnecessarily  of  different  signs,  the 

conditions  of  Art.  158  and  159  cannot  be  satisfied,  and  p  does 
not  admit  of  a  maximum  or  minimum  value ;  similarly  also  it 
is  plain  that  q  does  not  admit  of  a  maximum  or  minimum ; 
hence  /(y  -h  «  >/— 1)  is  not  a  function  admitting  of  a  maximum 
or  minimum ;  and  therefore  goes  on  continuously  increasing  or 
decreasing,  as  the  variables  continuously  vary. 

178.]  Hence  we  can  shew  that  \tf{x)  is  a  function  of  a?  of 
the  form  (1),  one  or  more  values  of  x  of  the  form  y-f-«\/— 1 
exist,  which  when  substituted  for  x  render  f{x)  =  0 ;  in  other 
words,  we  can  hence  prove  that  every  equation  has  a  root. 

Let  y-^z  \/  — 1  be  replaced  by  r  (cos  6  -f  \/— 1  sin  B),  and 
/(y-h^v^— 1)  by  R (cos  T -f  \/  — 1  sin  t),  r  and  b  being  the 
moduli  respectively  of  y  +  0\/— 1  and  of /(y-|-2;\/— 1),  and  6 
and  T  being  real  circular  arcs ;  then,  if  it  can  be  shewn  that 
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some  .value  of  ^  is  such  as  to  render  r  =  0,  y  and  z  are  such  as 
to  make /(y-|-«\/— 1)  =  0,  and  it  is  proved  that  the  equation 
/(Of)  =  0  has  a  root. 

Since      f(y  -f  z  V—1)  =  » (cos  t  -f  >/— 1  sin  t),  (7) 

.-.    fiy—z^/^^)  =  r(cost  — \/— IsiuT);  (8) 

whence         a*  =  /(y  + « \/^)  xf(y—z  \/^).  (9) 

Now  to  take  the  most  general  case^  let  us  suppose  that  all 
the  derived-functions  of  f(x)  up  to  the  mth  exclusively  vanish 
when  d?  =  y+;?\/— 1;  viz.  that 

/'(y+;^y=T)  =  0,/"(y  +  ;?y::n[)=0,.../— i(y  +  «y=a)  =  0; 

whence  also, 

/'(y-i8?y^)  =  0, /"(y-;»>/^)  =  0,  .../«-Hy-;^^/^)  =  0. 

Then,  by  means  of  Leibnitz's  Theorem,  see  Art.  55^  taking  the 
mth  differential  of  r^  in  (9),  and  neglecting  terms  which  vanish, 
we  have 

Let  Ra»  and  p  be  the  moduli  respectively  of /"•(y+5?v^  — 1) 
and  dy-^-  \/— 1  dz;  and  let  t^  and  r  be  the  corresponding  arcs, 

so  that  

/"•(y^-;5^/^)  =  R^  (COS  T«  +  \A=T  sin  t«),  (10) 

/•(y-«\/^)  =  R«  (cos  T«  -  \/^  sin  t«)  ;  (11 ) 

rfy  ±  dzV—l    =  p  (cos  T  +  \/— 1  sin  t)  ;  (12) 

•'•    (dy±dz^—l)^  =  p*"  (cos  mr +>/—!  sin  mr) ;  (18) 

making  which  substitutions, 

rf».R»  =  2rRmP"*cos  (t«— T-j-mr).  (14) 

Now  as/(y  +  z\/—l)  does  not  admit  of  a  maximum  or  mini- 
mum value^  so  r',  being  the  square  of  r,  and  thus  necessarily 
a  positive  quantity^  does  not  admit  of  a  maximum  value ;  but 
it  must  have  a  minimum  value;  that  derived-function  of  it 
therefore,  which  is  the  first  not  to  vanish,  must  be  consistent 
with  such  a  singular  value.  But  on  examining  (14)  r  is  arbi- 
trary, and  d^,K*  will  evidently  change  sign,  when  r  and  there- 
fore when  dy  and  dz  receive  certain  values;  as,  for  instance, 

o  o  2 
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2k  -^  1 
change  t  to  r-i tt,  and  the  sign  of  ^"•-r'  will  be  changed; 

and  such  a  change  is  inconsistent  with  r^  being  a  minimum. 
The  apparent  difficulty  however  is  obviated  if  one  of  the  other 
factors  of  £/"*.r^  vanishes;  but  r^  and  p^  do  not  vanish^  and 
therefore  it  follows  that  the  only  condition  which  is  consistent 
with  R^  being  a  minimum  value  is^  r  =  0 ;  this  therefore  is  the 
minimum  value ;  whence,  by  means  of  (7), 

/(y-^zy/^)  =  0;  (15) 

and  therefore  there  always  are  some  values  of  y  and  z  such  that 
equation  (15)  is  satisfied;  and  therefore  every  equation  of  the 
form  (1)  has  a  root.  

Also  from  (8)  it  follows  that  if  r  =  0,  /(y— 2f>/^)  =sO; 
and  therefore  if  one  of  a  conjugate  pair  is  a  root  of  an  equation^ 
the  other  conjugate  is  also  a  root. 

If  in  the  general  form  of  the  root  z  =  0,  the  root  is  possible ; 
but  if  z  has  a  finite  value^  the  root  is  imaginary. 

174.]  Taking  a  to  be  the  general  symbol  for  the  root  of  an 
equation^  we  may  thus  prove  that  the  equation  is  divisible  by 
x--a  without  a  remainder. 

Let /(a?)  =  0  be  the  equation ;  then,  since  a  is  a  root, /(a)  =  0. 

Observing  now  that  Taylor's  Series  does  not  fail  for  a  func- 
tion of  X,  such  as  we  have  assumed  /(a?)  to  be,  and  that  the 
(n  +  l)th  derived-function  vanishes,  because /(^)  is  algebraical 
and  of  n  dimensions,  by  means  of  (84),  Art.  74,  we  have 

/(^)  =/(a  +  x-fl), 

and  because /(a)  =  0,  the  second  member  is  divisible  by  (or— a). 

The  converse  proposition  is  evident;  viz.  that  if  a?— a  is  a 
factor  oif(x),  f{a)  =  0,  or  a  is  a  root  of  the  equation. 

Hence  we  conclude  that  if  any  function  of  the  algebraical 
form  assumed  in  equation  (1),  Art.  170,  vanishes  for  a  particular 
value  a  of  the  variable,  the  function  has  a  factor  of  the  form 
x—ay  and  it  is  owing  to  Ua  vanishing  that  the  function  vanishes. 

175.]  Hence  also  it  follows,  that  every  equation  has  as  many 
roots  as  it  has  dimensions,  and  no  more. 

For  dividing  f(x)  in  equation  (16)  by  (a?— c),  the  highest 
power  of  X  that  remains  is  o?'*"^,  being  that  which  is  involved 
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in  the  last  term  of  it,  viz.  in  (j?— a)"*^;  whence  an  expression 
of  n  — 1  dimensions  results;  which  again,  by  virtue  of  Article 
173,  has  a  root,  and  therefore  is  again  divisible  by  a  factor  of 
the  form  x—a;  whereby  the  expression  is  depressed  to  one  of 
It  — 2  dimensions;  and  if  a  similar  process  is  repeated  n  — 1 
times,  we  shall  finally  have  an  expression  of  one  dimension, 
which  will  give  the  last  root;  and  thereby  the  equation  will 
have  been  resolved  into  n  factors. 
Thus  suppose  the  n  roots  to  be  ai,  ^2, ...  fin,  then 

/(cT)  =  iof—ai)  (^-02) ...  i^-On).  (17) 

Also  it  is  manifest  that  no  other  value  than  one  of  the  n 
roots  can^  when  substituted  for  ^,  make  any  simple  factor,  and 
thereby  the  whole  expression,  to  vanish]  and  therefore /(^)  has 
only  n  roots ;  some  of  which  however  may  be  equal ;  and  there- 
fore although  all  the  n  roots  may  not  be  difierent,  yet  there  can 
never  be  fewer  than  n  simple  factors. 

Again,  if  the  coefficients  of  the  several  powers  of  a?  in  f(x) 
are  real,  and  f{w)  has  impossible  roots,  they  must,  as  observed 
above,  enter  in  pairs ;  so  that,  if  at  and  oj  are  two  imaginary 
roots  which  are  conjugate  to  each  other, 

Oi  =z  a  +  fiV—l  =  p  {cos  0  -f  \/— 1  sin  6}, 

Gj  =  a  — )3a/  — 1  =*p{co8^— \/— 1  sin^}  ; 

.-.     (w—ai){x—aj)  =  (^— a)2  +  ^2  =  a?^— 2/)a?cos^  +  p*, 

which  quadratic  expression  is  essentially  positive;  and  by  a 
similar  composition  of  other  conjugate  factors  we  have, 

/(a?)=(^-ai)  (a?-a3)...{(a?-ai)>+M  {(a?~a3)»  +  i32*}...;(18) 

and  therefore /(a?)  is  the  product  of  factors,  simple  or  quadratic. 

176.]  On  the  algebraical  relation  of  f{w)  to  its  derived- 
function. 

Let/(^)  be  a  function  of  the  form  (1),  which  has  all  its  co- 
efficients real  quantities  and  all  its  roots  real  and  unequal ;  and 
let  the  roots  off  (a)  be  ai,  Os, ...  a^;  so  that 

f(x)  =  oj^-joi^^-i-h/^a^"-*-  ...  ±Pn-l^+Pn,         (19) 

=    (cT-fli)  (X  —  Oi)  ...  (a?  — fln),  (20) 

the  upper  or  lower  sign  being  taken  in  (19)  according  as  n  is 
odd  or  even,  and  the  roots  being  arranged  in  order  of  magni- 
tude,m.  «,>a,>«,>...  >a„;  (21) 
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then,  taking  the  derived-functions  of  both  the  members  of 
(19),  we  have 

=  (jr-fla)  (07-03) ...  (^-fl»)  +  (^— «i)  (^— Os) ...  {X-On) 
+  (J?--ai)  (a?-aa)  ...  (ar-fln)  +  ... 

...  +  (^-ci)  (j?-a2)  ...  (a?-o„.i).  (22) 

Let  J7  =  fli ;  then  observing  that  all  the  parts^  except  the  first, 
of  the  second  member  of  (22)  disappear,  and  that  by  virtue  of 
the  arrangement  of  the  roots,  as  indicated  bj  (21),  every  factor 
of  the  first  part  is  positive,  it  follows  that,  if  a?  =  Ci,  /'(^)  is 
positive  j  similarly,  if  j?  =  a^,  f\x)  is  negative ;  there  is  there- 
fore some  value  of  x  between  Ci  and  a%  which  makes  f\x) 
vanish;  a  root  therefore  oif'{x)  lies  between  Oi  and  a%.  Simi- 
larly we  have  the  following  results ; 

if  0?  =  ai,   f\x)  is  positive, 

^  =  02,   f'(x)  is  negative, 
^  =  03,   f\x)  is  positive. 


X  =:  On,  fW  is  positive  or  negative,  accord- 
ing as  n  is  odd  or  even.  Hence  the  roots  otf\x)  are  real,  and 
lie  between  the  roots  o{f{x). 

Let  the  roots  oif\x)  be  ai,  02, ...  On-u  arranged  in  order  of 
descending  magnitude,  then  they  stand  to  the  roots  of /(a?)  in 
the  relation  indicated  in  the  following  table ; 

Oi        a«        03  .  .  .  an_i,  ««, 

ai  02  ojj  .  .  .  On-i ; 
whence  it  appears,  that  the  greatest  root  of /(a?)  is  greater  than 
the  greatest  root  o{f\x),  and  the  least  root  o{f(x)  is  less  than 
the  least  root  of  /'(a?).  It  is  on  account  of  this  particular  rela- 
tion of  the  roots  off'(x)  to  the  roots  o{f{x),  that /'(a?)  is  some- 
times called  the  limiiinff  equation  o{f(x). 

Hence  also  it  follows,  that  if  all  the  roots  of  an  equation  are 
real,  all  the  roots  of  each  of  its  successive  derived-functions  will 
be  real  also. 

These  results  admit  of  the  following  geometrical  interpreta- 
tion :  Let  the  curve  represented  in  fig.  23  be  that  whose  equa- 
tion is  y  =/(a?).  As  /(a?)  has  n  real  roots,  /(^),  and  therefore 
1^,  s=  0  at  n  points  corresponding  to  them ;  that  is,  if  oai  =  ai. 
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0A2  =  Oa, ...  the  carve  cuts  the  axis  of  a?  at  Ai,  A2,  ...  that  is^  in 
n  points.     As  f(x)  only  =  Hh  00  ,  when  x  =  ±  00  ,  the  ordinate 

is  finite  for  all  values  of  jp  between  ai  and  02,  a^  and  a^, ; 

and  by  the  last  Chapter,  as  f\x)  =  0,  and  changes  sign  when 
0?  =  ai,  =  02,  =  ... ^  f{x)  is  a  maximum  or  minimum  correspond- 
ing to  these  roots  oi  f\x\  and  therefore  we  have  maxima  or 
minima  ordinates  at  points  intermediate  to  Ai  and  A2,  A2  and 
As, ...  Am_i  and  a,, ;  that  is,  obi  =  ai,  0B2  =  02, ....  Also  as  n  is 
odd  or  even,  so  will  the  curve  towards  the  left,  when  a?  =  —  00  , 
be  below  or  above  the  axis  of  x. 

177.]  Hence  it  appears  that,  if /(a?)  has  m  roots  equal  to 
each  other,  f'(x)  has  (m  — 1)  roots  equal  to  each  of  the  equal 
roots  oif(x)  j  for  if  fli  =  02  =  .••  =  «m>  then  ai  =  02  =  ...  =  Om^i, 
as  the  a's  are  intermediate  to  the  a's ;  which  proposition  is  also 
thus  manifest. 

Let  m  roots  o(f(x)  be  equal  to  one  another  and  to  a,  and  let 
Qjp  symbolize  the  product  of  the  other  n—m  roots,  then 

fix)  =  (a?-fl)'«Q,; 

and  fix)  has  m  — 1  roots  equal  to  a,  that  is,  to  each  of  the  m 
equal  roots  of  fix). 

Hence  ii  fix)  has  equal  roots,  they  may  be  determined  by 
the  method  of  finding  the  greatest  common  measure  of  fix) 
and  f\x)y  and  fix)  may  be  depressed  by  as  many  dimensions 
as  it  has  equal  roots. 

The  latter  proof  of  this  proposition  manifestly  reaches  the  case 
of  equal  imaginary  roots  which  the  former  may  not  resolve. 

178.]  Such  information  does  Infinitesimal  Calculus  afford  as 
to  the  continuity  of  algebraical  expressions,  as  to  the  possibility 
of  the  resolution  of  fix)  into  simple  and  quadratic  factors  cor- 
responding to  the  roots,  and  as  to  the  relation  between  the 
roots  of  fix)  and  of  its  derived-function.  I  proceed  now  to  a 
theorem  of  great  importance)  one  indeed  which  theoretically 
completes  this  part  of  the  subject ;  inasmuch  as  we  are  hereby 
enabled  to  determine  the  number  of  real  roots,  and  that  of  the 
imaginary  roots  of  an  equation.  It  was  discovered  a  few  years 
ago  by  M.  Sturm,  and  the  memoir  containing  it  was  presented 
by  him  to  the  French  Institute,  and  published  in  the  '^Me- 
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moires  pr^nt^s  par  divers  savants  a  FAcad^mie  des  Sciences/' 
Tom.  VI,  1885.  It  is  now  generally  known  by  the  name  of 
''  Sturm's  Theorem/'  and  is  one  of  the  greatest  modern  dis- 
coveries in  Algebraical  Analysis.    The  problem  is  as  follows : 

Given  au  equation  f{x)  =  0,  which  has  real  coefficients ;  it  is 
required  to  determine  the  number  of  real  roots  which  it  con- 
tains^ and  the  limits  of  them. 

First  let  f{w)  be  cleared  of  e^pud  factors  by  means  of  the  last 
Article^  so  that  no  two  roots  oi f{x)  are  equal  to  each  other; 
then  we  have  the  following  theorem : 

Let  f(x)  be  a  function  of  x  of  real  coefficients,  of  which  f\x) 
is  the  derived-function ;  let  f{x)  be  operated  upon  by  f\x)  in 
the  way  of  finding  the  greatest  common  measure,  but  with  the 
peculiarity  of  the  sign  of  a  remainder  always  being  changed 
before  it  is  made  a  divisor;  and  let  this  process  be  continued 
until  it  terminates  by  giving  a  remainder  independent  of  x^  and 
which  does  not  vanish,  because  f(x)  has  no  equal  factors ;  let 
the  successive  remainders  thus  modified  be  symbolized  by 

/i(^),   Mx),...fn^i{x)i 
80  that  we  have  the  following  system  of  equations ; 
fix)  ^f(x)qi^Mx), 
f\x)  =fi(x)  qz—Mos), 


(23) 


/n-3(^)   =  /»-2  W  gn-1  --/«-l(j?)  \  - 

/,-i(j7)  being  the  last  factor  and  consequently  independent  of  x. 
Let  a  and  /3  be  two  numbers  of  which  a  is  the  less,  regard 
being  had  to  its  sign ;  substitute  a  for  x  in  the  series 

/(^),  /»,   /i(^),  .../n-i(^),  (24) 

and  write  down  in  the  same  order  the  signs  of  the  results ;  and 
count  the  number  of  sequences  of  two  terms  having  contrary 
signs  in  this  series  of  results ;  and  suppose  a  to  be  that  number. 
Again,  substitute  /3  in  the  same  series  of  functions,  and  count 
as  before  the  number  of  sequences  of  two  terms  with  contrary 
signs,  and  suppose  it  to  be  equal  to  b, 

Then  there  are  a  — b  roots  of /(.r)  lying  between  a  and  /3; 
that  is,  the  number  of  the  excess  of  variations  of  signs  in  suc- 
cessive terms,  when  a  is  substituted  for  x,  over  that  when  /3  is 
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substituted  for  x^  is  the  number  of  real  roots  of  f(x)  greater 
than  a  and  less  than  /3. 

This  is  Sturm's  Theorem ;  but  before  I  proceed  to  the  proof 
of  it,  I  must  make  two  observations  on  the  series  of  Amotions 
in  (24).  (1)  No  two  consecutive  functions  can  vanish  for  the 
same  value  of  a? ;  for  if  two  consecutive  terms  vanish,  when 
«  =  c,  say  fi{c)  and  /i-i(c),  then  by  reason  of  (23),  f 4^2(0) 
=/|_8(^)=  .-.  =0,  and  ultimately /'(c)  and /(c)  vanish;  which 
last  values  can  coexist  only  when  f(x)  has  two  or  more  equal 
roots,  and  this  circumstance  is  contrary  to  our  first  assumption  ^ 
and  therefore  we  conclude  that  no  two  successive  functions  of 
the  series  (24)  can  simultaneously  vanish.  (2)  No  function  of 
the  series  can  be  identically  zero ;  for  suppose /(^)  to  be  always 
zero;  then  from  (23) 

/<-«(^)  =  qifi^ii^h 

and  thus  the  value  of  of  which  makes  fi^2(x)  to  vanish  will  also 
make /.I  (^)  to  vanish;  that  is,  two  consecutive  functions  will 
simultaneously  vanish ;  and  this  has  just  been  shewn  to  be  im- 
possible. 

Now  I  will  proceed  to  the  proof  of  the  theorem ;  let  us  sup- 
pose a  to  be  a  root  of /(a?) ;  and  in  the  series  (24)  for  a?  let  a— A 
be  substituted ;  then  by  equation  (16),  Art.  114,  the  series  of 
functions  becomes 

/(a)-/'(a)j+r(a  +  ^A)^, 
f\a)^r(a^eh)h. 


in  each  of  which  we  may  suppose  A  to  be  such  an  infinitesimal, 
that  the  terms  involving  it  must  be  neglected  when  added  to  a 
finite  quantity;  then,  since  a  is  a  root  ot  fix),  f(a)  =1  0,  and 
therefore  the  signs  of  the  series  of  terms  are  the  same  as  those  of 

-/'(«),    f\a\    Ma), (25) 

Again,  let  a  + A  be  substituted  for  x  in  the  series  (24) ;  then 
the  signs  of  the  series  of  results  are  the  same  as  those  of 

/'(«),    /'(«).    /i(«),    /*(«), ;  (26) 

whereas  then  of  (25)  the  first  two  terms  are  affected  with  oppo- 
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site  signs,  and  the  first  two  terms  of  (26)  have  the  same  signs ; 
therefore  by  making  x  increase  from  a  quantity  a  little  below 
a  real  root  to  a  quantity  a  little  above  it,  a  variation  of  sign  in 
the  series  of  functions  (24)  is  lost ;  that  is,  what  was  a  sequence 
of  opposite  signs  has  become  a  sequence  of  the  same  signs. 

Also  a  similar  loss  of  variation  of  signs  takes  place  whenever 
X  passes  through  a  root ;  and  therefore,  if  we  make  x  to  grow 
by  infinitesimal  increments  from  a  to  ^,  every  time  that  its 
value  becomes  that  of  a  real  root  of  the  equation  the  series  of 
signs  oi  f(x\  f'{x)^  f\(p^\  •••  loses  a  variation.  And  a  loss  of 
change  of  sign  occurs  only  under  that  circumstance.  For  let  us 
suppose  it  to  occur  otherwise ;  it  is  evident  that  it  can  be  only 
when  a  sign  of  one  or  more  of  the  other  functions  is  changed, 
and  that  is,  when  one  or  more  of  them  become  zero.  We  have 
above  shewn  that  two  consecutive  functions  do  not  simulta- 
neously vanish ;  let  us  now  suppose  that  fi{x)  =  0,  when  a?  =  e, 
and  that  it  changes  its  sign  at  that  critical  value;  then  since 
from  (23) 

/<-i(c)  =  5'<+i/i(c)-/,+i(c), 

.-.    /,_i(c)  =  -/<+i(c);  (27) 

neither  of  which  can  vanish ;  and  therefore  as  x  passes  through 
c  their  signs  are  the  same  whether  x  is  infinitesimally  less  or 
infinitesimally  greater  than  e.  But/j_i(c)  and  /<+i(c)  are,  as  is 
clear  from  (27),  of  opposite  signs ;  and  therefore,  whatever  are 
their  signs  respectively,  and  whatever  change  of  sign /{(a?)  under- 
goes as  X  passes  through  c,  the  only  possible  arrangements  and 

changes  are  (1)  from  +  H to  H ,  (2)  from  -| to 

-f  -f  —5   (3)  from h  +   to h>   (4)  from h  to 

h  +  ;  and  in  each  of  these  cases  no  change  of  sign  is  lost : 

in  all  there  is  one  and  only  one  sequence  of  two  terms  affected 
with  contrary  signs.  We  conclude  therefore  that  a  loss  of 
change  of  sign  can  take  place  only  in  the  first  two  functions  of 
the  series,  and  only  when  x  passes  through  a  root  otf(x). 

Hence  we  finally  conclude  that  there  are  as  many  real  roots 
between  a  and  /3  as  there  are  more  variations  of  sign  for  a  than 
for  /3. 

In  calculating  the  successive  values  of  the  series  of  functions 
(24)  we  may  observe  that  any  function  may  be  multiplied  or 
divided  by  a  positive  but  not  by  a  negative  quantity ;  because 
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the  sign  would  thereby  be  changed^  and  it  is  from  the  signs 
that  the  proposition  is  deduced. 

179.]   Ex.1.     ^-^>-.4a?  +  8  =  0=/(^). 
3;r»— 2a?-4)  8a?3-3ir2-12a?-|-9  (x 


-  ^2-  8a?-f9; 

or  -3^»-24a?  +  27  (-1 

—  3jp*-|-   2^-h   4 


— 26a?-|-23j 
Mx)  =  26^-23. 


26a?-23)  78^2-62^-.104  (Sx 
7Sx^^69x 


17^-104 

442a?-2704  (17 
442ar-  891 


-2813; 

.-.    f{x)  =  0?'— a?*— 4a? 4- 3, 

/'(a?)  =  3a?«-2^-4, 

/i(.r)  =  26ar-23, 

/,(^)  =  2313. 

The  signs  of  which  series  of  functions^  corresponding  to  the 
following  values^  are 

when    a?  =  -2,     -,  +,  -,  -f , 

^  =  -1,  +,  +,  --,  +> 
^=0,         +,  -,  -,  +, 

^  =  1,  -,  -,  +1  +, 
«  =  2,  -,  +.  +,  +, 
X  =  S,         +,  +,  -f,  +. 

Hence^  as  a  change  of  sign  is  lost  in  passing  from  .r  =  —  2  to 
<p  =  —1^  a  root  lies  between  —2  and  —  1 ;  and  as  changes  are 

p  p  a 
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again  lost  in  passing  from  «  ss  0  to  ;r  s=  1,  and  from  x=i2 
to  0?  =  8,  two  other  roots  lie  seyerally  between  0  and  1,  and 
between  2  and  3.  Thns  the  equation  has  three  real  roots,  the 
positions  of  which  have  been  determined. 

180.]  Hence  follows  a  method  of  determining  the  whole 
number  of  real  and  imaginary  roots  of  an  expression  of  the 
form  f(x)  =  0. 

Whatever  is  the  number  and  value  of  the  real  roots,  they 
must  be  between  —  oo  and  +  »: ;  let  us  therefore  form  as  above 
the  series  of  functions 

fix),      fix),      Mx),     Mx),...fn,iix), 

the  number  of  which  is  generally  n  + 1^  fix)  being  of  n  dimen- 
sions ;  and  let  +  oo  or  a  very  large  quantity  be  substituted  for 
X,  so  that  the  signs  of  the  functions  are  the  same  as  the  signs 
of  the  first  terms ;  let  m  be  the  number  of  variations  of  signs 
of  consecutive  terms  of  this  series. 

And  now  let  —  oo  be  substituted  for  x^  then  the  signs  of  the 
functions  of  even  dimensions  will  be  the  same  as  before,  but 
the  signs  of  those  of  odd  dimensions  will  be  the  contrary. 

There  will  therefore  in  the  latter  substitution  be  as  many 
variations  of  succeeding  terms  as  there  were  permanences  in 
the  former,  that  is,  there  will  be  n—w  variations. 

And  as  all  the  real  roots  are  comprised  within  these  limits, 
their  number,  by  Sturm's  Theorem,  is  n  —  iw  — m  or  n  — 2m, 
and  therefore  the  number  of  imaginary  roots  is  2m. 

There  exist  therefore  as  many  pairs  of  imaginary  roots  as 
there  are  variations  in  the  signs  of  the  first  terms  of  the  func- 
tions/(^),  fix),  fix),  .../«-iW. 

Ex.  1.  fix)  =  x»Spx-{^2q, 

fix)  =  Sx^-Sp, 

fix)  =  px-q, 

/s(^)  =  P^-q*. 

The  series  of  signs  of  the  first  terms  is  the  same  as  that  of 

1>     1.    P»    p^-q^. 

If  therefore  piA  negative,  there  is  one  variation,  and  there- 
fore only  one  real  root ;  and  if  p  is  positive,  there  is  one  real 
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root  when  p^  is  less  than  q^,  and  when  p^  is  greater  than  q^  aU 
the  roots  are  real. 

Before  I  pass  on  to  another  subject,  I  would  observe^  as  it 
was  originally  remarked  by  Sturm  himself,  that  the  preceding 
process  would  be  equally  applicable  \i  f\x)  were  replaced  by 
any  other  function  of  <r  of  n  —  1  dimensions^  of  which  no  two  or 
niore  roots  are  equal,  and  of  which  no  root  is  equal  to  a  root  of 
f(x).  Bat  as  such  a  function  could  only  generally  be  found,  if 
we  knew  the  roots  of /(^),  and  as  these  are  not  known^  so  the 
only  available  function  with  which  we  may  first  operate  on  f{x) 
in  the  way  of  finding  the  greatest  common  measure  is  f'{x\ 
because  its  relation  to  fijx)  fulfills  all  the  conditions  which  the 
process  requires.  Hence  it  is  not  quite  left  to  our  choice  to 
take  for  its  first  divisor  any  function  of  n  — 1  dimensions  that 
we  please. 

The  functions  in  (24)  are  called  the  Sturmian  functions.  The 
general  forms  of  them  were  given  without  proof  by  Mr.  Syl- 
vester in  the  Philosophical  Magazine,  Dec.  1839 :  and  were  sub- 
sequently demonstrated  by  Sturm  himself  in  Idouville,  Tome 
Vlly  p.  356.  Other  inquiries  connected  with  them  will  be  found 
in  Liouville,  Tome  XII,  p.  54,  by  M.  Borchardt ;  Tome  XIII, 
p.  269,  by  Mr.  A.  Cayley ;  in  a  paper  by  Mr.  A.  Cayley  lately 
(Feb.  17, 1857)  read  to  the  Royal  Society.  The  insertion  of  the 
results  is  evidently  beyond  the  scope  of  the  present  work,  and 
the  student  desirous  of  further  information  must  have  recourse 
to  the  original  memoirs. 

181.]  Fourier's  Theorem. 

The  following  process  was  arranged  by  Fourier  to  separate 
the  real  and  impossible  roots  of  an  equation ;  but  as  it  only  in- 
dicates a  number  which  the  sought  number  of  real  roots  does 
not  exceed,  the  discovery  of  M.  Sturm  renders  it  almost  useless ; 
however,  as  it  advantageously  exhibits  the  relations  between  the 
successive  derived-functions  in  an  algebraical  point  of  view,  it  is 
right  to  insert  it  in  a  treatise  on  Infinitesimal  Calculus. 

Let  f{x)  be  a  function  of  x  of  the  form  (1),  Art.  170,  and 
let  it  be  cleared  of  equal  factors ;  and  let  us  suppose  all  its 
coefficients  to  be  real ;  let  the  several  derived-functions  of  it  be 
formed,  whereby  we  have  a  series, 

/(^),  /'(^),  /»,  .../"(^);  (28) 
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and  let  a  and  /3  be  two  numbers  of  which  a  is  the  less ;  then 
there  cannot  be  more  real  roots  oi  f{x)  between  a  and  /3  than 
the  excess  of  the  number  of  alterations  of  sign  in  the  above 
series  of  functions,  when  a  is  substituted  for  x,  over  the  number 
resulting  from  the  substitution  of  )3. 

For  suppose  a  to  be  root  of  the  equation  f{x)  =  0 ;  then^ 
since  f{a)  =  0,  by  the  substitution  of  a— A  for  ^  in  the  above 
functions^  the  series  (28)  becomes,  when  h  is  infinitesimal, 

and  when  a  -f  A  is  substituted  for  x, 

f(a)K    f{a),,..f-{a); 

and  thus,  supposing  none  of  the  derived-functions  to  vamsh, 
the  passage  of  the  substituted  quantity,  from  a  value  a  little 
below  a  real  root  to  one  a  little  above  it,  causes  a  variation  of 
sign  to  be  exchanged  for  a  permanence;  and  pari  ratiane  as 
such  a  variation  will  be  lost  whenever  the  substituted  quantity 
passes  through  a  root,  it  follows  that,  as  many  real  roots  as 
there  are  lying  between  a  and  ^,  so  many  losses  of  variations 
of  signs  at  least  will  there  be  in  the  series  of  functions,  when 
we  pass  gradually  from  a  to  /3. 

At  least,  I  say ;  for  the  series  of  signs  may  also  be  affected 
by  the  vanishing  of  any  of  the  subsequently  derived-functions ; 
for  suppose  6  to  be  such  as,  when  substituted  for  a?,  to  cause 
f^{x)  to  vanish,  and  A  to  be  an  infinitesimal;  then,  i{  b—h  is 
substituted  for  a?,  we  have  for  f^~'^{x\  /''(a?),  /'"^H^)» 

r-Hb).      -r^Hb)  A,     r^Hb) ;  (29) 

and  when  6-|-A  is  substituted  for  x, 

r-Hb).     r^Hb)h,     f^^^ib).  (80) 

Kf'-^ib)  and/*"+MA),  viz.  the  first  and  last  terms  of  (29)  and 
(80),  are  of  contrary  signs,  then  we  shall  have  a  variation  and  a 
continuance  both  in  (29)  and  (80),  so  that  no  change  will  be  lost. 
But  if  /'•-I  (A),  /'•+^  (A)  are  of  the  same  sign,  then  in  (29)  we 
shall  have  two  variations,  and  in  (80)  two  continuatious,  so  that 
two  changes  of  sign  will  be  lost. 

Similarly  it  may  be  shewn,  that  if  many  successive  derived- 
functions  vanish  for  a  particular  value  of  x,  an  even  number  of 
variations  of  sign  may  disappear. 

There  may  therefore  be  losses  of  variation  of  sign  in  the 
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series  of  functions  given  in  (28)  at  other  Values  of  x  than  roots 
off{x),  but  variations  must  nevertheless  b^  exchanged  for  con- 
tinuations at  the  roots;  therefore  the  Theorem  gives  only  a 
number  which  is  not  less  than  the  number  of  real  roots.  The 
advantage  of  Sturm's  Theorem  is^  that  it  gives  the  exact  number 
of  real  and  of  imaginary  roots. 

182.]  The  rule  commonly  known  by  the  name  of  Des  Cartes' 
Bnle  of  Signs  is  a  particular  case  of  Fourier's  Theorem ;  viz. 
in  the  general  equation  f{x)  =  0,  the  number  of  positive  roots 
cannot  exceed  the  number  of  variations  of  signs  of  the  succes- 
sive terms,  and  the  negative  roots  the  number  of  continuations 
of  signs. 

Firstly,  let  d?  =  0,  in  the  series  of  functions  (28) ;  then  the 
signs  otf(x),f\x),  .../"(a?)  are  the  same  as  those  of  the  several 
and  successive  terms  oif(x)  taken  from  right  to  left ;  and  when 
J*  =  00  ^  the  signs  of  the  functions  are  all  positive.  Hence  there 
can  be  no  more  real  positive  roots  than  there  are  changes  of 
sign  in  the  successive  terms  oif(w). 

Secondly,  let  a?  =  —  00 ,  then  the  series  of  functions  form  only 
variations  of  sign,  of  which  there  are  of  course  n,  and  therefore 
the  number  exceeds  the  number  of  variations,  when  a?  =  0,  by 
the  number  of  permanences  in  the  terms  of  the  equation.  Hence 
the  number  of  negative  roots  cannot  exceed  the  number  of  con- 
tinuations of  signs. 

188.]  Taylor's  Series  also  furnishes  a  method,  which  was 
invented  by  Newton.,  for  finding  a  number  greater  than  the 
greatest  root  of  an  equation. 

Let  f{x)  =  0  be  an  equation  of  n  dimensions  of  the  form 
(1),  Art.  170,  and  for  x  let  us  substitute  y  +  A;  so  that 

/(y  +  A)  =  /(A)  H./'(A)|+/"(A)^  +  ...  +f«{h)  1^2!^. 

Suppose  such  a  value  to  be  given  to  A  as  to  make  f{h\ 
f{h)y  ...f^{h)  all  positive,  then  by  Fourier's  Theorem  no  root 
of  the  equation  can  lie  between  h  and  4-  oc  ;  therefore  h  is 
greater  than  the  greatest  positive  root. 

184.]  Taylor's  Series  is  also  useful  for  approximating  to  a 
root  of  an  equation. 

Suppose  two  values  a  and  )3,  of  which  a  is  the  less,  and  the 
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difference  between  which  is  small,  to  have  been  found,  which, 
when  substituted  for  x,  give  results  with  different  signs ;  then 
a  root  of  the  equation  lies  between  them.  To  determine  it,  let 
us  suppose  the  root  to  be  a  +  A;  then  f{a-^h)  =  0;  but  by 
Art.  116,  equation  (21), 

and  neglecting  Oh  when  added  to  a,  since  h  is  small,  we  have 

in  which  case  however  f(a)  ought  to  be  large  in  comparison  of 
f(a),  otherwise  the  result  is  inconsistent  with  our  supposition 
of  h  being  small. 

And  here  I  must  conclude  this  inquiry.  I  have  investigated 
the  theory  of  algebraical  expressions  so  far  as  the  principles  of 
Infinitesimal  Calculus  cast  light  on  them;  and  I  have  inci- 
dentally given  one  or  two  theorems  which  enable  us  to  deter- 
mine approximate  values  of  the  roots.  A  systematic  inquiry 
into  the  discovery  of  roots  of  equations  would  take  me  through 
the  theory  of  quadratic,  cubic,  and  biquadratic  equations  in 
their  most  general  form ;  and  would  carry  me  on  to  the  great 
discovery  of  Abel,  that  the  roots  of  an  equation  of  a  d^ree 
higher  than  the  fourth  cannot  generally  be  expressed  in  an 
algebraical  form ;  and  to  make  the  subject  complete  I  should 
also  have  to  discuss  the  theory  of  simultaneous  equations,  and 
of  elimination ;  and  I  should  in  the  course  of  such  discussion 
enter  on  the  subject  of  determinants.  All  this  is  manifestly 
beyond  the  scope  of  the  present  work.  To  the  student  how- 
ever who  desires  information  on  the  profound  investigations  of 
the  ablest  mathematicians  in  these  subjects,  I  would  recom- 
mend the  study  of  (1)  Cours  d'Algebre  Sup^rieure,  par  J.  A. 
Serret,  2™^  edit.,  Paris,  1854 ;  (2)  some  memoirs  in  the  works  of 
Abel,  edited  by'Holmboe,  Christiania,  1839;  (3)  the  memoirs  of 
Evariste  Galois  in  Liouville's  Journal.  He  will  also  in  M.  Ser- 
ret's  treatise  find  references  to  the  different  sources  whence  he 
may  derive  information  on  these  and  kindred  subjects. 
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DIFFERENTIAL   CALCULUS. 


PART   IL 
GEOMETRICAL  APPLICATIONS. 


CHAPTER   IX. 

ON  GEOMETEY. 


Section  1. — On  the  adjustment  of  the  Principles  of  Geometry 
and  Infinitesimal  Calculus. 

185.]  It  will  by  this  time  have  become  tolerably  plain  to  the 
attentive  reader^  that  the  characteristic  property  of  Number^ 
which  is  the  foundation  of  Infinitesimal  Calculus^  is  that  of 
continuous  and  infinitesimal  growth;  and  that  Differentiation 
is  the  mathematical  expression  of  the  Law  of  Continuity.  Now 
our  object  in  the  following  pages  is  to  apply  the  propositions 
which  have  been  proved  above  to  questions  of  pure  geometry ; 
and  therefore  it  is  necessary  so  to  modify  or  enlarge  the  princi- 
ples of  that  science^  as  to  adjust  them  to  those  of  Infinitesimal 
Calculus. 

As  it  is  not  however  our  intention  to  write  a  treatise  on 
the  principles  or  difficulties  of  Elementary  G^ometry^  we  shall 
rather  enuntiate  axioms  and  definitions,  and  state  results^  than 
prove  propositions^  leaving  the  last  to  be  effected  by  our  appli- 
cations ;  neither  shall  we  discuss  the  methods  by  which  we  have 
arrived  at  them^  in  the  belief  that  a  rationed  understanding  of 
the  first  Chapter  of  the  present  Treatise  is  sufficient  to  explain 
them.  In  accordance  with  illustrations  therein  given,  we  have 
introduced  the  ideas  oi  motion  and  of  limits;  motion  perhaps  as 
having  to  do  with  the  generation  of  geometrical  quantities^  but 
chiefly  as  involving  the  property  of  infinitesimal  divisibility^ 
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which  is  necessary  to  a  due  conception  of  the  latter  property  of 
limits;  motion  however,  as  we  have  introduced  it,  does  not  en- 
croach on  the  subject  of  mechanics,  wherein  we  treat  of  motion 
as  the  effect  of  certain  causes,  and  discuss  its  circumstances,  as, 
for  example,  the  particular  law  of  force  which  produces  it,  the 
velocity  with  which  the  moving  material  changes  position,  which 
necessarily  involves  time,  and  so  on :  but  in  what  follows  we 
consider  motion  as  a  simple  act,  a  primary  conception  as  a 
quality  of  matter ;  and  if  it  tends,  as  it  does,  to  ^ve  clearness 
to  our  first  geometrical  conceptions,  it  is  nothing  but  a  servile 
adherence  to  an  inferior,  though  customary  method,  which  would 
hinder  us  from  introducing  it. 

It  is  conceived  tliat  all  geometrical  quantity,  whether  linear, 
superficial,  or  spatial,  is  from  its  very  nature  capable  of  increase 
or  decrease  to  an  infinite  extent.  A  line  may  be  very  long,  nay 
of  an  infinite  length,  or  very  short ;  space  may  be  very  small, 
,  such  as,  so  to  speak,  it  would  require  a  microscope  of  almost 
infinite  power  to  render  visible,  or  it  may  be  very  large.  When- 
ever such  quantities  vary,  they  vary  in  accordance  with  the  law 
of  continuity ;  they  cannot  pass  from  one  magnitude  to  another 
without  passing  through  all  intermediate  magnitudes ;  they  grow 
larger  and  larger,  or  less  and  less.  This  capability  of  increase 
or  decrease  is  involved  in  our  idea  of  geometrical  quantity ;  it 
is  necessary  to  its  completion ;  and  if  it  is  omitted,  our  notions 
fall  short  of  the  properties  of  the  subject-matter  of  the  science. 

There  are  however  limits  within  which  this  variation  is  in- 
cluded ;  the  superior  limit  of  geometrical  magnitude  of  the  con- 
crete kind  called  space  is  infinite  space :  so  of  superficial  and 
linear  magnitudes,  the  superior  limits  are  respectively  infinite 
superficies,  and  a  line  of  infinite  length. 

The  inferior  limit  of  all  these  is  the  same,  the  geometrical 
zero,  9i  point, 

I86.3  Of  the  definitions  of  geometrical  quantities  founded  on 
such  notions,  the  following  ate  useful  for  ottr  present  object. 

I.   A  point  is  the  inferior  limit  of  geometrical  space. 

IT.  A  sphere  is  the  locus  of  a  point  of  space,  which  is  always 
at  the  same  distance  from  a  given  point. 

III.  A  plane  is  the  surface  of  a  sphere,  the  radius  of  which 
is  infinitely  great. 
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IV.  A  circle  is  the  locus  of  a  pointy  which  is  always  at  the 
same  distance  from  a  giTen  point,  all  the  points  being  in  one 
plane. 

V.  A  straight  line  is  the  arc  of  a  circle,  the  radius  of  which 
is  infinitely  great. 

VI.  A  triangle  is  a  plane  figure  contained  by  three  straight 
lines  meeting  one  another^  two  and  two. 

VII.  And  if  the  triangle  is  isosceles^  the  sides  of  that  tri- 
angle^ having  a  finite  base  and  the  vertex  at  an  infinite  distance, 
are  parallel  straight  lines. 

As  this  is  not  intended  to  be  an  accurate  treatise  on  the  prin- 
ciples of  geometry^  many  words  are  used  which  have  not  been 
defined^  as  line^  locus,  &c. ;  these  however  are  to  be  taken  in 
their  ordinary  significations:  and  it  is  to  be  observed^  with 
respect  to  these  definitions  and  conceptions,  that  the  surfaces, 
lines,  &c.  they  refer  to,  are  only  approximations  to  the  accurate 
ones.  Bnt  they  are  such  approximations  as  may  difier  from  the 
real  ones  by  quantities  as  smaU  as  we  please;  and  as  these  small 
quantities  may  be  infinitesimals,  such  that  it  would  require  an 
infinity  of  them  to  make  a  finite  quantity^  and  as  we  do  not  take 
an  infinite  number  of  them,  these  diflerences  must,  in  conform- 
ity with  what  has  been  said  in  the  first  Chapter,  be  neglected, 
and  our  definitions  are  rigorously  exact. 

Having  defined  a  plane,  as  we  have  done,  to  be  the  limiting 
spherical  surface  when  the  radius  becomes  infinitely  great,  it 
follows  that  the  extreme  positive  side  of  the  plane,  when  con- 
tinued, runs  into  the  extreme  negative  side;  that  is,  having 
traced  the  plane  as  far  as  we  can  on  the  positive  side,  we  meet 
it  again  on  the  negative ;  and  although  the  surface  appears  to 
be  discontinuous,  it  is  not  in  reality  so :  the  positive  side  being 
continued  into  the  negative,  and  the  apparent  discontinuity 
arising  from  the  defect  in  our  power  of  apprehending  and  sym- 
bolising such  quantities.  Thus  then,  if  we  have  any  continuous 
curve  traced  on  the  plane,  and  the  curve  runs  off  to  the  extreme 
positive  side  of  the  plane,  we  ought  not  to  consider  it  to  stop 
or  to  have  points  of  discontinuity,  but  we  must  consider  the 
branches  of  it  to  be  continued,  and  must  look  for  them  on  the 
n^ative  side  of  the  plane.  We  may  borrow  from  the  figure  of 
tbe-earth,  and  our  mode  of  determining  position  on  its  surface, 
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an  illustration  of  what  is  here  intended.  We  measure^  say  from 
the  meridian  of  Greenwich,  degrees  along  the  equator  to  180^ 
east  longitude ;  and  then,  instead  of  proceeding  further  on  and 
measuring  in  the  same  direction,  we  measure  backwards,  and 
reckon  degrees  of  longitude  west :  and  what  would  be  181°  east 
longitude  becomes  179°  west.  If  then  east  corresponds  to  the 
positive  direction,  west  does  to  the  negative. 

It  is  worth  remarking  how  exactly  our  notion  of  a  plane  coin- 
cides with  the  definition  which  I  have  given.  We  speak  of  the 
surface  of  water  as  a  plane ;  whereas  it  is  a  portion  of  the  aur- 
face  of  a  sphere,  whose  radius  is  very  large  compared  with  the 
area  we  take,  say,  4000  miles  compared  with  a  few  inches. 

So  again  as  to  our  conception  of  a  straight  line.  A  straight 
line  being  a  particular  case  of  a  circle,  is  a  continuous  line ;  it 
does  not  terminate  at  positive  infinity  or  at  negative  infinity; 
but  the  two  branches  of  the  line  are  connected  with  one  another, 
running,  if  we  may  so  speak,  round  the  circle  of  which  the  radius 
is  infinity,  and  joining  together.  If  then  we  take  any  given 
point  on  the  circle  as  the  origin,  the  distance  to  the  opposite 
extremity  of  the  diameter  of  the  circle  is  positive  infinity,  and 
we  do  not  measure  or  follow  the  line  further  in  this  direction, 
but  considering  the  line  to  be  continued  beyond  that  point,  we 
meet  it  on  the  opposite  side,  and  measure  it  backwards.  There 
is  no  point  of  discontinuity  in  the  line :  the  line  proceeds  in  the 
same  direction;  it  has  been  positive  infinity;  the  pole  or  ex- 
tremity of  the  diameter  of  the  circle  has  been  passed,  and  then 
the  line  becomes  negative  infinity.  The  illustration  above  given 
from  the  figure  of  the  earth  aptly  illustrates  our  meaning  in 
this  case.  Considering  any  meridian  to  be  the  very  large  circle, 
and  taking  any  place  on  it  to  be  the  origin,  the  "  antipodes''  to 
it  becomes  either  positive  infinity  or  negative  infinity,  accord- 
ing as  we  measure  in  the  positive  or  negative  direction;  the 
sign  of  the  quantity  changes  immediately  after  the  pole  has 
been  passed,  and  what  was  positive  infinity  becomes  negative 
infinity.  Therefore  in  this  point  of  view  infinity  is  not  a  quan- 
tity incapable  of  increase,  for  the  line  may  be  continued  round 
and  round  the  meridianal  circle  as  often  as  we  please ;  there  is 
no  limit  to  the  quantity :  the  limit  is  to  our  powers  of  symbol- 
izing such  quantities. 

It  is  worth  observing  too,  that  the  definition  given  of  parallel 
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straight  lines  enables  us  to  avoid  the  difficulty  connected  with 
our  first  introduction  to  the  theory  and  properties  of  such  lines. 
If  we  shew,  as  Playfair  has  done,  that  the  exterior  angles  of  a 
triangle  are  together  equal  to  four  right  angles,  it  follows  that 
the  interior  angles  are  equal  to  two  right  angles :  but  if  the 
base  of  a  triangle  remains  finite,  and  the  vertex  is  removed 
further  and  further,  the  vertical  angle  becomes  less  and  less, 
and  diminishes  unthout  limit;  in  which  case  the  sum  of  the 
base  angles  is  equal  to  two  right  angles,  and  the  sides  become 
parallel  straight  lines;  whence  the  properties  of  such  lines, 
which  are  enuntiated  in  the  xxixth  proposition  of  the  first  book 
of  Euclid,  immediately  follow. 

A  good  illustration  of  this  theory  occurs  in  the  Phenomena 
of  Parallax.  If  the  angles  subtended  at  the  centre  of  the  earth 
by  the  sun  and  any  fixed  star,  whose  parallax  has  not  been  dis- 
covered, are  observed  when  the  earth  is  in  perihelion  and  at 
aphelion,  it  is  found  that,  notwithstanding  the  extreme  delicacy 
of  our  instruments,  the  sum  of  these  two  angles  is  exactly  equal 
to  two  right  angles.  Taking  then  the  two  positions  of  the  earth 
to  be  the  extremities  of  the  base  of  a  triangle,  and  the  line 
passing  through  the  sun's  centre  and  terminated  by  them  to  be 
the  base,  and  the  fixed  star  to  be  the  vertex,  it  appears  that, 
although  the  base  of  the  triangle  is  190,000,000  of  miles,  the 
angle  subtended  by  it  at  the  vertex  is  too  small  to  be  measured, 
and  the  two  lines  drawn  to  the  star  from  the  earth,  at  the  two 
positions  of  it,  are  to  all  appearance  parallel  straight  lines. 

187.]  In  corroboration  also  of  what  has  here  been  stated,  the 
following  are  a  few  out  of  a  great  many  striking  instances  : 
In  differentiating  tan  0,  we  have 
^.tan  e 


de 


=  (sec^)S 


which  is  necessarily  a  positive  quantity;  and  therefore  by 
Theorem  I,  Art.  110,  0  and  tan  0  are  always  increasing  and 
decreasing  simultaneously,  and  therefore  as  Q  increases  tan  0 
increases.  Now  as  6  approaches  to  90^,  tan  Q  becomes  +  00 ; 
and  immediately  after  6  has  passed  90°,  tan  6  becomes  —  oc , 
indicating  that  negative  infinity  is  positive  infinity  increased . 
that  is,  as  ^  has  increi^ed  and  passed  through  90°,  tan  0  has  in- 
creased from  -f  ^  to  ~  GO  .     And  so  again,  as  Q  increases  from 
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9(f  to  180^,  tan  0  is  continually  increasing  from  —00  to  0,  and 
passes  through  0,  and  increases  to  +  00  ^  which  is  the  value  of 
tan  0  when  0  =  270° ;  and  so  on,  as  0  increases,  tan  0  is  con- 
tinually increasing,  travelling,  if  we  may  so  say,  round  the 
circle  of  which  the  straight  line  along  which  tan  0  lies  is  con- 
ceived to  be  the  limit,  when  the  radius  of  the  circle  is  infinitely 
great.  It  is  impossible  not  to  remark  how  exactly  this  illustra- 
tion agrees  with  what  has  been  said  in  Chapter  I  on  the  order 
of  infinitesimals.  For  corresponding  to  every  180°  throngh 
which  0  turns^  tan  0  passes  from  0  to  00 ,  and  on  through  00 
to  0  again ;  that  is,  the  path  through  which  tan  0  has  travelled 
is  infinite,  although  0  has  passed  over  only  a  finite  angle ;  and 
therefore,  when  0  has  revolved  through  360°  and  540°  and  720°, 
and  so  on,  tan  0  has  travelled  over  a  length  of  line  equal  to 
twice,  three  times,  four  times,  &;c.,  the  infinite  length  corre- 
sponding to  a  revolution  of  0  through  180°;  and  thus  we  have 
infinities  bearing  a  finite  ratio  to  each  other.  Conceive  more- 
over 0  to  have  revolved  an  infinite  number  of  times  through 
180°,  then  the  distance  over  which  tan  0  will  have  travelled  will 
be  an  infinity  of  infinities,  that  is,  will  be  (infinity)' ;  and  thus 
we  obtain  difierent  orders  of  infinity. 

Again,  suppose  the  following  problem  to  be  given :  To  find 
the  maximum  and  minimum  values  of  y,  when 

.,       Cr  +  2)\ 

dy (j7  4-2)(j?-fl2) 

•  •     dp  ""  (a?-3)*        ' 

y  =  00 ,  when  a?  =  3 ;  but  as  -^  does  not  change  its  sign,  this 

value  of  y  is  neither  a  maximum  nor  a  minimum.    How  then  is 

the  result  to  be  interpreted  ?   As  follows :  Since  ^  is  negative, 

jf  decreases  as  a?  increases,  and  when  a?  is  a  little  less  than  8, 
y  =  —  00  :  but  when  a:  is  a  little  greater  than  8,  y  =  +  00 ; 
therefore,  as  x  has  passed  through  3,  the  value  of  y  has  changed 
from  —  00  to  -f  00 ,  but  y  has  decreased  during  this  progressive 
increase  of  a?,  therefore  +00  is  —  00  decreased ;  therefore  y  has 
not  reached  a  minimum  or  a  maximum  value  when  ;r  =  3,  be- 
cause it  has  not  become  —00,  and  then  returned,  but  it  has 
gone  on  decreasing.     And  if  we  draw  a  graphical  representa- 


Digitized  by 


Google 


1 88.]  AND  OF   INFINITESIMAL   CALCULUS.  303 

tion  of  the  curve  corresponding  to  the  equation^  such  as  that  iu 
fig.  24,  the  phenomena  explain  themselves.  The  curve  on  the 
negative  side  of  the  axis  of  y  is  of  the  form  cb,  where  ob  =  2 ; 
and  if  OA  -  3,  the  curve  is  continually  approaching  the  line 
drawn  through  a  parallel  to  the  axis  of  y,  and  when  x  is  nearly 
3«  ^  is  —  oc  :  but  when  x  is  greater  than  3,  y  is  +  oc ;  that  is, 
the  curve  has  crossed  the  asymptote  at  the  pole  of  the  circle  of 
infinite  radius  opposite  to  a,  and  has  returned  in  the  direction 
EF,  the  branch  in  the  direction  of  e  being  a  continuation  of  that 
in  the  direction  of  d.  Similarly  the  branch  in  the  direction  p 
would,  if  produced,  unite  itself  to  that  in  the  direction  c,  having 
crossed  the  axis  of  x  at  tlie  pole  opposite  to  o. 

In  corroboration  of  this  theory,  it  will  appear  that  whenever 
a  curve  is  of  the  form  fig.  24,  if  the  criteria,  which  will  be  dis- 
cussed in  the  next  Chapter,  are  applied  at  points  such  as  those 
where  the  branch  £  meets  the  branch  d,  and  crosses  the  asymp- 
tote, we  have  the  characteristics  of  a  point  of  inflexion ;  and  if 
the  curve  be  such  as  in  fig.  25,  we  have  the  characteristics  of  a 
point  of  embrassement ;  and  whenever  such  as  is  represented  in 
fig.  26,  the  conditions  of  a  maximum  ordinate. 

And  so  again  whenever  a  branch  of  a  curve  continues  to  in- 
finity, it  always  returns  in  some  way  or  another ;  and  in  what- 
ever manner  a  rectilineal  asymptote  is  drawn,  no  branch  of  the 
curve  ever  goes  off  asymptotic  to  it  without  returning  in  one 
of  the  ways  indicated  in  the  figures  24,  25,  26 ;  and  it  seems 
impossible  to  account  for  such  phenomena  except  on  the  theory 
explained  above,  viz.  that  the  plane  and  the  straight  line  are 
respectively  the  superior  limits  of  the  sphere  and  the  circle^ 
when  the  radii  become  infinitely  large*. 


Section  2. — On  the  extermon  of  symbols  of  direction. 

188.]]  In  algebraical  geometry,  and  therefore  in  the  applica- 
tions of  the  Differential  Calculus  to  the  theory  of  plane  curves, 
we  meet  with  symbols  of  two  distinct  characters;  symbols  of 
quantity,  such  as  a,  4,  c, x,  y,  z^  0,  4>,  yjr, when  sym- 

*  For  a  further  elucidation  of  many  points  in  elementary  geometry  more 
or  less  connected  with  the  present  subject,  1  would  refer  the  reader  to  a  small 
Treatise  on  the  Difficulties  of  Elementary  Geometry,  by  F.  W.  Newman,  M.  A., 
formerly  Fellow  of  Balliol  College,  Oxford ;  Longman  and  Co.,  London,  1841. 
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bolical  respectively  of  lines  and  angles :  and  symbols  of  dtree- 
tion,  4,  — ,  4- \/(  — ),  — -v^C  — ),  &c.  Our  object  is  so  to  enlarge 
our  power  of  interpreting  symbols  of  this  second  kind  as  to 
comprehend  those  which  are  usually  called  Impossible  or  Ima- 
ginary, of  which  however  we  shall  discuss  only  two,  via.  -|-  ^— , 
—  \/  — ,  or  as  they  may  be  written,  in  accordance  with  the  index 
law,  +(-)*,  -(-)**. 

As  to  symbols  of  quantity,  it  is  to  be  observed  that,  when  we 
symbolize  a  line  by  a,  we  do  not  mean  that  a  is  the  absolute 
length  of  the  line ;  for  all  lengths  can  only  be  relative,  and 
there  must  be  some  modulus  or  standard  to  compare  them  with  : 
but  we  intend  a  line  which  is  in  length  a  times  some  arbitrary, 
though  for  the  time  fixed,  standard  unit.  So  a  line  symbolized 
by  A  is  a  line  b  times  in  length  some  unit.  Thus  then  a,  b  are 
numerical  quantities ;  not  concrete  magnitudes,  but  abstract 
quantuplicities,  the  subject-matter  of  arithmetical  algebra,  and 
therefore  subject  to  its  laws ;  they  do  not  designate  the  absolute 
lengths  of  lines,  but  the  number  of  times  a  certain  concrete 
unit  is  to  be  taken.  So  again  if  an  area  is  symbolized  by  a  b, 
a  and  b  are  abstract  numbers,  which  must  be  multiplied  to- 
gether by  the  laws  of  arithmetical  algebra,  and  their  product  is 
the  number  of  times  the  superficial  unit  is  to  be  taken.  Let  it 
therefore  be  carefully  borne  in  mind  that  this  is  the  meaning  of 
the  several  symbols  of  quantity,  whether  constant  or  variable, 
which  we  shall  use  in  the  following  Chapters.  Suppose  that  we 
have  a  line  symbolized  by  a,  and  that  we  fix  upon  a  certain 
point  as  the  origin  from  which  lines  are  to  be  measured,  any 
line  drawn  from  it,  equal  in  length  to  a  times  the  linear  unit, 
will  fulfil  the  requirements  of  the  single  symbol  a.  But  inas- 
much as  an  indefinite  number  of  equal  lines  may  be  drawn 
from  any  one  point,  thus  far  we  have  no  means  of  determining 
which  of  all  such  lines  is  intended ;  hence  arises  the  necessity 

*  For  a  fuller  explanation  of  the  principles  of  explaining  these  and  such 

like  symbols,  we  would  refer  to  Etudes  Philosophiques  sur  la  Sdence  du 

Calcul,  par  M.  F.  Vall^,  8vo.  Paris,  1841 ;  and  for  the  general  theory  of  the 

P 
meaning  of  (  +  )«  to  Dr.  Peacock's  Algebra,  8vo.  Cambridge,  vol.  i.  1842, 

vol.  ii.  1845 ;  to  Mr.  Warren's  Treatise  on  the  Square  Root  of  Negative 

Quantities,  8vo.  Cambridge,  1828 ;  and  to  many  papers  in  the  Cambridge 

Mathematical  Journal,  of  which  for  the  most  part  Mr.  Gregory  was  the 

author. 
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of  some  other  symbols  to  indicate  direction^  or^  as  they  are 
called^  symbols  of  direction  or  affection.  One  or  two  of  the  most 
simple  cases  of  these  we  proceed  to  explain,  feeling  assured  that 
the  principle  of  explanation  is  so  entirely  in  harmony  with  the 
usual  meaning  of  +  and  —  that  it  ought  not  to  be  omitted  in 
an  elementary  treatise;  and  also  chiefly  because  it  enables  us 
to  shew  that  an  algebraical  curve^  though  apparently  discon- 
tinuous and  confined  within  certain  fixed  limits^  is  not  in  reality 
80^  but  extends  to  infinity  in  all  directions.  Other  parts  of  the 
theory^  some  of  which  are  as  yet  not  sufficiently  established,  we 
omit,  as  unsuited  to  our  present  object. 

189.]|  Suppose  o^  fig.  27,  to  be  the  point  from  which  lines 
are  to  be  measured,  and  oa  =  a  times  the  linear  unit  to  be 
drawn  from  o  towards  the  right  hand.  Now  since,  as  we  said 
above^  any  line  drawn  from  o^  a  times  the  linear  unit  in  lengthy 
wiU  be  symbolized  by  a,  it  is  necessary  to  fix  on  some  origi' 
nating  direction ;  suppose  this  to  be  oa,  and  any  line  measured 
from  o  towards  a  to  be  affected  with  the  symbol  of  direction  + ; 
if  then  a  line,  after  it  has  undergone  any  operation  or  a  series 
of  operations,  comes  into  the  position  oa^  it  is  still  to  be  sym- 
bolized by  +  :  and,  if  the  line  is  a,  by  +  a.  Such  an  opera- 
tion we  might  conceive  to  be  a  reciprocating  one,  the  line  at 
one  time  being  in  the  position  oa,  and  at  another  in  the  posi- 
tion o'a',  having  moved  sideways,  and  assumed  all  intermediate 
positions.  Or  we  may  conceive  that  the  line  oa,  see  fig.  28, 
has  revolved  round  the  point  o,  and,  having  turned  in  the  plane 
of  the  paper  through  360°,  has  again  come  into  its  original 
position,  and  so  on  continually ;  and  it  is  manifest  that  as  often 
as  it  has  revolved  through  any  multiple  of  360°,  it  has  assumed 
its  original  position  oa,  and  is  therefore  to  be  symbolized  by 
+  a.  So  also  there  are  many  conceivable  ways  in  which  the 
line  may  have  moved,  and  that  periodically,  and  at  the  end 
of  a  complete  period  be  in  the  position  oa.  But  have  we  any 
other  customary  mode  of  indicating  direction,  to  serve  as  a 
guide  which  of  these  conceivable  operations  to  take  ?  We  have. 
Whenever  a  line  equal  in  length  to  a  is  measured  from  o  to- 
wards the  left;,  we  symbolize  it  by  —  Oj  if  therefore  either  (  — ) 
were  a  symbol  for  the  operation  of  one  oscillation  having  been 
performed  on  the  line,  i.  e.  the  line  having  passed  into  the  posi- 
tion oV,  see  fig.  27:   or  (— )  symbolized  the  line  oa,  fig.  28, 
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having  been  turned  through  180°^  either  wonld  account  for  the 
negative  sign  of  affection,  and  (  —  )  would  be  the  symbol  of  the 
operation ;  but  under  the  first  hypothesis^  the  line  at  one  stage 
of  the  process  will  be  half  on  the  positive  side  of  the  origin  and 
half  on  the  negative ;  if  therefore  the  operation  is  eontinuouSy 
which  it  is,  in  passing  firom  +  to  — ,  there  should  be  some 
symbol  to  indicate  that  particular  stage ;  it  does  not  however 
appear  that  we  have  any  symbol  of  the  kind ;  and  such  a  mo- 
tion, and  a  line  in  such  a  state,  we  do  not  use  nor  contemplate 
in  our  ordinary  geometrical  conceptions.  lict  us  therefore  con- 
sider whether  we  have  not  symbols  to  indicate  a  line  in  any 
intermediate  position  between  oa  and  oai,  conceiving  the  line 
to  pass  from  the  one  position  to  the  other  by  means  of  a  revo- 
lution through  180°. 

As  we  said  before,  whenever  the  line  is  measured  from  o  in 
the  direction  oa,  it  is  to  be  affected  with  a  +  sign.  Taking 
therefore  o  as  the  origin  of  line,  and  oa  as  the  direction  line 
from  which  symbols  and  operations  of  affection  are  to  be  ori- 
ginated,  whenever  a  line,  as,  for  example,  oa,  has  turned  an 
integral  number  of  times  through  360°,  it  is  to  be  affected  with 
the  sign  with  which  it  started.  If  therefore  it  was  affected  with 
the  +  sign  at  first,  indicating  that  it  started  from  oa,  and  if 
+  is  the  symbol  of  turning  through  360°,  after  one  revolution 
the  symbol  of  affection  is  -\-  on  the  back  of  +^  that  is,  accord- 
ing to  the  index  law,  -j-^;  similarly  after  two  revolutions,  +*; 
and  after  (n  — 1)  revolutions,  +**.  Supposing  therefore  that 
the  line  which  is  of  the  length  a,  when  along  the  originating 
direction  oa,  is  unaffected  with  any  sign :  -f  a  means  that  the 
line  has  turned  through  360°,  and  has  come  again  into  the 
position  whence  it  started ;  and  so  -f*  a  means  that  a  line  of 
length  a  has  revolved  n  times  from  the  direction  of  origination, 
and  is  in  the  position  oa;  whence  it  appears,  in  accordance 
with  the  arithmetical  meaning  and  law  of  +>  that  +  is,  for 
symbolical  purposes  of  direction,  equivalent  to  -h  ",  «  being  a 
whole  number. 

In  conformity  then  with  the  algebraical  law  of  indices  +  ^  is 
the  symbol  of  that  operation,  which,  being  performed  twice  suc- 
cessively, brings  the  symbol  into  the  value  + ;  that  is,  if  +  sig- 
nifies turning  the  line  through  860°,  (+)i  indicates  turning  it 
through  180°;  but  —  symbolizes  this  operation. 


Digitized  by 


Google 


I9I-]  ON   SYMBOLS   OF   DIRECTION,  307 

.-.     +*=  -,  and  (-)«=  +; 
or  tlie  operation  symbolized  by  (— )  performed  twice  succes- 
sively is  equivalent  to  the  operation  signified  by  -h ,  and  means 

8n-H 

turning  a  line  through  860°.  Similarly  again  ( + )  *  is  equi- 
valent to  — ;  for  it  is  equivalent  to  +  •*■*"*  =  +*•(  +  )*  =  -h**— ; 
and  this  coincides  with  the  usual  ambiguity  in  the  sign  of  +  ^, 
for  it  may  as  far  as  the  form  +^  teaches,  be  either  4-  or  ~. 
If  therefore  the  -h ,  whose  root  is  to  be  extracted^  is  raised  to 
an  even  power,  its  root  is  to  be  affected  with  a  positive  sign ; 
but  if  the  -f  is  -f  *"'*"^  then  the  square  root  is  -1-**+*,  which  is 
equivalent  to  — ,  and  the  root  must  be  affected  with  the  nega- 
tive sign.  Hence  also  it  is  plain  that  ^/{—a)x  v'C— a),  which 
equals  ^/a\  can  only  be  —a;  because  the  -h,  with  which  a*  is 
affected  under  the  radical,  is  of  only  the  first  power. 
Therefore  we  have  shewn  that  in  symbolical  geometry 

1st,     +~       =  +'1 

211+1  y 

2d,      +-1-  =  -J 

190.]  So  again  +^  symbolizes  that  operation  which,  being 
performed  twice  successively,  is  equivalent  to  +  ^,  that  is,  to  ( — ) ; 
and,  being  performed  four  times  successively,  is  equivalent  to  +  ; 

.-.    +*  =  (-)*; 

and  therefore,  as  —  indicates  that  a  line  is  to  be  turned  through 
180°,  so  (— )^  means  that  a  line  is  to  be  turned  through  90°. 
Whenever  then  a  line  is  affected  with  (  — )^,  which  is  equivalent 
to  +  *,  as  its  symbol  of  direction,  that  line  is  to  be  drawn  at 
right  angles  to  the  original  direction  of  origination,  viz.  in  the 
direction  0A2,  see  fig.  28;  and  whenever  the  symbol  of  direction 
is  -h*,  which  =  +i-f*=  —(  — )4,  the  line  which  is  affected 

4n+l 

with  it  is  to  be  drawn  in  the  direction  0A3.    Similarly  +    4    in- 

4n+S 

dicates  a  line  drawn  in  the  direction  0A2,  and  +    4     a  line 

drawn  in  the  direction  oas.     So  also  +n  means  that  the  line 

360° 
with  which  it  is  affected  is  to  be  drawn  at  an  angle  of to 

the  originating  direction  oa. 

191.]]  We  have  inserted  the  above  method  of  explaining 
symbols  of  direction,  which  are  usually  termed  Impossible  and 

R  r  2 

Digitized  by  VjOOQ  IC 


308  ON   SYMBOLS  OF  DIRECTION.  [19^. 

Imaginary  and  passed  over  in  silence^  because  it  is  clearer  to 
the  perception  than  another  method  which  has  received  copious 
elucidation  from  Dr.  Peacock  and  Mr.  Warren :  that  viz.  in  which 
cos  $  -f-  v^— 1  sin  0  is  considered  as  the  symbol,  and  whereby^ 
when  it  is  affixed  to  a  line,  say  p,  the  direction  is  indicated  in 
which  the  line  is  to  be  drawn ;  thus 

p(co8d-f  \/— 1  sin^)  (1) 

represents  a  line  of  length  p  drawn  at  an  angle  0  to  the  origi- 
nating direction.  The  two  methods  coincide  at  those  points 
which  will  be  most  useful  in  the  sequel ;  thus  let  (9  =  0,  then 
the  line  represented  by  (1)  is  p,  and  coincident  with  the  zero 
operation,  that  is,  with  the  line  of  origination ;  let  6  =  90%  the 
line  becomes  p  \/— 1,  and  is  at  right  angles  to  the  originating 
direction;  let  6  =  180^,  and  the  line  is  —  p,  that  is,  is  the  ori- 
ginating line  produced  backwards;  let  ^  =  270^,  and  (1)  be- 
comes —  \/— 1  p,  and  is  in  a  direction  at  right  angles  to  and 
below  the  originating  direction ;  and  if  0  =  360^,  the  line  be- 
comes -h  p,  and  lies  in  its  original  direction.  

In  accordance  then  ¥dth  the  interpretation  of  \/— 1  which 
such  a  symbol  as  (1)  thus  used  involves,  it  will  be  observed 
that  (1)  correctly  represents  two  sides  of  a  rectangle;  that  is, 
fig.  29,  if  OP  =  p  and  pom  =:0,  om  =  p  cos  0  and  pm  =  p  sin  0, 
and  as  PM  is  affected  with  V^— 1,  it  is  to  be  measured  in  a 
direction  pm,  which  is  perpendicular  to  om;  which  lines  there- 
fore cannot  be  added,  or  subtracted,  as  they  are  not  in  the 
same  line,  but  we  may  by  an  extension  of  interpretation  sup- 
pose (1)  to  represent  the  diagonal  op  of  the  parallelogram,  of 
which  OM  and  mp  are  the  two  containing  sides. 

It  is  also  to  be  observed,  that 

cos  e  +  ^/^  sine  =  c^^-^,  (2) 

and  that  therefore  e^'^'^  may  be  used  as  a  symbol  of  direction; 
wherein  0  expresses  the  angle  of  inclination  to  the  originating 
line  of  the  line  which  the  symbol  affects. 

192.]  To  apply  these  principles  to  the  delineation  of  plane 
curves  from  their  equations,  suppose  y  =/(^)  to  be  the  equa- 
tion to  the  curve ;  since  x  and  y  have  already  preoccupied  the 
two  directions  at  right  angles  to  each  other  in  the  plane  of  the 
paper,  which  is,  and  conveniently  so,  called  the  plane  of  refer- 
ence^  we  must  seek  for  some  other  course  by  which  a  line. 
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which  has  been  measured  in  the  positive  direction^  may  be 
made  to  turn  through  180°  into  the  negative.  Such  we  shall 
have  if  it  is  made  to  revolve  in  a  plane  to  which  the  other  axis 
is  perpendicular;  as,  for  instance,  let  x  revolve  in  a  plane  at 
right  angles  to  the  axis  of  y^  then,  whenever  w  is  affected  with 
+  (  — )^,  it  is  to  be  measured  in  a  plane  passing  through  the 
axis  of  y^  and*  perpendicular  to  the  axis  of  x.  Similarly  if  y 
is  affected  with  ±(  — )*,  it  is  to  be  drawn  in  the  plane  pass- 
ing through  the  axis  of  x^  and  perpendicular  to  the  axis  of  y. 
Thus  it  appears  that  an  equation  between  x  and  y  may  repre- 
sent not  only  a  curve  in  the  plane  of  the  paper,  but  also  curves 
in  the  planes  at  right  angles  to  it,  passing  through  the  axes 
of  X  and  y. 

Let  us  consider  the  following  examples : 

The  equation  to  the  ellipse,  referred  to  its  centre  as  origin, 
and  principal  axes  as  coordinate  axes,  is 

a*  ^  *«  ~  ^ ' 
whence  we  have        y  =  ±  -  {a*— a?*}*,  (3) 

and  a?  =  +  I  {i2-.y«}*;  (4) 

and  therefore  neither  y  nor  x  is  affected  with  +  \/^,  as  long 
as  ^  is  less  than  +  a,  and  y  is  less  than  ±  h. 

But  let  X  be  greater  than  +  a,  then  we  may  write  (3)  in  the 
form  t 

»=  ±y^-{a?«-a2}4;  (5) 


which  equation,  short  of  the  symbol  v--^,  represents  an  hyper- 
bola whose  transverse  axis  is  2  a,  and  conjugate  axis  2&,  and 
whose  asymptotes  are  as  drawn  in  fig.  30 ;  but  which  hyperbola, 
when  the  >/— 1  is  introduced,  is  in  the  plane  containing  the 
line  a'oa,  and  perpendicular  to  the  plane  of  the  paper,  and  is 
delineated  by  the  dotted  line ;  also  as  the  equations  to  the 
asymptotes  are  > 

y  =   +  //III  -  X,  (6) 

they  lie  in  the  same  plane  as  the  curves,  and  are  represented 
by  the  lines  ol  and  ol'. 

Similarly,  when  y  is  greater  than  ±  6,  we  have 
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which  represents  an  hyperbola  in  the  plane  passing  through 
the  line  bob'  and  perpendicular  to  the  plane  of  the  paper,  and 
which  is  delineated  by  the  dotted  lines  of  the  figure,  viz.  sbs' 
and  tb't';  and  the  equations  to  its  asymptotes  are 

a?  =  ±  V-  I  y.  (8) 

Thus  the  general  equation  to  the  ellipse  not  only  represents 
the  ellipse  in  the  plane  of  the  paper,  but  also  two  hyperbolse  in 
planes  containing  the  coordinate  axes  and  perpendicular  to  the 
plane  of  reference. 

Similarly  the  equation 

in  addition  to  the  circle  in  the  plane  of  a^y,  expresses  also  two 
rectangular  hyperbolae  in  planes  perpendicular  to  it,  and  con- 
taining the  axes  of  x  and  y, 

Again^  consider  the  equation  to  the  parabola^  viz. 
y*  =  4ma?; 
.-.     y  =  ±2{mx)^; 

and  therefore  the  curve  is  in  the  plane  of  the  paper  for  all 
positive  values  of  x ;  but  let  x  be  negative^  and  we  have 

which  expresses  another  equal  parabola,  but  turned  in  the  oppo- 
site direction  and  in  a  plane  perpendicular  to  that  of  the  paper, 
as  is  indicated  by  the  dotted  curve  of  fig.  81. 

Many  other  examples  of  the  same  kind  will  occur  in  the 
sequel.  The  explanation  of  such  impossible  symbols  is  neces- 
sary to  a  due  adjustment  of  geometrical  interpretation  to  the 
law  of  continuity ;  for  no  algebraical  formula  can,  so  far  as 
is  known,  give  points  of  discontinuity,  neither  therefore  ought 
the  geometrical  representative  to  exhibit  such ;  but  it  does  so, 
unless  we  interpret  those  quantities   which  are  affected  with 

The  preceding  Section  is  but  a  mere  sketch  of  a  method  of  ex- 
tensive application,  and  of  only  one  part  of  it,  viz.  of  that  which 
relates  to  +  \/— ;  in  solving  cubic  equations,  and  in  tracing 
the  curves  which  they  represent,  we  shall  meet  with  such  sym- 
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bols  as  (-h)*,  {— )*,  &c.,  which  indicate  that  branches  of  the 
curve  exist  in  planes  inclined  at  12(r^  &c.  to  the  plane  of  the 
paper ;  but  the  full  development  would  occupy  more  space  than 
can  be  given  to  it  in  an  elementary  treatise. 


Section  3. — On  the  generation  of  some  plane  curves  of  higher 
orders^  and  on  their  equations. 

193.]  The  reader  is  supposed  to  be  familiar  with  the  prin- 
cipal properties  of  the  straight  line^  the  circle^  and  the  three 
conic  sections  as  exhibited  in  their  algebraical  equations ;  yet^ 
as  more  copious  illustration  will  be  required  in  the  succeeding 
Chapters  than  they  afford,  it  is  necessary  to  insert  an  account 
of  the  modes  of  description,  and  the  equations  of  some  curves 
of  a  higher  order;  most  of  which  possess  historical  interest  from 
the  labour  bestowed  on  them  by  ancient  mathematicians. 

In  the  first  place  let  it  be  observed,  that  the  equation  to  a 
curve  may  sometimes  be  expressed  by  means  of  a  subsidiary 
angle :  the  elimination  of  which  from  the  given  equations  will 
produce  the  better-known  equation  to  the  curve. 

Thus  the  equation  to  the  ellipse  may  be  put  in  the  forms, 

a7  =  acos(?)  .      ^*      »'_!  /o^ 

The  hyperbola  may  be  expressed  by 

^  =  asec^)  .      £!^y!«i  ao) 

Other  examples  of  the  same  kind  wiU  be  found  in  the  sequel. 

194.]  TheCissoidofDiocles.    Kg.  34. 

Definition. — If  at  equal  distances  from  o  and  a^  the  two 
extremities  of  a  diameter  of  a  circle,  two  ordinates  mq  and  ns 
are  drawn,  and  if  os  is  drawn  cutting  mq  in  p,  the  locus  of  the 
point  p  is  the  Cissoid  of  Diodes. 

Let  oc  =  CB  =  CA  =  a  =  the  radius  of  the  circle;  om  =  x^ 
MP  =  y. 

Then,  by  the  geometry,  om  :  mp  : :  on  :  ns; 

but  on   =   OA  — AN  =  OA~OM  =  2fl— 4?, 

NS  =  MQ  =  {oM  X  ma}*  =  (2aa?— a;^)*; 
substituting  which  values  in  the  above  proportion^  we  have 
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{2aa?-a?«}4 


X  2a— 0? 


(11) 


Aa—x  {2a— a?}« 

The  equation  represents  the  cnnre  described  in  fig.  34 :  the 
dotted  part  being  that  out  of  the  plane  of  the  paper,  and  when 
y  is  affected  with  +  \/^;  and  as  the  equation  to  the  funda- 
mental curve,  viz.  the  circle,  also  expresses  a  rectangular  hy- 
perbola out  of  the  plane  of  reference^  that  part  arises  from  the 
hyperbola  having  been  operated  upon  in  a  manner  analogous 
to  the  circle  in  the  above  generation  of  the  curve. 

The  equation  will  be  subsequently  completely  analysed ;  bat 
certain  salient  points  of  it  are  at  once  evident  from  the  geo- 
metrical description.  Thus  the  curve  lies  equally  above  and 
below  the  axis  of  a? ;  it  passes  through  o  and  b^  and  has  for  an 
asymptote  the  line  drawn  through  a  and  perpendicular  to  oca  ; 
it  lies  out  of  the  plane  of  the  paper  to  the  left  of  o  and  to  the 
right  of  A ;  iu  the  fig.  oe  =  a^  on  =  3a. 

If  (12)  is  expressed  in  terms  of  polar  coordinates^  the  equa- 

*^^"^®  r  =  2asindtand.  (13) 

195.]  The  Witch  of  Agnesi.    Fig.  85. 

Det. — In  the  ordinate  mq  of  a  circle  a  point  p  is  taken^  so 
that  MP  :  MQ  : :  OA  :  OM ;  the  locus  of  the  point  p  is  the  Witch 
of  Agnesi. 

Let  oc  =  CA  =  a,  om  =  a?,  mp  =  y. 

Then,  by  the  definition,  mp:mq::oa:om;  but 

MQ  =  {2aa?— a?*}*;  .-.    y  :  {2a^— ar«}*  : :  2a  :  a?;    (14) 

8       A    a^a— J?  ^     i2a— ^)i        ,,^, 

.-.     y2  =  4a«— ^,  y=+2a|-^— j.      (15) 

The  dotted  parts  of  the  curve  are  out  of  the  plane  of  reference, 
and  arise  from  an  analogous  operation  being  performed  on  that 
rectangular  hyperbola,  out  of  the  plane  of  the  paper,  which  the 
equation  to  the  fundamental  curve  also  represents. 

Although  we  are  obliged  to  reserve  the  complete  discussion 
of  equation  (15)  until  the  next  Chapter,  yet  it  appears  that 
the  curve  cuts  the  axis  of  x  at  a,  and  that  the  axis  of  y  is  an 
asymptote ;  and  that  the  ordinate  is  affected  with  +  '/^  when- 
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ever  x  is  negative,  and  whenever  w  is  greater  than  2a;  in  the 
fig.  ob  =  ob'=  2a. 

196.]  The  Conchoid  of  Nicomedes.    Fig.  36. 

Def. — A  point  A  and  a  straight  line  bob'  being  given,  from  a 
a  straight  line  aqf  is  drawn  cutting  ob'  in  q,  and  f  is  such  that 
QF  is  dways  equal  to  a  given  straight  line  ob  ;  the  locus  of  the 
point  F,  in  the  different  positions  of  aqf,  is  the  Conchoid  of 
Nicomedes.  • 

From  A  draw  ao  at  right  angles  to  bob',  and  let  oa  =  a;  let 
the  straight  line  qf  =  ob  =  A ;  om  =  a?,  mf  =  y. 

«,,,,*                ,       AO       MF       A04-MF       a-hy 
Then,  by  the  geometry,  —  =  —  = = -, 

^     ^  ^  "^      OQ  MQ  OQ-I-MQ  X 

ax 


OQ  = 


Also  FQ*  =   MF2-|.MQ2, 

a  +  yi' 
.-.     a?»y*  =  (4»-y*)  (a+y)«,  (16) 

x=  +£±y(A»_y2)*.  (17). 

From  which  equation  it  appears  that  ^  =  00,  when  y  =  0,  and 
therefore  that  bob'  is  an  asymptote. 

The  line  bob'  is  called  the  rule  of  the  conchoid,  and  fq  or 
OB  the  modulus.  If  the  line  b  is  measured  from  q  towards  a 
instead  of  along  aq  produced,  then  another  curve  is  generated 
which  is  cfdled  the  Inferior  Conchoid,  and  is  represented  in  the 
figure. 

(1)  If  b  is  less  than  a,  the  upper  and  lower  conchoids,  as 
shewn  in  the  figure,  are  somewhat  similar  in  form. 

(2)  If  6  =  a,  the  lower  conchoid  passes  through  a,  and  is 
somewhat  like  the  lower  conchoid  drawn  in  the  figure,  but 
without  the  loop. 

(3)  If  b  is  greater  than  a,  the  lower  conchoid  has  an  oval  or 
loop,  a  double  point  of  which  is  at  a,  and  is  that  drawn  in  the 
figure. 

The  equation  may  be  easily  expressed  in  polar  coordinates. 
Let  A  be  the  pole,  and  fao*=  0,  at  =  r; 

.-.     r  =  a  sec  ^±  A,  (18) 
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314  THE  LEMNISCATA.  [197. 

the  upper  and  lower  signs  referring  respectively  to  the  upper 
and  lower  conchoids. 

197.]  The  Lemniscata  of  James  Bernoulli.    Fig.  37. 

Dey. — If  from  the  centre  of  an  equilateral  hyperbola  per- 
pendiculars are  drawn  to  the  tangents^  the  locus  of  the  points 
of  intersection  is  the  Lemniscata. 

Let  X  and  y  be  the  current  coordinates  of  the  lines  pq  and 
op;  and  let  Xy  y'  be  the  coordinates  to  q^  the  point  on  the 
hyperbola  at  which  the  tangent  is  drawn ;  the  equations  to  the 
hyperbola  and  the  tangent  are  respectively 

x'^-y'^  =  a«,  (19) 

xai-yy'  ^  a^\  (20) 

y' 

T^hence  the  equation  to  op  is  y  =  — -  ^  a? ; 

and  multiplying  each  term  of  (20)  by  one  or  other  of  these 
equalities,  we  have 

a  .    «      ^^^         «*y 


and  therefore,  by  means  of  (19), 

(a?a  +  y«)2  =  a»(^2-y«).  (22) 

The  curve,  as  is  manifest  from  the  generation  of  it,  consists 
of  two  ovals,  meeting  in  a  double  point  at  o ;  the  tangents  to 
which  are  coincident  with  the  asymptotes  of  the  hyperbola,  and 
form  angles  of  45^  on  each  side  of  o  a. 

The  polar  equation  is 

r«  =  a2co8  2d.  (23) 

198.]  The  Logarithmic  Curve.    Fig.  32. 
No  better  definition  of  the  curve  can  be  given  than  that  ex- 
pressed by  its  equation, 

y  =  o*;  (24) 

which  means  that  the  abscissa  is  the  logarithm  of  the  ordinate 
to  the  base  a. 

Hence,  when  a?  =  0,  y  =  rf>=:l;  when  a?  =  l,  y^a\  when 
a?  =  00 ,  y  =  00  ;  when  a?  =  —  00 ,  y  =  0. 
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Therefore  oa  =  1 ;  and  as  the  ordinate  recedes  further  from 
oy,  it  increases  and  ultimately  becomes  infinite ;  and  as  a?  de- 
creases^  that  is^  increases  negatively^  y  decreases^  and  the  axis 
of  ^  is  an  asymptote  to  the  curve. 

199.]  The  Catenary.    Pig.  38. 

The  catenary  is  the  curve  in  which  a  perfectly  flexible  and 
uniform,  though  heavy,  string  hangs^  when  suspended  in  vacuo 
from  two  points. 

Let  OM  =  ^^  MP  =  y,  oc  =  c ;  its  equation  is 

y=^l{e'^  +  e-^;  (25) 

where  e  is  the  Napierian  logarithmic  base ;  but  as  a  knowledge 
of  mechanics  is  requisite  for  a  determination  of  the  equation^ 
the  discussion  of  it  will  be  found  in  Chapter  V  of  the  third 
volume  of  our  work.  It  is  manifest  however  that  when  a?  =:0, 
y^c;  and  as  the  equation  is  not  altered  when  —  ^  is  written  for 
+  a,  that  the  curve  is  symmetrical  with  respect  to  the  axis  of  y. 

200.]  The  Tractory,  or  Equitangential  Curve.    Kg.  38. 

Dsr. — If  AP  is  a  curve^  such  that  pt,  the  length  of  the  tan* 
gent  intercepted  between  the  point  of  contact  and  the  axis  of  ^, 
is  always  equal  to  oa;  then  the  locus  of  p  is  the  equitangential 
curve. 

Let  OM  =  0?,  MP  =  y,  OA  =  PT  =  a;  then  the  definition  of 
the  curve  above  given  leads^  as  will  be  seen  in  the  next  Chapter^ 
to  an  equation  of  the  form, 

?y  — y        .  /26) 

and  the  equation  to  the  curve  is  that  of  which  (26)  is  the  derived- 
function,  and  is  therefore^  as  will  be  seen  in  Vol.  II,  Chap.  VI^ 

This  curve  is  sometimes  considered  as  generated  by  attaching 
one  end  of  a  string  of  constant  length  a  to  a  weight  at  a^  and 
by  moving  the  other  end  along  ox;  the  weight  is  supposed  to 
trace  out  the  curve :  hence  arises  the  name  Tractory  or  TVac- 
trix.  But  the  mode  of  generation  is  incorrect,  unless  we  also 
consider  the  friction  produced  by  traction  to  be  infinitely  great, 
so  that  the  weight^s  momentum,  which  is  caused  by  its  motion, 
may  be  instantly  destroyed. 

s  s  2 
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201.]  The  Cycloid.    Pigs.  39  and  40. 

Def. — A  cycloid  is  the  curve  traced  oat  by  a  point  in  the  cir- 
cumference of  a  circle,  as  the  circle  rolls  along  a  fixed  straight 
line. 

(a)  Let  the  given  straight  line,  fig.  89^  be  taken  as  the  axis 
of  Xy  and  the  radius  of  the  rolling  circle  be  a,  and  the  origin  be 
at  the  point  o,  where  the  generating  point  p  is  in  contact  with 
the  fixed  line;  and  let  kpq  be  a  position  of  the  generating  cir- 
cle, such  that  OQ  is  equal  to  the  arc  pq.  Let  e  be  the  point  iu 
the  line  oae,  at  which  the  generating  point  is  again  in  contact 
with  it,  so  that  oae  =  the  circumference  of  the  circle  =  2ira. 
Bisect  o£  in  A^  and  at  a  draw  the  ordinate  ab  =  2cp;  then  by 
the  geometry  of  the  figure^  b  is  the  highest  point. 

Let  oM  =  a7,  MP  =  y,  cpr=cQ  =  a,  pcq  =  ^. 

Then,  since  oq  =  the  arc  pq,     oq  =  ad; 

.-.       X  =   OM,  y  =   MP, 

=   OQ  — MQ,  =   CQ  — ON, 

=  ad— a  sin  d;  =  a— a  cos  d; 

.  • .     0?  =  a  (d  —  sin  d) ; 
y  =  a  versin  Q 

which  two  equations  are  those  to  the  cycloid^  when  the  starting- 
point  is  the  origin ;  and  if  Q  is  eliminated,  we  have 

^  =  a  versin-i  ^  -  {2ay-y2}i  (29) 

a 

Since  sin  B  and  versin  B  have  the  same  values  whenever  B  is 

increased  by  27r,  or  by  47r^ it  appears  from  (28)  that  the 

values  of  y  recur  whenever  x  is  increased  by  2ira,  or  by  47ra ... ; 
hence  there  is  a  series  of  curves  similar  and  equal  to  obe  placed 
along  the  straight  line  oae,  parts  of  which  at  o  and  b  are  drawn 
iu  the  figure ;  this  is  evident  from  the  mode  of  generation  of 
the  curve. 

The  line  oae  is  called  the  base,  and  ab  /A^  axts,  and  b  the 
higJiest  point  of  the  cycloid. 

()3)  It  is  also  frequently  convenient  to  refer  the  cycloid  to 
the  highest  point  as  origin,  and  to  its  axis  as  the  axis  of  x,  in 
which  case  its  equation  may  be  found  as  follows. 

Fig.  40.  Let  rpt'  be  the  circle  in  its  generating  position^ 
p  being  the  generating  point,  the  arc  pk  being  equal  to  the  line 


h 


(28) 
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203.]  THE  COMPANION  TO  THE  CYCLOID.  317 

BR;  from  p  let  mp  be  drawn  at  right  angles  to  oa,  and  let  oqa 
be  a  semicircle  described  on  the  axis  oa. 

Let  oM  =  a?,  MP  =  y,  oc  =  CQ  =  CA  =  a,  qco  =  ^. 

Then  since  ab  =  the  semi-circumference  =  kpt',  of  which 
the  parts  bb  and  arc  rp  are  equal,  therefore  ar  =  the  arc  pt' 
=  the  arc  oq,  on  account  of  the  similar  positions  and  equality 
of  the  two  semicircles ;  whence 

y   =    MP,  X  =   OM, 

=   MN-f  NP,  =  OC  — CM, 

=  AR+MQ,  =  a  —  a  COS  ^, 

=  arc  OQ  +  CQ  sin  Qc M,  =  a  versin  $ ; 

=  ad  +  a  sin  ^; 

whence  we  have, 

x=aa-oose)\'  ^^^^ 

which  two  equations,  taken  simultaneously,  are  those  to  the 
cycloid ;  and  by  the  elimination  of  $  we  have 

y  =  a  versin-^  -  +  {2ax-x^}i.  (31) 

202.]  The  Companion  to  the  Cycloid.    Pig.  41. 

It  appears  from  the  first  of  equations  (80)  of  the  last  Article, 
that  the  ordinate  to  the  cycloid  is  equal  to  the  simi  of  the  ordi- 
nate of  the  circle,  viz.  mq  of  fig.  40,  and  of  a  part  produced,  viz. 
PQ,  which  is  equal  to  the  intercepted  arc  oq;  but  if  the  ordi- 
nate to  a  circle  is  produced  until  the  whole  is  equal  to  the  in- 
tercepted arc  of  the  circle,  the  locus  of  the  extremity  is  called 
the  Companion  to  the  Cycloid. 

Let  OM  =  a?,  MP  =  y,  oc  =  CA  =  a,  qco  =  $;  then,  since 
MP  is  equal  to  the  arc  oq, 

X  =  a(l-cos^)r  ^  ^^ 

which  two  equations  are  those  to  the  companion  to  the  cycloid ; 
and,  if  $  is  eliminated,  we  have 

X 

y  =  a  versin-^  -  .  (33) 

203.]  Epitrochoidal  and  Hypotrochoidal  Curves.  Figs.  42, 46. 
Def. — An  epitrochoid  is  the  curve  generated  by  a  point  within 
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318  BPITROCHOIDAL  CURVES.  [204. 

or  without  the  drcumference  of  a  circle,  which  rolls  on^  that  is^ 
outside,  another  circle  of  given  radius. 

If  the  generating  circle  rolls  inside  the  given  circle,  the  gene- 
rated curve  is  called  the  Hypotrochoid. 

And  if  the  generating  point  is  on  the  circumference  of  the 
rolling  circle^  it  is  called  an  Epicycloid  or  Hypocycloid^  accord- 
ing as  it  rolls  without  or  within  the  fixed  circle. 

We  shall  consider  the  epitrochoid  to  be  the  normal  case,  and 
deduce  the  equations  to  the  other  curves  from  its  equations  by 
changing  the  signs  and  values  of  the  constants. 

Let  o^  the  centre  of  the  fixed  circle^  be  the  origin^  and  q  be 
the  centre  of  the  generating  circle^  and  p  the  generating  point; 
and  suppose  b,  in  the  line  qbp^  to  have  been  originally  in  con- 
tact with  the  fixed  circle  at  a,  and  let  oa  be  the  axis  o(  x;  see 
fig.  42. 

Let  OM  =  a:,  MP  =  y,  qoa  =  ^,  oK  =  OA  =  a,  qr  =  qb=:£^ 
QP  =  mft.  Then^  since  one  circle  rolls  on  the  other,  the  arc 
AR  =  the  arc  br; 

.-.       RQB  =  |^,  QPL=180^-^d; 

.•.      X  =   OM, 

=  ON  +  LP, 

=  (a-f  A)cos^  — wicos  (5^i-)^;  (34) 

y  =  MP, 

=   NQ  — QL, 

=  (a  -I-  A)  sin  S  —  mb  sin  (^^4—)  0 ;  (85) 

and  (84)  and  (35),  taken  simultaneously,  are  the  equations  to 
the  epitrochoid. 

If  the  generating  circle  rolls  inside  instead  of  outside  the 
fixed  circle  the  sign  of  b  must  be  changed,  and  the  curve  is  an 
hypotrochoid ;  the  equations  to  which  are,  fig.  48, 


a;  =  (a—i)  cos  ^  +  iwi  cos  — ^r—  6 
y  =  (a  — A)  sin  d  —  mb  sin     ,     0 


(36) 


204.3  And  if  m  =  1,  the  generating  point  is  on  the  circum- 
ference of  the  rolling  circle,  and  the  curves  become  respectively 
the  epicycloid  and  the  hypocycloid ;  and  the  equations  are 
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(37) 


X  •=.  (a  +  i)  cos^— Acos^— ^j  (9 
y  =  (a  +  b)  sin^— i  sin  (— ^)  0 


(38) 


b 
and  X  =  (a— i)  cos  d+ 6  cos  y-j--)  ^ 

y  =  (a— A)  sin  d  — isin/— ^j  ^ 

the  curves  expressed  by  which  are  those  dotted  respectively  in 
figs.  42  and  43. 

When  a  and  b  are  commensurable  numbers^  the  branches  of 
the  curve  re-enter  after  a  certain  number  of  revolutions  of  the 
generating  circle :  in  which  cases  the  subsidiary  angle  $  may  be 
eliminated^  and  the  equation  expressed  in  an  algebraical  form  ; 
but  when  a  and  b  are  incommensurable^  the  branches  never  re- 
enter,  and  the  equation  can  only  be  expressed  in  a  transcen- 
dental form  equivalent  to  the  above  equations. 

Some  varieties  of  the  above  curves,  in  which  the  equations 
assume  particular  forms,  are  subjoined. 

205.3  Suppose  that  the  generating  circle  of  the  epicycloid  is 
equal  to  the  fixed  circle,  then  a  =  i ;  and  equations  (37)  become 

^  =  2iz  cos  ^  —  a  cos  2d,  y  =  2a  sin  d  •—  a  sin  2<9 ; 

whence,  squaring  and  adding, 

a?*-|-y*  =  5a*— 4a*  cos  d, 
a?®-l-y*— «*  =  4a*(l  — cosd). 
Again,  x  =  2a  cosd  — a  {2(cos(?)*  —  l} ; 

.'.    x^a  =  2a  cos  d  (1  —  cos  6)^ 
y  =z  2a  sin  d  (1  —  cos  6) ; 
.-.     (a?-a)»-|-y*  =  4aa(l-co8d)»; 
.-.     (^  +  y»~aV  =r  4a*  {(a?-a)*+y*}  ;  (89) 

which  is  the  equation  to  the  curve  expressed  in  rectangular 
coordinates;  o,  the  centre  of  the  fixed  circle,  being  the  origin. 
Fig.  44. 

Let  us  change  the  origin  to  a,  and  transform  the  equation 
to  polar  coordinates,  by  putting  or  =  a  +  r  cos  <^,  y  =  r  sin  <f> ; 

whence  r  =  2a(l-cos<^).  (40) 

The  curve  is  called  the  Cardioid,  from  its  heart-like  shape; 
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206.]  In  the  equations  to  the  h)T)ocycloid,  let  A  =  t  ;  in 
which  case  equations  (38)  become 

07  =:  -■  {3  cos  ^  +  cos  3(9}  =  a  (cos  6)^, 

y  =  -  {3  sin  ^  —  sin  8  0}  =  a  (sin  6)^ ; 

.-.     a?*-f  y*  =  a*;  (41) 

see  fig.  45. 

Again,  in  the  equations  to  the  hjpotrochoid,  let  6  =  ^ ;  in 
which  case  equations  (36)  become 


>:  (4&) 


X  =   ^  (1  -h  l»)  COS  ^ 

y  =  -(l-w)8ind 

-, ^^ =  1;  (43) 

—  (l  +  m)a      ^(l-m)« 

which  equation  represents  an  ellipse^  the  axes  of  which  are 

a(l  +  m)   and  a(l  — m); 
aee  fig.  46. 

Again^  in  equations  (38)  of  the  hypocycloid^  let  /^  =  ^ ;  whence 

we  have 

X  =  a  cos  0 ) 

y  =  0        h  <^> 

which  equations  express  a  straight  line  on  the  axis  of  ^,  of 
length  2aj  which  is  coincident  with  the  diameter  of  the  circle. 


Section  4. — On  certain  general  properties  of  curves  as  expressed 
by  algebraical  equations  of  the  nth  degree. 

207.3  ^^  ^^^  following  Clhapter  I  shall  enter  on  a  formal 
inquiry  into  the  properties  of  plane  curves  referred  to  rect- 
angular coordinates,  as  exhibited  by  means  of  differentiation ; 
but  preliminary  to  that  investigation  it  is  necessary  to  explain 
certain  general  properties  of  a  particular  class  of  such  curves, 
those^  viz.^  which  are  expressed  by  algebraical  equations;  be- 
cause these  will  receive  further  illustration  hereafter;  and  it 
cannot  be  that  such  illustration  will  be  adequately  compre- 
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hended,  unless  the  finite  and  more  elementary  properties  which 
are   illustrated  are  first  known.     The  matter  of  the  present 
section  is  collected  from  various  sources  ;  chiefly  from  the  works 
of  Cramer  and  Pliicker,  the  Journals  of  Liouville  and  Grelle, 
the    Nouvelles   Annales  de  Math^matiques  of  Terquem   and 
Gerono^  and  the  Cambridge  and  Dublin  Mathematical  Jour- 
nal.    This  last  Journal  contains  many  papers  on  the  subject 
by  Professor  Boole,  Mr.  Cayley,  and  the  Rev.  George  Salmon. 
I  must  however  add  that  the  following  is  only  a  sketch  of  the 
most  elementary  parts  of  a  subject  which  contains  matter  of 
the  deepest  reflection  ;  and  which  is  daily  receiving  large  addi- 
tions from  the  most  eminent  mathematicians  of  the  present 
age.     But  it  will  be  sufficient  for  the  object  of  this  work. 

An  algebraical  equation  of  the  nth  degree  in  terms  of  two 
variables  x  and  y  contains  a  constant  term,  and  all  possible 
eoinbinations  of  the  various  powers  of  x  and  y^  so  that  the  sum 
of  the  indices  in  no  term  exceeds  n :  thus  it  is  of  the  form, 

+ 

+  a„a?»  +  6«^»-iy-|-c„a?»-V-l-  —  +Jn3cy''-^^Ktf'  =  0.  (45) 
This  is  the  form  of  the  equation  which  will  generally  hereafter 
be  expressed  as  p(a?,y)  =  0.  (46) 

As  the  equation  stands  at  present,  the  number  of  its  terms  is 
14.2  +  3+. .. 4  (n+1); 

X,  ^     !_•  1.        .      .    (n  +  1)  (n  +  2)     ,    ^ 

the  sum  of  which  series  is  ~ ;  but  as  every  term 

has  a  coefficient  the  whole  series  may  be  divided  by  any  one, 
and  thus  the  number  of  arbitrary  constants  will  be  diminished 
by  one;  and  therefore  in  the  equation  of  the  nth  degree  in 
terms  of  two  variables  the  number  of  coefficients  which  admit 
of  arbitrary  determination  is 

(n-fl)(n-f2)  »(^  +  3) 

2 ^  =  -T— •  <*^^ 

It  is  often  convenient  to  express  (45)  in  another  form: 
(45)  consists  of  a  series  of  homogeneous  expressions  which  are, 
beginning  from  the  constant  term,  of  the  orders  0,  1,  2, ...  n 
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respectively :  let  uq,  u^  «2, ...  «»  represent  the  homogeneous  ex- 
pressions which  are  severally  of  the  dimensions  0,  1,  2, ...  n; 
then  (45)  becomes 

Wo  +  Wi  +  tt2+  ...  +«»  =  F(a7,y)  =  0,  (48) 

the  number  of  determinable  constants  in  which  is ^ — - . 

If  in  (48)  u^  =  0^  that  is,  if  there  is  no  constant  term,  then 
the  whole  vanishes  when  x  =  y  =zO;  and  thus  the  origin  is  on 
the  curve.  It  is  also  to  be  observed  that  the  degree  of  a  curve 
cannot  be  altered  by  the  substitution  of  any  linear  functions  of 
new  variables  for  the  original  variables ;  and  as  change  of  origin 
and  change  of  coordinate  axes  require  only  such  linear  substi- 
tutionsy  it  is  evident  that  the  degree  of  a  curve  is  not  affected 
by  such  substitutions. 

208.]  Hereafter  also  it  will  be  found  convenient  to  express 
(45)  in  another  form.  As  it  stands  it  is  neither  symmetrical  nor 
homogeneous :  the  absence  of  these  properties  may  appear  at 
first  sight  to  be  of  small  importance ;  but  as  many  conclusions, 
both  numerical  and  geometrical,  will  be  drawn  from  the  form 
of  expressions,  it  is  desirable  that  they  should  be  symmetrical 
at  first,  because  symmetrical  expressions,  when  operated  on  in 
differentiation,  give  rise  to  new  symmetrical  expressions;  whereas 
unsymmetrical  expressions  do  not.  And  if  besides  it  is  possible 
to  make  them  homogeneous  the  results  will  be  much  simplified 
by  means  of  Euler^s  Theorems  of  such  functions  given  in  Art.  82. 
Both  these  advantages  may  be  obtained  by  the  following  method 
due  to,  I  believe,  M.  Otto  Hesse,  Professor  at  Koenigsberg.   Let 

US  assume  -  and  ~,  instead  of  ^  and  y,  to  be  the  coordinates  of 

z  z 

a  point  in  the  plane;  and  thus  in  the  equation  to  the  plane 
curve  let  us  replace  x  and  y  by  -  and  - ;  as  we  ordinarily  ex- 
press a  point  whose  coordinates  are  x  and  y  by  (.r,  y),  so  I  shall 
now  express  it  by  (a?,  y,  z);  after  this  substitution  (4o)  becomes 

+  {aix-^biy)z'*-^ 

-f  («2  ^* -I- 62  ^y  +  C2  y*)  2r"-* 

+ 

-fa„^»  +  A„a?'-^y+...+y„^y'-i  +  *,.y«  =  0; 
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and  (48)  becomes 

ti„  +  tt»-i^+ti„-a-?*  +  ...+tti^"-^+«o^'*  =  r(x,y,z)  =  0,  (49) 
which  are  homogeneoas  expressions  of  the  nth  degree :  and  to 
which  therefore  the  simplifications  contained  in  Eoler^s  Theorem, 
Art.  82,  are  applicable.  Similarly  a  third  variable  will  be  in- 
troduced in  other  cases ;  thus  if  a  and  b  are  the  coordinates  oi 

a  point,  I  shall  now  take  -  and  -  to  be  the  coordinates,  and 

c  c 

shall  express  the  point  by  the  notation  (a,  b,  c) ;  and  analogously 

with  other  variables.     We  can  pass  from  expressions  involving 

three  variables  to  the  equivalent  ones  which  involve  only  two, 

by  replacing  the  third  variable  by  unity.     One  or  two  examples 

are  subjoined  in  which  equations  are  given  in  terms  of  three 

variables. 

Thus  it  is  evident  that  the  general  form  of  the  equation  of  a 
straight  line  is  ^^+8^+0^  =  0.  (50) 

The  general  form  of  the  equation  of  a  conic  is 

AX^-\-By^  +  cz^  +  2Eyz-\-2QZJp  +  2Bxy  =  0.  (51) 

The  equation  of  a  straight  line  passing  through  the  two  points 
(^1,  yi,  Zi)  and  (or,,  ya,  ^2)  is 

*  (yi^»— ^iy2)  +  y  (^1^1— a?iZa)  +  z  (a?iy,— yia?2)  =  0 ;    (52> 

the  coefficients  in  which  are  the  several  determinants  of  the  co- 
ordinates of  the  two  given  points  taken  two  and  two  together. 

The  advantages  arising  from  the  symmetry  of  algebraical  ex- 
pressions in  terms  of  three  variables  will  be  shewn  hereafter. 
I  must  however  here  observe  that  as  (49)  is  homogeneous  and 
of  n  dimensions, 

=  0; 

and  therefore  if  (-7-)  =  0  and  y-^j  =  0,  then  also  (^j  =  (X 
Thus  in  (51) 

{■£)  =  2(A^  +  Hy  +  o^), 

(^)  =  2(Ha?  +  By  +  B^), 

(^)  =  2(oa7  +  Ey  +  C2r); 
T  t  a 


Digitized  by 


Google 


324  HOMOGENEOUS  FORMS  OF  EQUATIONS  OF  CURVES.  [209. 

and  therefore  if  of  these  three  equations  the  first  two  vanish^  the 
third  also  vanishes ;  and  thus  if  2r  =  1,  and  ax-\  h^46  =  0  = 
Ha?  +  By-|-E,  then  also  G4?  +  EyH  c  =0. 

209.]  Another  property  of  homogeneous  functions  must  also 
be  proved,  as  we  shall  find  it  to  be  important  in  our  subsequent 
investigations  as  to  the  degree  of  certain  curves.  I  will  here 
however  take  the  problem  in  its  most  general  form. 

Let  Pi  =  0,  P2  =  0,  ...  Pn  =  0,  be  a  system  of  n  homogeneous 
equations  involving  n  variables  a;i,  x^,  .,,Xn,  in  the  most  general 
form  and  with  literal  coefficients ;  and  let  us  suppose  these 
equations  to  be  respectively  of  the  degrees  mi,  mt,  ...  nin;  then 
we  have  n  equations  involving  n  —  1  different  variables ;  for  by 
reason  of  the  homogeneity  of  each^  the  highest  power  of  Xn^ 
whatever  that  is,  may  be  divided  through,  and  the  number 
of  variables  will  thereby  become  »  —  1 ;  these  equations  there- 
fore are  not  independent ;  a  relation  must  exist  amongst  them ; 
and  this  relation  must  be  capable  of  expression  in  terms  of  the 
coefficients  of  the  equations.  Of  this  relation  I  propose  to  de- 
termine a  property  as  to  the  power  in  which  the  coefficients 
of  the  several  equations  will  be  found.  The  relation  is  tech- 
nically called  the  Resultant ;  and  if  it  contains  no  extraneous 
factors,  the  complete  resultant ;  and  if  the  extraneous  factors 
are  omitted,  the  reduced  resultant*.  Let  mim^ms  ...  m^  =  m. 
Now  as  the  function  Fi  =  0  is  homogeneous  and  of  mi  dimen- 
sions, it  is  capable  of  resolution  into  mi  linear  factors,  each  of 
which  is  of  the  form  aiXi  -^  02^2  +  •••  +  f^n^ui  and  similarly 
is  each  of  the  other  given  expressions  capable  of  resolution  into 
m2,  t/13, ...  m„  factors  respectively  of  a  similar  form.  As  these 
equations  are  simultaneously  true,  to  arrive  at  the  most  general 
result  we  must  combine  each  of  the  component  factors  of  Pi  =  0 
with  each  and  every  one  of  P2  =  0,  Ps  =  0, ...  p«  ^  0;  let  us 
take  one  of  each  set ;  then  eliminating  the  unknown  quantities, 
which  are  n  —  1  in  number,  between  these  n  equations,  we 
obtain  a  condition  of  the  nth  degree  into  which  each  coefficient 
enters  in  the  first  degree  ;  and  this  process  may  be  performed  in 
M  different  ways,  and  the  product  of  these  m  different  quantities 
is  the  complete  resultant,  and  is  evidently  homogeneous  in 
terms  of  the  original  coefficients.     The  coefficients  of  Fi  =  0, 

*  See  Crelle,  Band  XXXIV,  p.  30. 
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M 

enter  into  each  term  in  the  degree  — ,  tliose  of  f>  =  0  in  the 

^       mi 

M 

degree  — ,  and  so  with  the  others :  to  prove  this,  let  us  fix  our 
thoughts  by  assuming  mi  =  3  ;  so  that 

Fi  =  (aiXi  +  02X2  +  ...  4-  On^n)  (*l^l  +  ...  4"  A«^«)  (^1^1  +  ...  4  Cn^n) 

=  Aa7i'4-Ba?i*4?a-!-  ... 

In  the  product  of  the  m  different  results  of  elimination  a^  bu  Ci, 
say,   will  enter   sjrmmetrically ;    and   therefore  each  one  will 

M 

enter  in  the  power  -5-  only,  and  therefore  in  the  product,  a 

M 

which  is  equal  to  fli^iCi,  will  enter  in  the  power  -^;  and  the 

o 

same  is  true  of  all  the  other  coefficients,  and  of  the  coefficients 
of  the  other  equations ;  so  that  the  degree  of  the  complete  re- 
sultant is  / 1        1  1  \ 

m(— 4-  —  4-  ...  4-  — )• 
^nii      m%  win' 

Thus  much  at  present  as  to  curves  expressed  by  equations  in 
terms  of  three  variables,  and  homogeneous.  We  shall  return 
to  the  subject  hereafter.  Now  I  shall  proceed  with  the  investi- 
gations of  other  properties  of  curves  as  expressed  by  equations 
in  terms  of  two  variables. 

210.3  ^^^  curve  which  is  expressed  by  an  equation  of  the 
nth  degree  is  said  to  be  of  the  nth  degree  or  of  the  nth  order, 
the  two  words  order  and  degree  being  used  indiffierently.  Sup- 
pose now  that  we  have  two  curves,  one  of  the  nth  and  the  other 
of  the  mth  degree ;  these  will  generally  intersect  in  mn  points ; 
for  let  us  take  the  equation  to  the  curve  as  given  in  (45) ;  then 
if  y  is  eliminated  from  it  and  from  a  similar  equation  of  the 
mth  degree,  the  result  will  be  an  expression  in  terms  of  x  of 
the  mnth  degree ;  the  roots  of  which  will  be  the  abscissae  to  the 
mn  points  in  which  the  two  curves  intersect ;  the  points  in 
which  they  intersect,  I  say ;  because  if  all  the  roots  are  real^ 
the  curves  will  intersect  in  mn  points  in  the  plane  of  reference  i 
and  if  the  roots  are  imaginary,  the  points  of  intersection  will  be 
imaginary  so  fer  as  they  are  exhibited  in  the  plane  of  reference ; 
but  the  equation  of  the  mnth  degree  will  just  as  truly  have 
mn  roots.  Thus  two  curves  of  the  second  degree  may  intersect 
in  four  points;  a  curve  of  the  second  degree  may  intersect  a 
curve  of  the  third  degree  in  six  points. 
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As  the  equation  of  a  straight  line  is  of  the  first  degree,  so 
does  a  strtMght  line  meet  a  curve  of  the  nth  degree  in  n  points 
which  may  be  either  real  or  imaginary.  Thus  a  straight  line 
may  cut  a  curve  of  the  second  degree  in  two  points^  a  curve  of 
the  third  degree  in  three  points^  and  so  on :  and  even  if  the 
straight  line  is  at  an  infinite  distance,  yet  it  intersects  a  curve 
of  the  nth  degree  just  as  truly  in  n  points. 

The  following  theorem  due  to  Newton  and  called  now  by  his 
name,  is  such  a  simple  application  of  this  property,  that  I  must 
insert  it. 

Let  us  take  the  general  equation  (45),  or  its  abridged  form 
(48);  let  us  replace  x  and  y  by  Ir  and  mr;  where  r  is  the 
radius  vector  of  a  point  on  the  curve  from  the  origin^  and  /  and 
m  are  projective  coefficients :  then  we  have  an  equation  of  the 
nth  degree  in  terms  of  r,  the  roots  of  which  are  the  n  distances 
from  the  origin  of  the  n  points  where  the  curve  is  met  by  the 
straight  line  mjp  —  /^  =  0.  Through  the  origin  let  two  trans- 
versals be  drawn,  of  which  let  the  equations  be  mi^  — /ly  =  0 
and  ntajr— 4y  =  0 ;  and  let  them  meet  the  curve  in  the  points 
Pi,  Tfy ...  Tn,  Qi,  0,2,  •••  Qii ;  then  by  the  theory  of  equations 

oPi.oP,...op„-  ±i^na^^l,n-im,bnf...+Km,-' 

OQ..OQ3  ...  OQ.  =    ±  ^n«^^^n-I^;j^^...+*^^.  ^ 

and  therefore  by  division 

OPi.OPa...OP|,  _   ^"On-f  ^**"^>»8^».+  >»«+^n>»<". 

oQi.oQa...OQ„  /i''«n-l-/i*-^miAn+...  +Kfn{'' 
and  as  both  the  numerator  and  the  denominator  of  this  ratio 
are  unaltered  by  a  change  of  origin,  provided  that  the  directions 
of  the  lines  op  and  oq  are  the  same,  so  we  infer  that  if  from  a 
point  in  the  plane  of  a  curve  two  transversals  are  dra¥m  in 
given  directions^  the  ratio  of  the  product  of  the  segments  of  the 
one  taken  from  thie  given  point  to  the  product  of  the  segments 
of  the  other  is  the  same  whatever  is  the  place  of  the  point. 

We  have  also  another  important  theorem  first  given  by  Cotes 
in  his  Harmonia  Mensurarum.  Let  each  radius  vector  op 
drawn  from  o  cut  the  curve  in  the  points  Pi^  P2, ...  Pn ;  and  let 
p  be  taken  such  that 

iL  -  JL      J-.  1 

OP  ~~  oPi       oPa       "*       op„  ' 
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then  the  locua  of  f  will  be  a  straight  line.  For  substituting  Ir 
and  mr  for  x  and  y  in  (45),  and  dividing  through  by  r"  we  have, 

^  +       ^»-i       +  •••  —  ^' 

1  1  1  ail4-bitn 

.".    +  —  +  ...  +  —  =  -  ; 

OPi  OP3  OP„  Co 

and  therefore  by  the  given  condition,  if  op  =  r,  and  r  refers  to 

the  new  locus,  ^  „  i^h  ^ 

'  n  a\l-\-  Dim 

.".     aiX'\-biy-\-naQ  =  0, 
which  is  the  equation  to  a  straight  line. 

211.]  As  a  curve  of  the  nth  degree  has ^ determinable 

constants  in  its  equation,  so  may  these  be  determined  if  a 
sufficient  number  of  independent  conditions  is  given.  Hereafter 
we  shall  meet  with  many  different  ways  in  which  they  may  be 
determined.     It  is  evident  however  that  they  may  generally  be 

found,  if  the  coordinates  of 5 points  through  which  the 

curve  is  to  pass  are  given,  because  in  this  case  we  may  replace 
successively  x  and  y  in  equation  (45)  by  the  given  coordinates, 
and  we  shall  have  n  linear  equations,  by  means  of  which  the 
arbitrary  constants  may  be  determined.  This  is  clearly  a 
definite  and  generally  an  unique  problem :  and  thus  only  one 
curve  of  the  nth  degree  can  be  drawn  passing  through  the 
assigned  points.  Hence  a  curve  of  the  second  degree  may  pass 
through  five  points ;  a  curve  of  the  third  degree  through  nine 
points ;  a  curve  of  the  fourth  degree  through  fourteen  points ; 
and  so  on. 

If  however  the  points  have  certain  relative  positions,  it  may 
be  that  a  proper  curve  of  the  nth  degree  cannot  be  drawn 
through  them.  That  is,  although  we  have  shewn  that  the 
coefficients  of  the  algebraical  equation  of  the  nth  degree  may 
be  found  in  terms  of  the  coordinates  of  the  given  points,  yet 
the  resulting  equation  may  be  susceptible  of  resolution  into 
factors  of  lower  degrees ;  so  that  the  result  may  be  the  com- 
bination of  two  or  more  curves  of  lower  degrees,  the  sum  of 
which  is  equal  to  n ;  and  thus  not  be  the  equation  of  a  proper 
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curve  of  the  nth  degree.  Thus  if  n  =  2,  the  number  of  points 
which  is  sufScient  for  the  determination  of  the  constants  is  5 ; 
but  if  three  of  these  are  in  a  straight  line^  no  conic  can  be 
drawn  which  shall  pass  through  them,  because  a  conic  cannot 
cut  a  straight  line  in  more  points  than  two ;  and  thus  the  only 
equation  of  the  second  degree  which  can  satisfy  such  a  system 
of  points  is  that  composed  of  two  straight  lines  passing  respect- 
ively through  the  three  and  the  other  two  points. 

Generally  of  the  number  of  points  which  are  sufficient  for 
the  determination  of  a  proper  curve  of  the  nth.  degree  not  more 
than  nm  can  be  on  a  curve  of  the  mth  degree;  because  two 
curves  of  the  nth  and  mth  degrees  respectively  cannot  intersect 
in  more  than  nm  points.  And  generally  too  the  number  of 
points  which  may  be  on  a  curve  of  the  mth  degree,  so  that  a 
proper  curve  of  the  nth  degree  may  pass  through  them,  is  less 
than  mn.  For  let  us,  for  instance,  suppose  the  curve  of  the 
nth  degree  to  be  made  up  of  two  curves  of  the  mth  and  (n— m)th 
degrees  respectively.  Under  any  circumstances  the  possibility 
of  such  a  resolution  requires  one  condition  amongst  the  con- 
stants, so  that  the  number  of  coefficients  yet  remaining  to  be 

•1  fn  _L  ^\ 

determined  is  — -  —  1.    For  the  determination  of  the  curve 

of  the  (n—m) th  degree,  ^^ ^—^ coefficients  are  re- 

o 

quired;   so  that  only  nm ^ remain,  and  these 

may  manifestly  be  on  the  curve  of  the  mth  degree. 

Besides  this  case,  wherein  the  resulting  equation  admits  of 
resolution  into  other  equations  of  lower  degrees,  it  may  be  that 
the  assigned  number  of  points  will  not  yield  a  definite  result. 
For  if  the  values  of  a  certain  number  of  unknown  quantities 
are  determined  by  means  of  an  equal  number  of  linear  equations 
of  the  form  (45),  each  will  be  expressed  by  a  fraction ;  and  the 
constants  of  the  equation  may  be  such  as  to  make  both  the 
numerator  and  the  denominator  of  any  one  or  more  to  vanish, 
in  which  case  the  quantities  are  indeterminate;  and  thus  the 
curve  is  not  determined;  and  the  number  of  curves  passing 
through  the  given  points  may  be  infinite. 

Thus,  suppose  the  number  of  points  through  which  a  curve  is 
to  pass  to  be  less  by  one  than  that  required  for  the  complete 
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determination  of  the  enrve ;  that  is,  suppose  a  curve  of  the  nth 
degree  to  pass  through  —^ — ^'— 1  different  points ;  let  «  =  0 
and  i;  =  0,  be  two  equations  of  the  nth  degree  of  the  form  (45)^ 

•t  (n.  .J.  ^\ 

which  represent  two  curves  passing  through  these  5 1 

points ;  then,  if  ^  is  an  undetermined  constant,  «  +  Art;  =  0  is 
the  equation  to  a  curve  of  the  nth  degree  passing  through  all 
the  points  of  intersection  of  «  =  0  and  of  v  =  0,  and  therefore 

clearly  passing  through  the  — ^r 1  given  points;  and  as 

k  is  undetermined,  the  number  of  curves  of  the  nth  degree 
passing  through  these  is  also  indeterminate.  Now  let  us  sup- 
pose the  curve  u  +  Art?  =  0  to  pass  through  another  point,  so 
that  it  becomes  completely  determined ;  then  if  u'  and  v'  are 
the  values  of  «.  and  t?,  when  x  and  y  are  replaced  by  the  coor- 
dinates of  this  last  point,  we  have  t«'  -f  Art;'  =  0,  whence  we  know 
*,  and  the  curve  is  completely  determined.  There  is  however 
one  case  in  which  k  will  not  have  the  required  determinate 
value;  and  that  is  when  the  last  point,  through  which  the 
curve  is  to  pass,  and  by  means  of  which  Ar  is  determined,  is 
the  point  of  intersection  of  t(  =  0  and  t;  =  0,  because  in  this 
case  tf'  =  0  and  v'  :=z  0^  and  k  takes  an  indeterminate  form. 
This  is  also  manifest  from  the  equation  tf  +  >tt;  =  0 ;  for  this 
curve  manifestly  passes  through  all  the  points  of  intersection 
of  «  =  0  and  t;  =  0 ;  that  is,  through  n^  points,  and  yet  is  not 
determinate^  because  its  equation  contains  an  undetermined 
constant  k.     Hence  we  conclude  that  all  curves  of  the  nth 

degree,  which  pass  through  — ^-^ — -  —  1  given  points,  also  pass 

through  as  many  others  as  n^  is  in  excess  of  this  number ;  that 

is,  pass  through  ^^ ~ other  fixed  points.     And  of  this 

equation  we  have  the  following  particular  cases.  All  curves  of 
the  third  degree  which  pass  through  the  same  eight  points  also 
pass  through  a  common  ninth  point.  And  thus  if  eight  points 
are  given,  through  which  a  curve  of  the  third  degree  is  to  pass, 
the  curve  is  not  determined  if  the  ninth  point  is  the  other  of  the 
intersection  of  the  two  curves  t«  =  0,  t;  =  0,  of  the  third  degree. 
All  carves  of  the  fourth  degree  which  pass  through  the  same 
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thirteen  given  points  also  pass  through  three  other  given  points. 

Hence  also  it  follows  that 5 given  points  are  not  always 

sufficient  to  determine  a  curve  of  the  nth  degree^  and  that  one 
other  additional  point  at  least  may  be  irequired  for  the  purpose. 
It  is  to  be  observed  that  these  results  are  true,  whether  the 
equations  of  the  nth  degree  represent  proper  curves  of  the  nth 
degree^  or  systems  of  factors  of  lower  degrees.  Thus  if  the 
constants  of  an  equation  of  the  second  degree  are  to  be  deter- 
mined by  making  the  curve  pass  through  five  given  points,  of 
which  four  are  in  one  straight  line,  the  resulting  equation  will 
be  composed  of  two  simple  factors  of  the  first  degree,  but  all 
the  arbitrary  constants  in  it  cannot  be  determined,  because  the 
fifth  point  is  not  sufficient  to  determine  the  position  of  the 
second  straight  line. 

212.]  Thus  although  two  curves  of  the  nth  degree  inter- 
sect in  n'  points,  yet  any  n^  points  taken  arbitrarily  may  not  be 
the  points  of  intersection  of  two  curves  of  the  nth  degree: 

but   — —^ — -  —  1   of  them   being  given,   the   remainder,   viz. 

-n ^iU  ^^  fixed.     Similarly  two  curves  of  the  mth 

and  nth  degrees  respectively  intersect  in  mn  points;  but  mh 

points  taken  arbitrarily  on  the  curve  of  the  mth  degree  will  not 

be  the  points  of  intersection  of  it  with  the  curve  of  the  nth 

degree. 

Generally^  however,  every  curve  of  the  nth  degree  which 

^.         ,  (m-l)(m~2)       ,  .    . 

passes  through  nm ^ pomts  on  a  curve  of  the 

At 

mth  degree,  will  also  pass  through  ^ other  and 

fixed  points  on  that  curve ;  because  this  number  of  points  is, 
see  Art.  211,  less  by  one  than  the  number  which  is  required  for 
the  absolute  determination  of  the  curve ;  and  therefore  these 
points  are  the  points  of  intersection  of  all  curves  of  the  nth 
degree  which  satisfy  the  required  conditions.  An  extension  of 
several  of  the  preceding  properties  of  algebraic  curves  will  be 
found  in  a  memoir  by  Mr.  A.  Cayley,  Fellow  of  Trinity  College, 
Cambridge,  in  Vol.  Ill  of  the  Cambridge  Mathematical  Journal, 
p.  211. 
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CHAPTER  X. 

ON  PROPERTIES  OP  PLANE  CURVES,  AS  DEFINED  BY  EQUATIONS 
REFERRED  TO  RECTANGULAR  COORDINATES. 

Section  1. — Single  tangents  and  normals,  and  their  properties. 

213.]  In  the  following  investigations  it  will  be  convenient  to 
use  sometimes  the  explicit,  and  at  other  times  the  implicit  form 
of  the  equation  to  a  curve  in  terms  of  two  variables  a?  and  y. 
The  general  forms  I  shall  take  to  be 

y=/(^);  (1) 

I*  =  p  (<y,  y)  =  c ;  (2) 

and  their  differentials  and  derived  functions  will  be  expressed 
by  the  symbols  which  have  been  used  in  the  former  part  of  the 
volume ;  sometimes  also  the  equations  will  be  given  in  terms  of 
three  variables,  as  in  Art.  208. 

And  as  we  are  about  to  exhibit  certain  properties  of  geome- 
trical space  by  means  of  Differential  Calculus,  I  must  say  a  few 
words  on  the  mode  by  which  a  branch  of  the  science  of  number 
is  applied  to  the  proof  of  geometrical  truths.  Differential  Cal- 
culus does  not  of  itself  yield  geometrical  results :  its  results  are 
numerical ;  but  if  a  geometrical  truth  is  so  imagined  as  to  be 
capable  of  expression  in  an  analogous  algebraical  form ;  as,  for 
instance,  if  we  so  imagine  the  fourth  proposition  of  the  second 
book  of  Euclid,  as  to  express  it  in  the  analogous  algebraical 
form  (a -hi)*  =  a*  +  2a64-A2;  or  if  a  geometrical  definition  is 
so  framed  that  we  can  express  the  numerical  analogue  of  it 
with  algebraical  symbols;  then  we  have  certain  algebraical 
formulae,  which  are  numerical  truths,  from  which  certain  other 
numerical  truths,  contained  explicitly  or  implicitly  in  them, 
may  be  deductively  inferred.  For  this  purpose  of  deductive 
inference,  we  are  about  to  employ  the  Differential  Calculus. 
It  is  evident  therefore  that  the  first  step  in  the  inquiry  is,  so  to 
imagine  the  geometrical  truths,  or  so  to  frame  the  geometrical 
definitions,  that  they  may  be  translated  into  corresponding 
algebraical  expressions ;  this  has  been  done  to  a  certain  extent 
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in  Section  3  of  the  preceding  chapter.  Thus  they  take  an 
algebraical  form,  and  become  the  subject  matter  of  Infinitesimal 
Calculus :  and  we  are  hereby  enabled  to  deduce  from  them 
many  properties,  which  are  again  to  be  translated  into  geome- 
trical propositions.  In  accordance  with  this  mode  of  inquiry 
many  of  the  following  Articles  will  begin  with  a  geometrical 
definition. 

It  is  true  also  that  we  may  sometimes  begin  with  an  alge- 
braical equation ;  in  that  case  however  the  equation  is  only  the 
symbolical  expression  of  a  geometrical  proposition,  which  has 
been,  or  is  capable  of  being,  geometrically  imagined.  As,  for 
instance,  we  may  investigate  certain  geometrical  properties  of 
the  curve  whose  equation  is  (31),  Art.  201;  but  that  equation 
is  only  the  symbolical  expression  of  the  geometrical  definition  of 
the  cycloid. 

214.]  We  propose  to  find  in  the  first  place  the  general 
equation  of  a  tangent  to  a  given  curve  at  a  given  point,  which 
we  define  as  follows : 

The  tangent  to  a  curve  at  a  given  point  is  that  straight  line 
which  passes  through  the  point,  and  another  point  on  the  curve 
which  is  infinitesimally  near  to  the  former  point. 

Let  (  and  rj  be  the  cuirent  coordinates  of  the  tangent  Une ; 
and  let  (Xy  y)  be  the  point  of  contact  on  the  given  curve ;  and 
let  us  suppose  the  straight  line  at  first  to  pass  through  it,  and 
through  the  point  (^-f-AO?,  y  +  A^),  which  is  at  a  finite  distance 
from  it.     Then  we  have  the  three  equations 

AJ?+By  +  c  =  0  L  (3) 

A.A^r  +  B.A^  =  0  J 

whence  (f — ^)  ^V  —  (»?— y)  ^^  =  0-  (4) 

Suppose  the  two  points  to  approach  infinitesimally  near  to 
each  other,  in  which  case  a^  and  aj?  become  respectively  dy 
and  dx^  and  the  line  whose  equation  is  (4)  becomes  a  tangent ; 
and  we  have  ^^_^^  ^^  _  ^^_y^  ^^q^ 

and  V-y  =  ^(i-^);  (5) 

or,  as  it  may  be  written. 
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If  therefore  the  equation  to  a  curve  is 

y^f{x),  80  that       ^=/'(j?), 

then  the  equation  (5)  to  the  tangent  is 

,,-y=/'(^){f-^).  (7) 

Thus^  for  instance,  if  the  equation  to  the  parabola  is 

y  =  2m^x^,  then       --^  =  ~; 

dx        x^ 

and  the  equation  to  the  tangent  is 

'y-y  =  (-J)*(f-^)-  (8) 

215.]  If  the  equation  to  the  curve  is  given  in  the  implicit 
^'*™'  «=P(^,y)  =  c;  (9) 

then  Dtt  =  (^)  dx  +  (^)  rfy  =  0;  (10) 

and  if  this  substitution  is  made  in  (5),  the  equation  to  the 
tangent  becomes, 

<f_.,(g)  +  (,_,)(|)_0.  (U, 

K  the  equation  to  the  curve  is  a  homogeneous  function  of 
n  dimensions ;  then  by  the  property  of  such  functions^  proved 
in  Art.  82,  equation  (112),  we  have 

'(S) +»©  =  ">  <'») 

and  the  equation  (11)  to  the  tangent  becomes. 

Generally,  either  (11)  or  (13)  is  the  most  convenient  form  for 
the  equation  of  the  tangent. 
Thus  if  the  equation  to  the  ellipse  is  given  in  the  form 


/rfp\  __  2x  /dr\  __  2y  ^ 

\dxf  "  Ifi'  \d^f  "  '¥' 


and  as  the  equation  is  homogeneous  and  of  two  dimensions, 
»  =  2 ;  and  (13)  becomes,  after  division  by  2, 


^j,¥l  -  1 
a»  ■*■  42  ■"  ^' 
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21 6  J  Again,  let  the  equation  to  the  curve  be  given  in  terms 
of  three  variables,  as  (49),  Art.  208,  and  be  homogeneous,  and 
of  the  form  f  (x,  y,z)  =iO;  let  the  coordinates  to  any  point  on 
a  line  be  f,  rj,  C  ^^^  1^^  ^^i^  li^^  P^s  through  two  points  at  an 
infinitesimal  distance  apart,  viz.  (a?,  y,  z),  {x  +  dxy  y  +  dy,Z'\'  dz) ; 
then  we  shall  have  the  following  system  of  equations ; 

Af  H-Bij-f  of  ^  ^^ 

Aj?-fBy-|-cr  =  0  I;  (14) 

A,da:-{-B.dy-^c.dz  =  0  J 
whence  we  have 

((ydz—zdy)'\-ri{zdX'-xdz)'\-Cixdy^ydx)  =  0.       (15) 

But  by  reason  of  the  equation  to  the  curve,  and  by  reason  of 
the  homogeneity  of  that  equation,  we  have 


(16) 


o 


d     (£) 


,  ^dx'  \dyf  \dzf  _^^ 

whence        — —  =      .  ,    =      ,  ,   ;  (17) 

zdy—ydz       xdz—zdx       ydx—xdy 

whence,  and  from  (15),  we  have 

«(§) +'(!)+ '(£)=»'        '"« 

which  is  the  equation  to  the  tangent. 

Thus,  if  the  equation  to  a  conic  in  the  homogeneous  form  in 
terms  of  three  variables  is 

Aj?*  +  By*-f  C2r*-f  2Ey2r  +  2Gza?-f  2h  j?y  =  0, 
the  equation  to  its  tangent  at  the  point  {x,  y,  z)  is 

f  (Aa?-|-oxr  +  Hy)  -|-iy(By-|-E2r+Ha?)  +  C(cz  +  Ga?  +  Ey)  =  0, 
and  which  takes  the  ordinary  form,  if  f  =  r  =  1. 

217.]  To  find  the  equation  to  the  normal  to  a  plane  curve  at 
a  given  point.     The  normal  is  defined  as  follows : 

The  normal  to  a  plane  curve  at  a  given  point  is  the  straight 
line  perpendicular  to  the  tangent,  and  which  passes  through  the 
point  of  contact. 

Let  (,  rj  be  the  current  coordinates  to  the  normal,  and  let 
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(x,  y)  be  the  point  of  contact  of  the  tangent ;  then  the  equation 
to  a  line  passing  through  (a;,  y)  and  perpendicular  to  that  Mrhose 
equation  is  (5),  is  ^ 

which  may  also  be  written  in  the  fcMrm 

('?-y)rfy+(f-^)rf«^  =  o.  (20) 

And  if  the  equation  to  the  curve  is  an  implicit  function^  it 
becomes  . 

2^  =  i^.  (21) 

/ap\  /«F\ 


Thus,  if  the  equation  to  an  ellipse  is 

'(^.y)  =  -^  +  f2  =  1^ 

the  equation  to  the  normal  is 

—  (T,-y)  =  -(f-a?). 
y  X 

Hence  also  it  follows,  that  the  equation  to  a  line  passing 
through  the  origin,  and  perpendicular  to  the  tangent,  is 

-2-  =  -L.  ;  (22) 

/dFX  /rfFX 

\dy^         \dxl 
by  means  of  which,  in  combination  with  equation  (11),  and 
that  to  the  curve,  the  locus  of  the  point  of  intersection  of  the 
tangent  with  the  perpendicular  on  it  from  the  origin  may  be 
determined. 

Thus  if  the  equation  to  the  rectangular  hyperbola  is  xy  =  A:', 
the  equations  to  the  tangent  and  to  the  perpendicular  on  the 
tangent  from  the  origin  are  respectively 

^  +  ?  =  2,  and      ^=-^; 

X      y         '  X       y 

between  which  and  the  equation  to  the  curve,  if  we  eliminate  x 

and  y,  we  have  i^+^  ^  2k[in)^, 

The  equation  to  the  analogous  curve  with  reference  to  the  ellipse 

is      (f»  +  .jV  =  a2f2  +  A*7,«. 
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218.]  Let  A8  be  the  distance  between  the  two  points  on  the 
curve  through  which  the  cutting  line  of  Art.  214  passes,  that  is, 
let  it  be  the  length  of  the  chord  joining  them  ;  then  * 

A«*  =  AX^  +  Ay^; 
and  let  the  two  points  approach  infinitesimally  near  to  one 
another;  in  which  case,  according  to  the  notation  of  Art  17, 
AX,  Ay,  A8  become  respectively  dx^  dy^  ds,  and  we  have 

ds^  =  dx^-\-dy^;  (28) 

and  d$  becomes  the  distance  between  these  two  points,  which 
are  infinitesimally  near  to  each  other;  that  is,  it  becomes  an 
element  of  the  curve,  or  an  infinitesimal  arc ;  or,  as  we  shall 
call  it,  a  length-element  of  the  curve :  it  is  in  fact  the  smaU 
portion  of  the  taugent  line  which  is  common  to  the  tangent  and 
the  curve,  the  tangent  indeed  being  the  length-element  pro- 
duced. Or,  under  another  mode  of  considering  the  curve,  that 
is,  of  conceiving  it  to  be  generated  by  a  point  moving  according 
to  a  given  law,  da  is  the  distance  between  two  successive  posi- 
tions of  the  point ;  and  if  these  two  positions  are  taken  so  near 
to  each  other,  that  only  an  infinitesimal  instant  of  time  has 
elapsed  during  the  passage  from  one  to  the  other,  it  is  impossi- 
ble to  conceive  but  that  the  moving  point  has  passed  in  a 
straight  line  from  one  to  the  other ;  the  length  of  which  straight 
line  is  ds. 

If  then  we  use  the  character  r  to  symbolize  the  angle  made 
by  the  tangent  with  the  axis  of  x,  that  is,  the  angle  ftm  in 
fig.  47,  we  have,  from  equation  (5), 

tanT  =  ^;  (24) 

whence  .        =  =  -f  d*,  (25) 

sm  r         cos  r         — 

the  last  equality  following  from  Preliminary  Theorem  I ;  the 
numerator  and  denominator  of  the  preceding  equalities  having 
been  squared  and  added,  and  subsequently  the  square  root 
having  been  extracted. 

Also  again,  by  equation  (10), 

— *L  =  -±_  = r^—Ti'        (^> 

therefore,  from  (25)  and  (26), 
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^rfF\ 


+  (-) 
cos  T  =    +  :7-  =   i2 .  ;  (27) 


«nr=  +;^=  -___ __-.  (28) 


dy '^\dx' 


Hence  also,  if  y^  is  the  augle  between  the  normal  and  the 
axis  of  or,  viz.  the  angle  fqm^  in  fig.  47^ 


dx 

fdr\ 


t"»V^=^5  (29) 


dx  —  Wi/' 

dy                "^  \die' 
COS'/' =±^  =  7-— T-rr-j-  (31) 

lU  +  (^)  \ 
The  preceding  equations  frequently  render  it  convenient  to 
deduce  from  the  equation  to  a  curve  the  relations  between 
ds,  dx,  and  dy :  of  which  some  examples,  giving  rise  to  differ- 
ential expressions^  are  subjoined. 

Ex.1.       y*  =  4»M7;  .-.     2ydy  =  4imdx; 

dy  ^  dx  ^  ds 

dy  2m  m^ 


'  '     ds  ~  {4f»»  +  y*}*  ""   {4?+m}*' 
dx  _^  y  __        0?* 

5*  -  {4m«+y*}*  "  {a?  +  m}*' 

Ex.  2.  To  find  the  relations  between  dx^  dy  and  «?«^  in  the 
equation  to  the  cycloid. 

(a)  Let  the  starting  point  be  the  origin ;  therefore^  by  equa- 
tion (29),  Art.  201, 

X  =  aversin-^-  — {2ay— y*}*; 
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.'.    ax  =  ^— ^ — r; 

and        ^  =  ^L_-_*_  (32) 

y         {2ay-y*}*        {2ay}* 

(^)    Let  the  highest  point  be  the  origin ;  therefore,  by  equa- 
tion (31),  Art.  201, 

y  =r  a  versin"*  -  +  {2ax^x^}^, 


{2aa?-zr2}* 


{2a-^}*        w^       (2a)** 


(33) 


Ex.  3.    To  iind  the  relation  between  dx,  dy  and  ds,  in  the 
-equation  to  the  catenary. 


iy  =  ^iec  —  €    c  Idx^  (34) 


flte;  (35) 

dx        ds  ^^ 

(36) 


{y«-c«}*      c       y 

219.]  Let  us  now  consider  the  general  geometrical  results 
which  are  contained  in  the  preceding  equations  to  the  tangent 
and  the  normal. 

Let  us  assume  the  curve  drawn  in  fig.  47  to  be  the  typical 
form  of  all  curves ;  of  which  pt  is  the  tangent  line  at  the  point  p, 
PG  the  normal  line ;  mt  the  subtangent ;  mg  the  subnormal;  oy 
the  perpendicular  from  the  origin  on  the  tangent  line ;  ot,  ot' 
respectively  the  intercepts  of  the  axes  of  x  and  y  by  the  tangent 
line;  and  the  lines,  pt  and  pg,  the  parts  of  the  tangent  and 
normal  lines  intercepted  between  the  point  of  contact  and  the 
axis  of  X,  are  called  respectively  the  tangent  and  the  normal. 

Let        OM  =z  Xy        MP  =  y,        oy  =  p, 
Then,  by  the  equations  to  the  tangent,  (5)  and  (11), 
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if  iy  =  0,  fo  =  a?-y^  = 


^(£)+y(^ 


i^Q,no^y^x-£^ 


^(S)+y(S 


339 


(37) 


(88) 


the  numerators  of  these  last  values  generally  admit  of  simplifi- 
cation by  Elder's  Theorem  \  but  of  this  hereafter. 

Without  however  deducing  the  values  of  the  other  geome- 
trical lines  of  the  figure  from  the  preceding  equations,  we  will 
express  them  in  the  following  manner;  which  is  preferable, 
because  it  addresses  itself  more  directly  to  geometrical  con- 
struction and  to  the  eye. 

In  fig.  47,   PTM  =  T,   PGM  =  ^; 


tan  PTM  =  tan  mpg  =  -^, 
ax 

dx 


tan  PGM  =  tan  tpm  = 


dy' 


.-.     Subtangent  =  mt  =  MPtauMPT  =  y-j-^ 

Subnormal  =r  mg  =  mp  tan  mpg  =:  v-r^> 

^  dx  J 

Tan6ent=PT  =  »8ectan-i^=y|l+^;   =y^. 


(39) 
(40) 

(41> 


Normal  =Po  =  y8ecton-i|  =  y|l+gi|*=y^; 

fo  =  OT  =  OM  — MT  =  a?  — y-7-, 

i|o  =  ot'=:mp  — PB  =  y  — d?-^; 

dx 

j9  =  OY  =   MP  sin  MPT  — OM  siu  PTM, 

_^     dx        dy  ^     ydx—xdy 
-  y'di'^^'da  "  {dx^^dy^}^' 
Also  by  means  of  equations  (27)  and  (28), 

X  X  2 


>  (43). 


(48), 


(44) 
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/rfp\  /rfp\ 


^y)+y(^) 


P=  ±  r-T-r—r-fri:  («) 


w-(%n*' 


and  therefore,  if  f  {Xy  y)  is  a  homogeneous  function  of  n  di- 
mensions. 


np 


Hereby  also  we  may  put  in  other  forms  the  equation  to  the 
tangent  given  in  equation  (5), 

r^dx  ^  idy  =  ydx  —  xdy^ 

dx       ^dy  dx         dy 


=p> 


(46) 


.  220.]  From  the  equations  to  the  tangent  and  normal  it 
appears,  that  whenever  :r  or  ^  is  affected  with  +  \/— ,  such 
signs  will  remain  in  the  equations,  and  therefore  17  and  i  will 
be  similarly  affected ;  and  therefore  whenever  the  curve  is  out 
of  the  plane  of  reference,  the  tangent  and  normal  also  are. 

Also,  as  -p  is  the  trigonometrical  tangent  of  the  angle  made 

with  the  axis  of  x  by  the  tangent  to  the  curve,  at  all  points  at 

which  -^  has  a  finite  value  the  curve  is  inclined  to  the  axis  of 

0?  at  a  finite  angle :    and  if  -^  is  positive,  then  x  and  y  are 

simultaneously  increasing  or  decreasing,  see  Art.  110,  and  the 
curve  is  such  as  the  logarithmic  curve  of  fig.  82,  or  the  cycloid 

of  fig.  40 ;  and  if  ^  is  negative,  as  x  increases  y  decreases,  and 

vice  versdy  and  the  curve  is  such  as  the  equitangential  curve 

in  fig.  38. 

dy 
If  ^  =  0,  the  tangent,  and  therefore  the  curve  at  the  point 

of  contact,  is  parallel  to  the  axis  of  x ;  and  if  ^  changes  its 
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sign  at  such  a  pointy  there  is  a  maximum  or  minimum  ordinate, 
such  as  is  drawn  in  figs.  12  and  13 ;  but  if  -^  does  not  change 
sign,  then  the  form  of  the  curve  will  be  such  as  in  figs.  14  and  15, 
according  as  ^  is  positive  or  negative. 

If  -p  =  00 ,  the  tangent,  and  therefore  the  curve  at  the  point 

of  contact,  is  perpendicular  to  the  axis  of  a?,  and  may  be  such 
as  oy  in  fig.  39,  or  as  is  drawn  in  one  or  other  of  the  diagrams 

of  fig.  48 ;  that  is,  if  ^>  in  passing  through  oo ,  changes  sign 

from  +  to  — ,  the  point  of  the  curve  may  be  such  as  is  repre- 
sented in  (a) :  if  it  changes  sign  from  —  to  +,  it  may  be  that 

represented  in  O) ,-    but  if  -~^  does  not  change  sign  and  is 

positive  throughout,  the  curve  is  that  indicated  in  (y),  and  if  it 
is  negative  throughout,  it  is  that  indicated  in  (5). 

If  at  any  point  of  a  curve  ^  =  tjJ  that  is,  if  (^)  =  0  and 

(— j  =  0,  the  direction  of  the  tangent  at  the  point  will  be 

dp 
indeterminate  as  far  as  the  form  of  -^  defines  it ;  but  it  may 

be  evaluated,  and  the  means  of  doing  so  will  be  discussed  in 
Section  4  of  the  present  Chapter. 

221.]  Illustrative  examples  on  the  preceding  Articles. 
Ex.  1.    Properties  of  the  ellipse. 

idr\        2x  /dv\        2y, 


iar\  _  XX  /dT\  _  »y 


dp  _       b*x 
dx  ~       a*y 

Hence  the  equation  to  the  tangent  is 

f a?      ny  _  , 
a»  ■*"  i«  ~     ' 

the  equation  to  the  normal  is 

-(f-a.)  =  -(,-y).  or,     -±  - -JL  =  a^-b*. 
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The  intercept  of  the  axis  of  x  by  the  tangent  =  f o  =  — > 

^ =^  =  7' 

dx  fl*y* 

The  aubtangent  =  y-=  --^, 

The  subnormal  =  y^  = 5-^: 

The  perpendicular  from  origin  on  tangent  = . 

Ex.  2.    Properties  of  the  Gissoid  of  Diocles. 
The  equation  is  y*  = ; 

dy  _        J?*  (3a— a?)  , 
rfo?  ■"  -    (2a-a?)* 

therefore  at  the  origin^  ^  =  0^  and  the  curve  touches  the  axis 

of  x;  when  ^  =  3a,  -^  =  0,  and  changes  sign,  and  therefore 

the  ordinates  are  severaUy  a  maximum  and  a  minimum ;  when 

a?  =  2  a,  ^  =  00 ,  and  therefore  the  curve  is  perpendicular  to 

the  axis  of  x;  when  x  =z  a,  y  =  a,  --^  =  2,  and  therefore  the 

ax 

curve  cuts  its  fundamental  circle  at  tan~^2.    These  several 

values  of  the  tangent  are  exhibited  in  fig.  34. 

Ex.  3.    Let  the  curve  be  the  hypocycloid  whose  equation  is, 

Art.  206,  AAA 

j?t  -I-  y  t  =  a*. 

The  equation  to  the  tangent  is 

art       y» 
and  therefore    fo  =  «*  ^*,       aiid    1/0  =  «'  y*  J 

and  therefore  the  length  of  the  tangent  line  intercepted  between 
the  coordinate  axes  is  constant. 

Ex.  4.    To  find  the  differential  equation  to  the  equitangential 
curve ;  see  Art.  200. 
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According  to  the  definition,  the  line  pt  of  fig.  38  is  to  be  of 
constant  length ;  let  the  length  be  a ; 

the  negative  sign  being  taken  because,  according  to  the  form 
drawn  in  fig.  38,  y  decreases  as  x  increases. 
Ex.  5.    Properties  of  the  logarithmic  curve. 

y  =  a'; 
^=  a'loga  ==  yloga; 

.•.     the  subtanfi^ent  =  y-^-  =  r =  a  constant. 

^  ^  dy      log  a 

Also  when  j?  =  0,  y  =  1 ;  in  which  case  ^  =  log  a,  which 

is  the  tangent  of  the  angle  at  which  the  curve  is  inclined  to 
the  axis  of  Xy  at  the  point  where  it  cuts  the  axis  of  y. 

Ex.  6.    Properties  of  the  cycloid. 

(a)   Firstly,  let  the  starting  point  be  the  origin ;  the  equa- 
tion to  the  curve  is, 

X  =  a  versin"^-  —  {2ay  — y'}*. 


dx 
dy~ 

dy  _ 
dx~ 

in  fig. 

y 

2a- 

{2«y- 
{2«y- 

y 

49, 

y*}*_ 

-y 

Therefore 

{2ay- 

-»'}* 

{2ay— y*}i  =  lp,     and  2a— y  =  lq,     and   -^  =  tanPTM, 

ax 

.  QL         , 

.'.     tanPTM  =  —  =  tauQPL; 

PL 

therefore  the  tangent  at  p  also  passes  through  the  point  q. 

Hence  also  the  normal  at  the  point  p  passes  through  o,  the 

other  extremity  of  the  diameter  of  the  generating  circle ;  as  is 

dx 
also  manifest  from  the  above  value  of  -r- . 

dy 

The  length  of  the  normal  =  po  =  y  —  =  {2ay}* ;  see  (42) ; 


PO*  =  Q6  X  GL. 
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(/3)  Secondly,  let  the  highest  point  be  the  origin ;  see  fig.  50 ; 
then  ^ 

y  =  [2aj?— a?*}*  -f  a  versin-*  - , 

rfy  _       2a— X       _  {2aa?  — a?*}* 

MQ 

.-.     tanPTM  =  —  =  tanQOM; 

OM 

therefore  pt  is  parallel  to  the  chord  oq.  Hence  also  ot'=  pq  = 
the  arc  oQ ;  and  hence  too  the  normal  po  is  parallel  to  the 
chord  QA. 

222.^  We  must  return  however  to  the  general  equations  of 
the  tangent  and  the  normal  given  in  Articles  214—217,  for  they 
require  closer  consideration. 

The  general  equation  (11)  to  the  tangent  is 

Let  us  suppose  the  equation  to  the  curve  to  be  expressed 
in  the  form  (48)  of  Art.  207 ;  that  is,  let 

¥{x,y)  =  tto  +  tti-l-tta+...+tt»  =  0,  (48) 

where  iio,  Ui,  ...  Un^  are  homogeneous  functions  of  0^  1,  2, ...  n 
dimensions  respectively  in  terms  of  x  and  y  3  then 


>;  (49) 


so  that  the  right-hand  member  of  (47)  becomes 

but  by  Euler's  Theorems^  Art.  82^  this  expression  is  equal  to 

and  therefore,  by  reason  of  (48),  to 

-{ttn-i  +  2ii^_8-f  ...  -h(»-l)«i  +  «tto};  (5^) 

so  that  (47)  becomes 

f  (^)  +  17  (^)  +  ttn-i  +  2ttn-2+ ...  +  (»-l)«i-l-ni<o  =  0;  (52) 
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irhich  is  the  equation  to  the  tangent  in  the  reduced  form ;  and 
is  of  II  —  1  dimensions  in  terms  of  x  and  y. 

If  the  equation  to  the  curve  is  expressed  in  terms  of  three 
variables  x^  y,  z^  this  result  is  evident  immediately :  the  equa* 

tion  to  the  tangent  in  this  case  is  given  by  (18),  and  \j-t-)  >  \^-r-)  > 

\-^  are  plainly  of  »— 1  dimensions  in  terms  of  a?,  y  and  z, 

K  j?  =  C=  1,  (18)  and  (52)  are  identical ;  in  which  case 

C  (5^)  =  ttn-i  +  2  ttn-a  +  . . .  -I-  (n  - 1)  Wi  -f  »  Mo. 

Let  us  return  to  (52).  If  the  origin  is  on  the  curve,  mq  =  0 ; 
and  if  the  tangent  is  in  this  case  drawn  at  the  origin,  then 

omitting  the  terms  which  vanish,  and  replacing  ^-r-)  and  \t-) 
by  their  values  from  (49),  we  have 

and  if  we  replace  £  and  t;  by  a?  and  y,  remembering  that  x  and 
y  are  in  tins  case  the  current  coordinates  of  the  tangents 
(53)  becomes,  by  reason  of  Euler's  Theorem, 

tti  =  0;  (54) 

so  that  if  fih  +  t<2+  ...  -|-ttn  =  0  is  the  equation  to  a  curve,  iii  =  0 
is  the  equation  to  the  tangent  at  the  origin. 
Thus  if  the  equation  to  a  conic  is 

A^*  +  Bd?y-|-cy*-|-Da?-|-Ey  =  0^ 
the  equation  to  the  tangent  at  the  origin  is 

D4?+Ey  =  0. 

Since  a  straight  line  may  cut  a  curve  of  the  nth  degree  in 
ft  points,  it  foUows  that  if  two  of  these  points  become  coinci- 
dent, that  is,  if  a  line  touches  a  curve  at  a  given  point,  it  can 
cut  it  in  only  n— 2  other  points.  Thus  if  a  straight  line  touehes 
a  conic,  it  cannot  meet  the  curve  again.  If  a  straight  line 
touches  a  curve  of  the  third  order,  it  must  cut  it  at  some  other 
pcnnt  Generally,  if  a  line  touches  a  curve  of  an  even  order,  it 
will  either  meet  it  again  in  an  even  number  of  points  or  not  at 
all.  And  if  a  line  touches  a  curve  of  an  odd  order  it  will  meet 
it  again  in  an  odd  number  of  points,  and  in  one  point  at  least. 

Since  a  tangent  passes  through  two  points  of  a  curve,  it  is 
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manifest  that  if  a  curve  is  to  touch  a  given  straight  line  at  a 
given  point,  this  circumstance  is  generally  equivalent  to  two 
conditions  in  the  determiuntion  of  the  constants  of  the  curve. 
See  Art.  211.  Thus  as  five  conditions  will  determine  a  central 
conic^  it  is  generally  impossible  to  construct  one  which  shall 
touch  the  three  sides  of  a  triangle  at  given  points.  As  four 
conditions  determine  a  parabola,  so  a  parabola  is  determinate  if 
it  touches  two  given  straight  lines  at  given  points. 

223.3  Now  il,  77)  in  (52)  is  any  point  on  that  tangent  which 
touches  the  curve  at  (x,  y) ;  let  us  suppose  (f,  r))  to  be  a  fised 
point,  and  tangents  to  be  drawn  from  it  to  the  curve ;  then  as  (52) 
is  of  n  — 1  dimensions  in  terms  of  <r  and  y,  all  the  points  of  con- 
tact lie  in  a  curve  of  the  (n  —  l)th  degree ;  and  therefore  there 
may  be  as  many  points  of  contact,  and  consequently  as  many  tan- 
gents as  there  are  points  of  intersection  of  (52)  with  the  original 
curve:    that  is,  there  may  be  n(n  — 1)  tangents  drawn  from  a 
given  point  to  a  curve  of  the  nth  degree.     If  the  »(n  — 1)  roots 
of  the  equation  which  determines  the  points  of  intersection  are 
all  real^  they  give  points  at  which  tangents  may  actually  be 
drawn  to  the  curve  from  (f ,  r}) ;   but  the  tangents  which  cor- 
respond to  imaginary  roots  cannot  be  drawn,  at  least  to  those 
branches  of  the  curve  which  are  in  the   plane   of  reference. 
Hence  the  theorem  gives  the  number  which  the  tangents  drawn 
from  a  given  point  and  in  the  plane  of  reference  cannot  exceed. 
Since  n{n  —  \)  is  an  even  number,  all  the  roots  may  be  ima- 
ginary, entering  as  pairs  of  conjugate  roots,  and  therefore  it  is 
possible  that  no  tangents  can  be  drawn  to  a  given  curve  from 
points  within  certain  portions  of  space  in  the  plane  of  reference  : 
for  f  and  r\  enter  into  the  equ<ition  (52),  and  therefore  the 
reality  of  the  roots  of  the  equation  which  determines  the  points 
of  contact  is  dependent  on  their  values.     This  is  geometrically 
evident :   because  from  all  points  towards  which  a  curve  is 
concave  no  tangents  can  be  drawn  to  that  relatively  concave 
part:   whereas  for  all  those  points  towards  which  a  curve  is 
convex  two  tangents  can  be  drawn  to  that  relatively  convex 
part.     And  if  the  point  whence  the  tangents  are  drawn  varies, 
the  two  tangents  become  coincident  when  it  is  on  the  curve. 
And  thus  from  a  point  on  the  curve  only  n(«  — 1)— 2  tangents 
can  be  drawn  to  the  curve.     This  is  in  accordance  with  the 
algebraical  theorem,   that  if  <a  pair  of  conjugate  roots  of  an 
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equation  gradually  varies,  and  becomes  real  by  reason  of  the 
vanisliing  of  the  imaginary  part,  they  are  equal  at  the  values 
where  the  transition  from  their  being  imaginary  to  their  being 
real  takes  place. 

Although  the  tangents  corresponding  to  the  imaginary  roots 
may  not  be  capable  of  geometrical  exhibition,  yet  as  they  are 
important  in  reference  to  a  sul)ject  which  we  shall  presently 
investigate,  their  algebraical  existence  must  not  be  forgotten. 
These  theorems  are  also  true  when  the  point  from  which  the 
tangents  are  drawn  is  at  an  infinite  distance ;  that  is,  in  other 
words,  when  the  tangents  are  all  parallel  to  each  other. 

If  91  =  2,  the  original  curve  is  a  conic  ;  and  »(n  — 1)  =  2; 
therefore  not  more  than  two  tangents  can  be  drawn  from  the 
same  point  to  a  conic ;  and  the  point  whence  the  tangents 
are  drawn  may  have  such  a  position  that  two  may  be  drawn, 
or  only  one,  or  none :  thus  as  to  an  ellipse ;  from  all  points 
outside  the  curve  two  real  tangents  can  be  drawn :  from  all 
points  on  the  cur\'e,  only  one:  and  from  points  within  the 
curve,  none. 

If  ft  =  S,  n(«  — 1)=6;  and  therefore  six  is  the  greatest 
number  of  tangents  that  can  be  drawn  from  a  given  point  to  a 
curve  of  the  third  degree;  and  if  the  point  from  which  the 
tangents  are  drawn  is  on  the  curve,  only  four  tangents  can  be 
drawn.  We  shall  hereafter  have  various  modifications  of  these 
propositions. 

Plane  curves  are  also  arranged  according  to  the  number  of 
tangents  which  can  be  drawn  to  them  from  a  given  point :  and 
according  to  this  character  they  are  said  to  be  of  a  certain  class. 
Thus  if  a  curve  is  capable  of  having  m  tangents  drawn  to  it  from 
a  given  point,  it  is  said  to  be  of  the  mth  class.  Thus,  if  a  curve 
is  of  the  nth  degree,  it  is  of  the  n(n  —  l)th  class.  A  curve  of 
the  second  degree  is  of  the  second  class ;  a  curve  of  the  third 
degree  is  of  the  sixth  class. 

It  is  also  manifest  by  general  reasoning  that  not  more  than 
«(n  — 1)  tangents  can  be  drawn  to  a  curve  of  the  «th  degree 
from  a  point  in  its  plane.  A  tangent  meets  a  curve  in  two 
coincident  points ;  and  as  a  straight  line  drawn  &om  a  given 
point  cannot  cut  a  curve  in  more  than  n  points,  so  the  number 
of  pairs  of  points  of  intersection  of  the  line  with  the  curve  may 

be  5 ;   and  when  two  points  of  intersection  become  coin- 
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cident,  the  catting  line  becomes  a  tangent ;  and  as  each  pair  of 
points  may  become  coincident  in  two  different  ways,  so  the 
namber  of  tangents  may  be  n  (n — 1.) 

224.3  Here  we  mast  investigate  another  method  of  finding 
the  equations  of  the  n(n— 1)  tangents  to  a  phine  carve,  which 
will  give  the  equations  of  all  in  a  synthetic  form ;  and  the  process 
too  being  general  will  lead  us  on  the  way  to  other  more  general 
theorems  of  algebraic  carves.  For  the  sake  of  symmetry  and 
homogeneity  I  shall  use  the  equation  to  the  curve  in  the  triliteral 
form,  and  shall  express  it  by  the  equation, 

F{a?',y',/)  =  0.  (55) 

Take  any  two  points  a,  b  in  the  plane,  {$,  17,  0  <uid  (x,  y,  r), 
and,  in  the  line  joining  them,  consider  a  point  r,  (x%  y\  z\  which 
divides  the  distance  between  them  in  the  ratio  fi :  v ;  so  that 
AP  :  BP  ::  y  :  fi; 

,       vx-^rjij       ,  _  Py-\-M  vz-\-ii( 

X   =  ; ,    y    =    ; ,    Z    =   ; ;  (DO) 

let  us  suppose  p,  (a?',y,/)  to  be  on  the  curve  (55);  then  substi- 
tuting (56)  in  (55),  and  suppressing  the  common  denominator 
(/A+v)*^,  which  may  be  done  because  (55)  is  homogeneous,  we 

***^®  Y(vx^VLi,  vy+M,  vz+fiO  =  0 ;  (57) 

which  is  an  equation  of  the  nth  degree  in  terms  of  the  ratio 
fi  :  V.  The  roots  of  this  are  the  ratios  in  which  the  line  joining 
(£,  17, 0  <u>id  (x,  y,  z)  are  cut  by  the  curve  at  each  of  the  n  points 
where  it  meets  the  curve;  and  if  these  n  values  are  substituted 
in  (56),  we  shall  have  the  coordinates  to  the  n  points  of  section. 
Let  (57)  be  expanded  by  the  theorem  given  in  (56),  Art.  142 ; 
then,  as  (57)  is  homogeneous  and  of  the  nth  degree,  we  have 


i-v|f(S).W0)-f(^ 


+ =0.   (58) 

Let  us  take  a  more  convenient  notation ;  and  let 
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>', 


(59) 


80  that  (58)  becomes 

p*p  +  v'-V/h  -h  y-2  *'""V*;>2  +  —  +  »'ft""^/>n-i+fA"/?n=0;  (60) 

which  is  again  of  the  nth  degree  in  terms  of  the  ratio  /i :  v, 
and  of  which  the  roots  refer  to  the  n  points  of  intersection  of 
the  straight  line  with  the  curve. 

The  extreme  point  (a?,  y,  z)  of  this  cutting  hue  is  not  fixed ; 
it  may  therefore  be  any  point  in  the  plane  of  the  curve :  let  us 
assume  it  to  be  on  the  curve :  then  it  is  manifest  that  />  =  0^ 
and  also  that  one  of  the  roots  of  (60)  is  equal  to  zero^  or  that 
the  equation  is  divisible  by  /i. 

If  the  line  meets  the  curve  in  two  coincident  points,  let  us 
suppose  them  to  be  {x^  y,  z)  the  extremity  of  the  cutting  line ; 
then  two  values  of  m  are  equal  to  zero,  and  (60)  .must  be  divi- 
sible by  y?.  In  this  case  J9  =  0,  and  /?!  =  0 :  and  as  these  are 
simultaneous,  the  points  to  which  these  equal  and  vanishing 
values  of  /a  correspond  are  the  points  of  intersection  of  the  two 
curves  p  =  F{x,y,z)  =  0,  and  pi  =  0.  But  if  a  line  drawn 
from  ((,  ti,  0  to  the  curve  meets  the  curve  in  two  coincident 
points,  that  line  is  a  tangent :  therefore  the  equation  pi  =  0, 
which  is  of  the  first  order  in  terms  of  £,  17,  C>  is  that  of  the  tan- 
gent of  the  curve ;  and  this  expressed  at  length  is 

which  is  the  same  equation  as  that  found  above  in  Art.  216, 
and  is  of  the  (n  — l)th  order  in  terms  of  Xyy,z;  so  that  the 
points  at  which  tangents  drawn  from  (£,  rj,  ()  touch  the  original 
curve  lie  on  a  curve  of  the  (n— l)th  order.  And  this  result 
admits  of  extension ;  for  from  (59)  it  appears  that  /^a  =  0,  which 
is  an  equation  of  the  (n  —  l)th  order  in  terms  of  x,  y,  z,  is  that 
which  passes  through  the  {n^2)  points  at  which  tangents  drawn 
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from  (£,  f],  C)  touch  the  curve  /?i  =  0 ;  similarly,  /?8  ==  0  is  the 
curve  of  the  (»— 3)rd  order  which  passes  through  the  («— 3) 
points  of  contact  of  lines  drawn  from  (f ,  77,  {)  with  the  curve 
Pi  =  0;  and  similarly  /i»_i  =  0  is  the  equation  to  a  straight 
line  in  terms  ota^,  y,  z  which  passes  through  the  points  of  contact 
of  the  tangents  drawn  from  (f ,  ?|,  f )  to  the  conic  pn-%  =  0.  The 
further  consideration  of  (59)  and  (60)  must  be  deferred  to  a 
subsequent  Section. 

225.^  In  connexion  with  the  present  subject  it  remains  for 
us  still  to  investigate  more  generally  the  equation  of  the  system 
or  the  pencil  of  tangents  which  can  be  drawn  from  a  given  point 
(f ,  r\^  C)  to  a  curve  of  the  nth  degree. 

Let  the  equation  to  the  curve  be  p  (a?,  y,  ^r)  =  0 ;  then  we 
have  the  following  equations, 

P(a?,y,2r)  =  0;  (62) 

^  inz'  -  fy')  +  y  (f  0?'-  f /)  -f  2r  dy'-xix')  =  0 ;        (64) 

of  which  (63)  is  the  equation  to  the  tangent^  and  (64)  is 
the  equation  of  a  straight  line  passing  through  (f,  r),  C)  and 
another  point  {x',  y\  /),  and  of  which  line  therefore  x\  y\  z' 
may  be  the  current  coordinates.  Now  (62)  is  a  homogeneous 
equation  of  n  dimensions,  (63)  is  also  homogeneous  and  of  n  —  1 
dimensions  in  terms  of  x^y^z  \  and  (64)  is  of  one  dimension  in 
terms  of  the  same  variables ;  therefore^  if  a?,  y,  z  are  eliminated^ 
the  resultant  is,  see  Art.  209,  of  n(n  — 1)  dimensions  in  terms 
of  i;/— fy',  fa?'— f^,  iy^v^  I  of  ^  dimensions  in  terms  of 
i,  ri^  C;  and  apparently  of  2n  — 1  dimensions  in  terms  of  the 
coefficients  of  f  =  0,  because  these  coefficients  enter  in  the  nth 
degree  by  reason  of  (63)  and  in  the  (n  — l)th  degree  by  reason 
of  (62);  but  the  resultant  has  a  linear  rational  factor  with 
reference  to  the  coefficients  of  p  =  0,  because  (x,  y\  sf)  is  on 
the  tangent,  and 

this  factor  is  therefore  to  be  omitted ;  and  the  resultant  con- 
sequently is  of  the  2(n  — l)th  degree  with  respect  to  the  coeffi- 
cients of  p  s=  0 ;  and  is  the  equation  of  the  system  of  tangents 
which  can  be  drawn  to  the  curve  from  the  point  (f,  i;,  ().     As 
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an  example  of  this  process  let  us  take  the  ellipse  whose  equa- 
tion is  9  9  Q 

/m£  lyS  4^4 

■^  +  ^+■^  =  0;  (66) 

aud  the  equation  to  its  tangent  is 

^  +  -^  +  ;^  =  o.  (67) 

and  the  equation  to  the  line  through  (f,  i/,  f )  and  (a/,  f/,  /)  is 

X  (fyi  -  ij A)  +  y  (f ^1  -  f a?,)  +  ar  (,ar, -  f y,)  =r  0 ;         (68) 
so  that  from  (67)  and  (68)  we  have 


'f  .  "•  .  <'\     .  (£^'  .  rty'  ,  C^'\ 


..  =  ...  (69) 


\o»  ^  i»  +  c«/       '^  Va»  ^  i»  +  c«/ 
substituting  which  in  (66)  we  have 

which  is  a  quadratic  equation  in  terms  of  x\  y'y  /^  and  gives 
therefore  two  values  for  the  point  to  which  a  line  drawn  from 
(f >  ^i  0  ^ill  be  a  tangent  to  the  ellipse  :  two  tangents  therefore 
can  be  drawn  to  an  ellipse  from  a  given  point. 

Further  investigations  in  connexion  with  this  subject  will  be 
found  in  a  paper  by  Joachimsthal  in  Crelle's  Journal^  Vol. 
XXXIII,  p.  371,  and  in  a  paper  bj  Mr.  Cayley  in  the  same 
Journal,  Vol.  XXXIV,  p.  30. 

226.]  The  equation  to  the  tangent  given  in  (18)  or  (61), 
which  is  equivalent  also  to  equation  (52),  must  still  be  con- 
sidered in  a  more  general  way,  and  with  reference  to  the  curve 
which  passes  through  the  n(n  — 1)  points  of  contact:  for,  as 
before  observed,  these  equations  are  of  the  (n  — l)th  degree  in 
terms  of  jp,  y,  and  z^  aud  of  the  first  degree  in  reference  to  $,  ri,  C 
This  curve  requires  a  peculiar  name  on  account  of  many  pro- 
perties which  it  possesses ;  and  it  is  called  the  Polar,  or  the 
first  polar,  with  reference  to  the  point  (f,  »y,  ()  which  is  called 
the  Pole.  The  original  curve  p(a?,  y,z)  =0  is  called  the  Base- 
curve;  and  thus  Base-curve,  Pole,  and  Polar  are  correlative 
terms.  In  (59),  if  (x,  y,  z)  is  a  point  on  the  curve  p  =  r  (x,  y,  z) 
=  0,  /I  is  the  base-curve :  jk>i  =  0  or 
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is  the  equation  of  the  first  polar,  with  reference  to  (f  ,  11,  f  )  as 
the  pole. 

Thas  if  the  baae-canre  is  a  conic  of  which  the  equation  is 
AX>  +  By*  +  C2r*+2Eyjr+2Grx+2Hxy  =  0, 
the  equation  of  the  first  polar  is 

f(AX+Hy4or)  +  i|{Hx+By  +  EZ)  +  f{ojp  +  By  +  cz)  =  0, 

which  is  of  the  first  degree  in  terms  of  x,  y,  z,  and  is  therefore 
the  equation  to  a  straight  line. 

Similarly  if  the  base-corre  is  of  the  third  d^ree,  the  first 
polar  is  a  conic,  and  all  the  six  points  of  contact  of  tangents  to 
the  curve  drawn  firom  a  giyen  point  are  on  a  conic. 

Let  us  consider  the  modifications  which  (71)  undergoes  for 
particular  positions  of  the  pole.  Let  the  origin  be  the  pole ; 
then  f  =  1;  =  0;  and  (71)  becomes 

© = 0.  m 

and  this  is  the  polar  of  the  origin.  Thus  the  polar  of  the  origin 
of  the  conic  whose  equation  is  (51),  Art.  208,  is 

ox-f  Ey  +  c«  =  0.  (73) 

Again,  let  us  suppose  the  pole  to  be  at  an  infinite  distance,  so 
that  all  the  tangents  drawn  firom  it  to  the  curve  are  parallel, 

and  let  us  suppose  -  to  be  the  tangent  of  the  angle  which  all 

these  paraUel  tangents  make  with  the  axis  of  x;  then  the 
equation  to  the  polar  is 

which  is  of  the  (n  — l)th  degree;  and  as  the  points  of  contact 
are  the  n(n  — 1)  points,  common  to  this  and  to  the  original 
curve,  it  foUows  that  all  the  points  of  contact  of  parallel  tangents 
lie  on  a  curve  of  the  (»— l)th  degree. 

If  all  the  tangents  are  parallel  to  the  axis  of  x,  6  =  0,  and 

therefore  (-r- )  =  0 ;  similarly  if  the  tangents  are  parallel  to 

the  axis  of  y,  c  =  0,  and  therefore  (^)  =  0.     Thus  (^)  =  0, 

and  f^)  =  0  are  the  equations  to  the  polars  of  r(w,y,z)  =  0, 

when  the  pole  is  at  an  infinite  distance  on  the  axes  of  x  and  y 
respectively.     One  case  of  these  equations  requires  notice :  if 
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'(^>  y» «)  is  the  equation  of  a  conic^  y-z-j  and  ij-)  are  ex- 
pressions of  the  first  degree^  and  represent  straight  lines.  Now  if 
y-j-j  =  0,  at  the  points  common  to  it  and  the  conic,  the  tan- 
gents of  the  conic  are  parallel  to  the  axis  of  a? ;  and  as  all  chords 
of  a  conic  paraUel  to  these  parallel  tangents  are  bisected  by  the 

line  passing  through  the  points  of  contact,  so  {-r-j  =  0  is  the 

equation  of  a  line  bisecting  all  chords  parallel  to  the  axis  of  x ; 

it  is  therefore  a  diameter.     Similarly  l-r-j  =  0  is.  the  equation 

to  a  diameter  bisecting  all  chords  parallel  to  the  axis  of  y : 
accordingly  the  point  of  intersection  of  these  two  lines  is  the 
centre  of  the  conic.     See  Ex.  2,  Art.  141. 

If  v(Xy  y^z)  is  of  three  dimensions^  (74)  is  the  equation  to  a 
conic;  and  therefore  the  six  points  in  a  curve  of  the  third 
degree  at  which  lines  parallel  to  a  given  straight  line  touch  the 
curve  lie  in  a  conic. 

227.]  Suppose  that  the  pole  is  not  a  fixed  point,  but  moves 
in  a  given  curve  in  the  plane  of  the  base-curve :  then  as  the 
position  of  the  pole  moves,  that  also  of  the  polar  is  changed. 
Let  us  call  the  curve  along  which  the  pole  moves,  the  Directrix : 
then,  if  the  directrix  is  a  continuous  curve,  the  successive  cor- 
responding polars  will  have  positions  infinitesimaUy  consecutive, 
and  will  doubtless  in  their  consecutive  intersections  generate 
another  curve :  curves  generated  in  this  way  are  called  Enve- 
lopes ;  but  the  general  theory  of  them  must  be  reserved  to  a 
future  part  of  our  treatise.  See  Chapter  XIII.  Without  enter-  , 
ing  on  the  general  theory  I  am  here  able  to  consider  the  most 
simple  case ;  that,  viz.  in  which  the  directrix  is  a  straight  line. 

Let  the  equation  to  the  directrix  be 

cf  +  *»?-l-cf  =0;  (75) 

the  equation  to  the  first  polar  is 

whence  we  have 

^  _  *>  _  ^  .    (77) 

*(£)-*0  '^O-'*©   "(J)-*© 
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and  as  no  other  relation  is  given  between  £  77  and  C  these  quan- 
tities are  indeterminate ;  and  thus  we  have 

'©-(rP  =  «(£)-«©  =  «0-'(£)=''^<™' 

which  are  two  equations  of  the  {n  —  l)th  degree  in  terms  of 
je,y^z:  these  are  the  equations  to  two  curves  each  of  which  is 
of  the  (»  — l)th  order;  and  these  curves  do  not  involve  f, »;,  f: 
they  are  therefore  the  same  for  all  positions  of  the  pole  in  the 
directrijt;  and  they  intersect  in  (»  — 1)*  points;  and  therefore 
we  conclude  that  all  the  first  polars  of  a  curve  of  the  nth  degree 
pass  through  (^  —  1)^  points,  if  the  directrix  of  the  pole  is  a 
straight  line.  A  particular  case  of  this  is  the  well-known 
theorem^  that  all  the  polars  of  a  conic  corresponding  to  poles 
on  a  given  straight  line  pass  through  one  and  the  same  point. 

228.]  The  first  polar  is  a  curve  of  the  (w  — l)th  degree.  To 
it  let  a  process  with  reference  to  the  same  pole  be  applied 
similar  to  that  by  which  the  first  polar  is  derived  from  the 
base-curve:  then  another  curve  will  be  derived  from  it,  and 
this  may  from  analogy  be  called  the  second  polar,  being  as  it  is 
the  polar  of  the  aforesaid  first  polar,  and  with  reference  to  the 
same  pole.  Similarly  may  other  polars,  the  thirds  the  fourth, 
&c.  be  derived.  On  referring  to  the  series  of  equations  (59) 
j9i  =  0  is  the  equation  of  the  first  polar ;  and  as  />2  =  0  bears 
the  relation  to  it,  with  reference  to  (f,  ri,  f),  which /?i  =  0  does  to 
the  base-curve,  P2=^0  is  the  equation  to  the  second  polar : 
similarly j93  =  0  is  the  equation  to  the  third  polar;  and  so  on; 
and  as  /?  =  0  is  an  equation  of  the  nth  degree  in  terms  of  x,  y,  z, 
so  if  curves  are  formed  according  to  the  scheme  in  (59),  Pn-i^O 
is  of  the  first  degree  in  terms  of  x^y^z-y  and  is  therefore  as  to 
these  coordinates  the  equation  of  a  straight  line.  Similarly 
/?,j_2  =  0  is  the  equation  of  a  conic;  therefore  the  (»--l)th 
polar  is  a  straight  line,  and  the  (n-'2)th  is  a  conic.  These 
results  are  true,  whatever  is  the  base  curve.  I  may  also  observe 
that  by  reason  of  the  symmetry  of  the  function  in  (57), 

?->  =  »(^)  +  >'(^) +  »($)  =  <>;  (80) 
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which  are  respectively  the  equations  to  the  polar  conic  and  the 
polar  straight  line.  It  is  also  to  be  observed  that  the  successdve 
polars  /?i,/>2,  .../?„_  1,  are  in  terms  of  f ,  17,  C  severally  of  the 
orders  1,2, ...  (n— 1)*. 

229.|]  The  general  equation  of  the  normal  to  a  plane  curve 
given  in  (21),  Art.  21 7,  is 

which  is  evidently  of  n  dimensions  in  terms  of  x  and  y,  and 
does  not  generally  admit  of  reduction.  If  {(,  rj)  is  a  point  from 
which  normals  are  drawn  to  a  curve  f  (^,  y)  of  the  nth  degree, 
(X,  y)  in  (81 )  is  the  point  at  which  the  normal  meets  the  curve : 
and  as  (81)  is  of  n  dimensions,  it  follows  that  there  are  as  many 
points  of  intersection  of  normals  with  the  curve  as  there  are 
points  of  intersection  of  (81)  with  the  original  curve:  that  is, 
the  number  of  points  is  n?  :  therefore  from  a  given  point  (f,  iy) 
«'  normals  may  be  drawn  to  a  curve  :  this  is  clearly  the  largest 
number ;  and  the  number  which  can  actually  be  drawn  will  be 
the  same  as  that  of  the  real  roots  in  the  equation  of  n^  dimen- 
sions which  arises  from  the  combination  of  (81)  and  o{¥(x,y)  =  0. 
As  ^  and  rj  enter  into  this  equation  by  means  of  (81),  so  will  the 
nature  of  the  roots  depend  on  them ;  and  therefore  there  may  be 
certain  districts  of  the  plane  of  reference,  in  which  if  the  point 
i(»  v)  is  taken,  all  the  roots  may  be  real :  certain  lines  of  de- 
marcation on  which  if  (f,  rj)  is,  two  or  an  even  or  any  number  of 
the  roots  may  become  equal ;  and  certain  districts  again  beyond 
these  lines  for  which  pairs  of  the  roots  will  be  imaginary. 
Thus  to  a  central  conic  from  all  points  within  certain  districts 
four  normals  can  be  drawn;  from  points  on  a  certain  line, 
which  is  called  the  Evolute,  two  of  the  four  roots  which  give 
the  four  normals  will  be  equal  and  only  three  normals  can  be 
drawn ;  and  from  all  points  in  the  district  beyond  this  line  only 
two  normals  can  be  drawn.  To  the  parabola  not  more  than  three 
normals  can  be  drawn  from  any  point  in  its  plane,  the  fourth 
normal  being  that  to  the  infinite  branch  of  the  curve.     Thus  if 

^  For  other  theorems  as  to  successive  polars,  see  a  memoir  by  Steiner  in 
Crelle's  Journal,  Vol.  XLVII,  p.  i ;  and  the  French  translation  of  it  in  Liou- 
Fillc,  Vol.  XVIII. 

z  z  a 
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the  equation  of  the  parabola  is  y*  =  4a^,  the  equation  of  its 
norma]  is  y 

and  if  we  eliminate  ^  from  these  two  equations  we  have 

y8_4c(f_2^)y_8a»i7  =  0 ;  (82) 

which  is  a  cubic ;  so  that  if  the  roots  of  this  are  all  real,  three 
normals  may  be  drawn  to  a  parabola ;  if  two  of  the  roots  are 
equal,  only  two  normals ;  and  if  two  roots  are  imaginary,  only 
one  normal  can  be  drawn :  and  as  one  root  of  a  cubic  is  always 
real,  one  normal  can  be  drawn,  whatever  is  the  position  of  {$,  17) ; 
if  two  roots  of  (82)  are  equal,  we  have 

8y»-4a(f-2a)  =  0;  (88) 

and  if  we  eliminate  y  from  this  equation  and  (82),  we  have 

27ai;»  =  4(f-2a)»;  (84) 

from  all  points  on  which  curve  two  normals  can  be  drawn. 
Thus  (84)  divides  the  plane  of  reference  into  two  districts,  from 
all  points  in  one  of  which  three  normals,  and  from  all  points  in 
the  other  of  which  only  one  normal  can  be  drawn  to  the 
parabola.     (84)  is  called  the  Evolute  of  the  Parabola. 

In  a  memoir  by  Professor  Steiner  of  Berlin,  and  contained  in 
Crelle's  Journal,  Vol.  XLIX.  1855,  three  geometrical  proofs  are 
given  of  the  theorem  of  this  Article.  One  of  them  I  wiU  insert 
here.  Let  f  be  the  point  from  which  the  normals  are  to  be 
drawn.  Let  the  curve  be  of  the  nth  degree,  and  let  it  be  moved 
round  in  its  plane  about  the  point  f  ;  then  the  curve  in  its  new 
position  will  intersect  that  in  the  old  position,  in  n'  points, 
which  are  either  real  or  imaginary :  and  when  the  displacement 
is  infinitesimal,  the  radii  vectores  drawn  from  p  to  the  same 
points  on  the  curves,  when  the  second  is  displaced,  will  at  the 
points  of  intersection  be  equal ;  and  thus  the  line  joining  these 
two  points  will  be  perpendicular  to  the  radii  vectores,  and  the 
radius  vector  will  be  a  normal ;  and  as  the  number  of  points  at 
which  these  circumstances  may  occur  will  be  n^,  so  from  p  may 
n*  normals  be  drawn  to  a  curve  of  the  nth  degree. 

230.^  The  normal  is  the  longest  or  the  shortest  line  that  can 
be  drawn  to  a  plane  curve  from  a  given  point  in  its  plane. 

Let  rjo  and  f 0  ^^  the  coordinates  to  the  given  point,  and  x 
and  y  the  current  coordinates  to  the  curve ;  then,  if  r  is  the 
distance  between  {rjo,  fo)  and  (x,  y), 
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.- .     r  rfr  =  0  =  -  (fo-^)  dw  -  (r/o-y)  rfy.  (85) 

Let  tt  =  F  (a?,  y)  =  c  be  the  equation  to  the  curve  ; 

and  as  (85)  and  (86)  are  simultaneously  true^ 

hZl-'S^Zl-  (87) 

and  if  we  compare  (85)  with  (20),  or  (87)  with  (21),  it  is  mani- 
fest that  they  are  respectively  identical ;  and  that  therefore  the 
longest  and  shortest  lines  coincide  in  direction  with  the  normal. 


Section  2. — Asymptotes  to  plane  curves  referred  to  rectangular 

coordinates. 

231.3  ^  ^^^  ^^  ^^^  ^  ^^  ^^  asymptote  to  a  curve,  when  the 
curve  approaches  continually  nearer  and  nearer  to  it,  but  is  not 
coincident  with  it  within  a  finite  distance. 

From  this  definition  it  is  plain  that  there  are  two  classes  of 
asymptotes,  rectilinear  and  curvilinear,  which  it  is  convenient 
to  discuss  separately. 

If  the  curve  has  asymptotes  which  are  either  the  coordinate 
axes  themselves  or  straight  lines  parallel  to  them,  they  may  be 
determined  in  the  following  manner.  If  y  =  ao ,  when  a?  =  0, 
the  axis  of  y  is  an  asymptote ;  and  if  y  =  0,  when  a?  =  go  , 
the  axis  of  ^  is  an  asymptote :  such  are  the  axes  of  coordinates 
to  the  curve,  xy  =  **. 

Again,  if  y  =  oc ,  when  ^  =  a,  a  line  parallel  to  the  axis  of 
y,  at  a  distance  a  from  it,  is  an  asymptote ;  and  if  ^  =  00 , 
when  y  =  d,  a  line  parallel  to  the  axis  of  x,  at  a  distance  b 
from  it,  is  an  asymptote. 

Thus  suppose  the  equation  to  a  curve  to  be 

xy^ay  —  bx  =  0; 

then,  as  it  may  be  put  under  either  of  the  forms, 

bx  ay 

y  =  ,    or    a?  =  — ^, 

^       x—a'  y  —  b' 

y  =  00 ,  when  x  =  a;  and  a?  =  ^c  ,  when  y  =  A ; 
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that  is,  two  lines  parallel  to  the  coordinate  axes  are  asymptotes; 
the  curve  is  represented  in  fig.  51 ;  wherein  oa  =  a,  ob  =  J. 

So  of  the  logarithmic  curve,  see  fig.  32,  the  axis  of  x  is  an 
asymptote  ;  its  equation  is 

y  =  a'; 
.-.     y  =  0,  when  a?  =  —  ao  ; 

therefore  ob  is  an  asymptote  to  the  branch  ac. 

So  in  the  cissoid,  equation  (12),  Art.  194,  and  fig.  34,  y  =  oc , 
when  ^  =  2a;  therefore  the  ordinate  through  a  is  an  asymptote 
to  the  curve. 

And  in  the  tractory,  equation  (27),  Art.  200,  and  fig.  38,  y  =  0, 
when  0?  =  00 ,  and  therefore  the  axis  of  x  is  an  asymptote. 

If  however  a  curve  has  rectilinear  asymptotes  not  parallel  to 
the  axes  of  coordinates,  they  are  to  be  determined  by  one  or 
other  of  the  following  methods. 

232.]  Method  of  determining  rectilinear  asymptotes  by  ex- 
pansion in  descending  powers  of  x. 

If  by  any  artifice,  as  by  the  Binomial  Theorem,  or  by  Mac- 
laurin's  Theorem,  the  equation  to  a  curve  can  be  expanded  in 
a  series  of  the  form 

y  =  aiar  +  aoH---rH--4+ ;  (88) 

X  X 

then,  as  all  and  every  term  after  the  first  two,  that  is,  every 
term  which  involves  a  negative  power  of  a?,  diminishes  without 
limit,  and  ultimately  becomes  infinitesimal,  when  x  becomes 
infinity,  the  difierence  between  the  ordinate  to  the  curve  repre- 
sented in  equation  (88),  and  that  to  the  straight  line  whose 

equation  is  »»       ^  ^  x^  /onx 

^  y  =  «i.rH-ao,  (89) 

is  infinitesimal,  and  the  straight  line  represented  by  equation 
(89)  is  an  asymptote  to  the  curve. 

And  according  as  the  first  term  after  aoj  be  it  —  or  -!-..• 

X         x^ 

is  positive  or  negative,  so  will  the  ordinate  to  the  curve  be 

greater  or  less  than  the  ordinate  to  the  asymptote,  and  the 

curve  will  be  above  or  below  the  asymptote. 

The  equation  (89)  is  to  be  constructed  in  the  ordinary  way. 

And  if,  finally,  the  equation  to  the  asymptote  is  afi^ected  with 
+  \/— ,  it  indicates  that  the  asymptote  lies  out  of  the  plane  of 
reference,  and  is  asymptotic  therefore  to  a  branch  of  a  curve 
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similarly  placed^  and  to  be  drawn  according  to  the  methods  of 
Section  2  of  the  last  Chapter. 

233.3   ^^'  ^-    ^^  ^^^  ^^^  equations  to  the  asymptotes  of  the 
Cissoid  of  Diodes. 

are  the  equations  to  the  asymptotes,  and  represent  two  straight 
lines  out  of  the  plane  of  reference  inclined  to  the  axis  of  x  at 
+  45%  and  cutting  the  axis  of  a?  at  a  distance  —  a  from  the 
origin^  which  are  delineated  by  the  dotted  straight  lines  of 
fig.  34. 

Ex.  2.    To  determine  the  asymptotes  of  the  Witch  of  Agnesi. 
From  the  equation  (15)  of  Art.  195,  we  have 

y>  =  4a* , 

•*•     y  =  ±  v^--2a,  whqn  j?  =  00  ; 

which  equations  are  those  to  the  asymptotes,  and  express  two 
straight  lines  out  of  the  plane  of  reference,  and  parallel  to  the 
axis  of  Xj  at  distances  +  2a  from  it ;  see  fig.  35. 

Ex.  3.    To  determine  the  asymptotes  of 

,=±.(i-j,)'(i+^)-'. 

therefore  neglecting  terms  involving  negative  powers  of  x,  the 
equations  to  the  asymptotes  are  y  =  +  ^ ;  and  as  the  next 
term  of  the  series  is  negative,  it  follows  that  the  curve  is,  in  the 
first  quadrant,  below  the  asymptote. 
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234;]  The  preceding  method  does  not  indicate  any  general  | 

property  of  equations  of  curves  which  have  asymptotic  straight 
lines ;  and  frequently  the  equation  does  not  admit  of  develop- 
ment in  the  form  (88)  with  the  requisite  facility.  These  defects 
are  supplied  by  the  following  process,  which  is  easy  of  applica- 
tion in  all  cases. 

If  a  curve  approaches  nearer  and  nearer  to  a  definite  straight 
line  and  meets  that  line  at  an  infinite  distance^  it  is  evident 
that  this  line  is  a  rectilinear  asymptote  and  that  it  is  the  tangent 
to  the  curve  at  infinity;  thus  the  equation  to  this  particular 
tangent  is  the  equation  to  the  asymptote ;  and  the  equation  to 
it  may  be  deduced  from  the  general  equation  to  the  tangent^  if 
the  necessary  alterations  are  made.  This  is  the  theory  of  these 
asymptotes  in  the  general  case.  If  the  asymptote  is  parallel  to 
one  of  the  coordinate  axes^  say  to  the  axis  of  x^  that  we  may 
fix  our  thoughts ;  then^  if  it  is  at  a  distance  b  from  it^  y  =  6^ 
when  07  =  00  :  and  if  it  is  parallel  to  the  axis  of  ^  at  a  distance 
a  from  it,  then  x  =  a,  when  y  =  00 .  If  however  it  is  not 
parallel  to  either  of  these  axes^  the  solution  of  the  problem 
requires  the  determination  of  a  tangent  when  0?  =  y  =  00  . 

Let  us  take  the  equation  to  a  curve  in  the  general  form  given 
in  (48)^  Art.  207 ;  then  the  equation  to  the  tangent  is^  see  (52)^ 
Art.  222, 

i  (^)  +  yi  (-£)  +ttn-l  +  2«n-2H-  ...  +(»-l)«*i  +  ««o  =  0.  (90) 

When  07  =  y  =  00 ,  the  terms  of  the  highest  dimensions  alone 
may  be  retained ;  in  which  case, 

/rfp\       (dun\         (d¥\       (du^\. 
and  (90)  becomes 

this  is  evidently  an  equation  of  n  —  1  dimensions  in  all  its  terms ; 
and  it  is  the  equation  to  the  asymptote  when  the  several  terms 
in  it  are  evaluated  for  ^  =  y  =  00  . 

As  the  asymptote  is  a  tangent  to  the  curve^  so  the  tangent  of 

the  angle  contained  between  it  and  the  axis  of  4?  is  ^ .  In  this 
case  then 
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-£  =  —  when  ar  =  y  =  oc  ;  (92) 

\dyf 
and  the  values  of  the  intercepts  of  the  coordinate  axes  of  x  and 
y  by  this  asymptote  are  respectively 

-    ^"^   ,    and    -  -2yi ,  when  ^  =  y  =  oo  .         (93) 

\dxf  \dyf 

Henoe  it  appears  that  the  asymptote  passes  through  the  origin, 
when  tfn.i  =  0 ;  that  is^  if  the  equation  to  the  curve  is  of  the 
nth  degree,  and  has  no  term  of  the  (n  ~l)th  degree,  the  asymp- 
totes pass  through  the  origin.  If  on  evaluation  (92)  becomes 
zero,  the  asymptote  is  parallel  to  the  axis  of  x ;  and  if  it  =  oo , 
the  asymptote  is  parallel  to  the  axis  of  y :  in  either  case  the 
intercepts  of  the  coordinate  axes  are  to  be  determined  from  (93). 
285.3  Let  us  apply  the  process  to  some  examples. 

—m  X^  t/^ 

Ex.  1.  The  equation  to  the  hyperbola  being  — 2  —  ^2  =  1>  ^^ 
is  required  to  find  its  rectilinear  asymptotes. 

As  this  equation  is  of  two  dimensions  and  has  no  term  of  one 
dimension,  the  asymptotes  pass  through  the  origin,  which  is  the 
centre  of  the  curve.  The  tangents  of  the  angles  at  which  they 
are  inclined  to  the  axis  of  a?  are  thus  found : 

Let  the  equation  to  the  hyperbola  be  considered  in  the  form 
tts-f«o  =  0,  so  that 

(dui\  _  2x  /du2\  _  _  2y, 

dy       b^x        Qo 

_  b^dx  ^ 
""  a^dy' 

dy        ^  6       , 
.'.     -^  =  +  -,  when  a?=:y  =  00  : 
dx       —  a  ^ 

and  the  equations  to  the  asymptotes  are 
Ex.  2.   To  find  the  equations  to  the  asymptotes  of  the  curve 
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In  this  case  from  (92), 

-r-  = T  =  S-j  if  J?  =  y  =  00 , 

""      2^rfy  "■  ^'^  "    "    "■    "  • 

In  the  next  differentiation  -^  must  be  considered  constant; 

ax 

because  the  inclination  of  the  asymptote  to  the  axes  is  the  same 
for  all  the  points  infinitesimallj  consecutive  on  the  curve  at  an 
infinite  distance ;  see  also  Art.  139 ;  and  therefore  differentiating 

»g»in>  rfv  dx^  dv 

-r^  =  —  -r-sr;   and  therefore  -=r^  =  —  I. 
dx  dy^  dx 

Again,  from  (93)  the  intercept  of  the  axis  of  x 

^  ax^  _  a  ^ 

""  3^  ""  3' 

so  that  the  equation  to  the  asymptote  is 

Ex.  3.    To  find  the  asymptotes  to  the  Folium  of  Descartes, 
see  fig.  63,  of  which  the  equation  is 

^3  _^  yS  ^Zaxy  =  0. 
dy  _       x^ 


=  ^,  when  a?  =  y  =  oo; 


whence,  as  in  the  last  example,  -^  =  —1. 

And  firom  (93)  the  intercept  of  the  axis  of  y 

Saxy         ^       oo      i? 
=  -^— «-  =  a  -  =  ^,  if  a?  =  y  =  00  , 
3y«  y        °°  '  ^ 

dx 
=  a^=  -a,  if  ^  =  y=co  ; 

80  that  the  equation  to  the  asymptote  is 
17=  -  f  -  a. 
Ex.  4.    If  the  equation  to  a  curve  is 

^'H-y^H-3a*^  +  3A«y  +  c3  =  0, 
the  equation  to  the  asymptote  is 

ar  H-  y  =  0. 
I  must  observe  that  as  the  asymptote  is  a  tangent  to  a  curve 
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at  an  infinite  distance,  the  general  properties  of  tangents  are 
true  also^  in  their  degree,  of  asymptotes.  Thus  an  asymptote 
mnst  be  considered  to  have  two  points  common  with  the  curve. 
Now  as  a  straight  line  can  generally  cut  a  curve  of  the  nth 
degree  in  n  points^  so  an  asymptote  cannot  cut  it  in  more  than 
n  — 2  points.  Thus  an  asymptote  to  a  conic  cannot  cut  the 
conic,  at  least  at  a  point  within  a  finite  distance.  An  asymptote 
to  a  curve  of  the  third  order  must  also  cut  the  curve.  Hence 
hiao  it  follows  that  to  a  curve  of  the  nth  degree  not  more  than 
n(n' 1)^2  tangents  can  be  drawn  parallel  to  an  asymptote^ 
for  in  this  aspect  the  asymptote  counts  for  two  tangents. 

286.3  Sometimes  by  this  method,  as  well  as  by  the  former, 
we  arrive  at  results  afiPected  with  +  \/— ^,  in  which  case  the 
lines  must  be  drawn  in  their  own  planes.  And  sometimes 
curves  have  branches  out  of  the  plane  of  reference,  which  are 
asymptotic  to  straight  lines  in  the  plane,  as  in  the  following 
example;  and  these  must  be  determined  in  one  or  other  of  the 
methods  which  have  been  just  explained.     Thus  if 

4?*(y— a?)2  =  a*— a?*,  then     y— a?  =  + o—^- 

Or 

When  a?  is  infinitely  great,  the  right-hand  member  of  the  equa- 
tion vanishes ;  and  we  have  y  =  a?,  which  is  the  equation  to  a 
line  passing  through  the  origin,  and  inclined  at  45^  to  the  axis 
of  X,  and  which  is  asymptotic  to  two  branches  of  the  curve ; 
but^  for  all  values  of  x  not  within  the  limits  +  a,  the  curve  lies 
out  of  the  plane  of  reference,  and  therefore  the  asymptote  is 
that  to  which  these  branches  are  continually  approaching.  The 
form  of  the  curve  is  given  in  fig.  52^  the  dotted  lines  represent- 
ing the  branches  in  a  plane  perpendicular  to  that  of  the  paper, 

237.3  ^^^  curves  may  also  be  asymptotic  to  each  other ;  for 
suppose  the  equation  to  a  given  curve^  when  expanded  in  de- 
scending powers  of  w,  to  be 

y  =  a%x^ -\- OiX -}- ao -\ — ^  +  ...;  (95) 

X 

then,  if  we  neglect  on  the  right-hand  side  of  the  equation  all 
terms  after  the  first  three^  which  is  equivalent  to  making  x  =  x>^ 
the  curve  whose  equation  is 

y  =  a^x^+aiX-^-ao,  (96) 

and  which  is  a  parabola^  is  asymptotic  to  the  given  curve. 

3  A2 
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Also  if  in  equation  (88),  Art.  232,  we  omit  all  terms  except 
the  first  three,  and  multiply  through  by  ^,  we  have  the  equa- 
tion to  a  hyperbola,  viz. 

xy  =  aiX^-\-aQX-\-bi\ 

and  this  cuiTe  is  asymptotic  to  the  given  curve,  because  the 
difference  between  the  lengths  of  their  ordinates  is  a  quantity 
which  diminishes  without  limit  as  x  increases  without  limit. 
And  so  again  if  we  take  account  of  the  first  four  terms  of  the 
same  equation,  and  neglect  all  subsequent  ones,  we  shall  obtain 
the  equation  to  a  curve  which  is  nearer  to  the  given  curve  than 
either  the  rectilinear  asymptote  or  the  hyperbola ;  and  thus  by 
a  similar  process  we  may  obtain  a  series  of  curves  more  and 
more  asymptotic  to  a  given  curve.  Thus  also  we  often  find 
curves  which  have  cubical  and  semicubical  parabolas  asymptotic 
to  them :  as  for  instance. 


and  therefore,  neglecting  all  terms  involving  negative  powers 

of  07,  we  have  , 

y  =  ±x\ 

which  is  the  equation  to  a  semicubical  parabola,  the  form  of 
which  is  given  in  fig.  64,  and  is  asymptotic  to  the  curve. 

238.]  And  I  must  enter  further  into  the  relation  between  the 
equation  of  a  curve  and  those  of  its  asymptotes,  whether  they 
are  curvilineal  or  rectilineal,  because  a  general  theory  will  be 
hereby  obtained ;  and  because  we  shall  also  have  the  occasion 
of  explaining,  algebraically  and  geometrically,  the  points  of  in- 
tersection of  a  curve  with  a  line,  straight  or  curved,  when  the 
intersection  takes  place  at  an  infinite  distance. 

Let  the  equation  to  the  curve  be  that  given  in  (48),  Art.  207; 
and  let  us  assume  a  to  be  the  abridging  symbol  for  a  linear 
function  of  the  form  ax  +  by-^-C]  so  that 

a  =  ax  +  by-^-c,  (97) 
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and  thua  a  =  0  is  the  equation  to  a  straight  line  ;  and  a  is  pro- 
portional to  the  perpendicular  distance  from  the  point  (^,  y)  on 
that  line ;  it  will  also  be  convenient  to  take  a  as  the  type  of 
au  aty..,a^,  which  are  other  linear  functions  similar  to  (97). 
As  heretofore  obserred^  the  abscissae  of  the  points  of  intersection 
of  a  straight  line  with  the  curve  (48),  Art.  207,  are  the  roots 
of  the  equation  obtained  by  eliminating  y  between  the  equa- 
tions to  the  curve  and  the  straight  line :  and  as  this  equation 
is  generally  of  the  nth  degree,  it  has  n  roots  either  real  or 
imaginary.  Suppose  however  that  the  degree  of  the  equation 
which  determines  these  abscissae  of  the  points  of  intersection  is 
less  than  n  by  m  units,  and  yet  that  no  factor  involving  the 
variable  has  been  omitted,  what  explanation  does  this  fact  admit 
of?  It  is  of  course  due  to  a  relation  between  the  coefficients  of  - 
the  equations,  by  reason  of  which  the  coefficients  of  the  first 
m  terms  vanish  in  the  equation  resulting  from  the  elimination  ; 
and  therefore  by  reason  of  which  m  constants  become  zero. 
But  if  a  constant  =  0,  see  Art.  11,  a  straight  line  at  an  infinite 
distance  is  expressed ;  and  therefore  if  the  resulting  equation  is 
of  n—m  dimensions,  m  of  the  points  of  intersection  are  at  an 
infinite  distance.  Now  as  a  =  0  contains  two  undetermined 
constants,  we  may  determine  them  so  that  two  of  its  points  of 
intersection  with  the  curve  may  be  at  infinity ;  that  is,  so  that 
the  two  highest  terms  in  the  resulting  equation  may  vanish ;  in 
which  case  the  straight  line  becomes  an  asymptote  to  the 
curve.  Although  these  results  are  arrived  at  in  reference  to 
the  axis  of  a:  yet  they  are  evidently  true  also  with  reference  to 
any  other  line;  and  therefore  we  may  find  the  equation  to 
asjrmptotes  in  the  following  way  : 

239.]  Suppose  ai  to  be  a  linear  factor  of  the  two  highest 
terms  m»+««»-i  in  the  equation  to  the  curve  :  so  that  if  u„_i  is 
a  function  of  d?  and  ^  of  n  — 1  dimensions, 

ttn  +  ttn-l   =   aiUn-i;  (98) 

thus  the  equation  to  the  curve  becomes 

oiUn-i-ftt„-aH-  ...U2+«i  +  tto  =  0;  (99) 

and  therefore  if  ai  =  0  the  two  highest  terms  in  the  equation  of 
the  curve  disappear,  and  the  line  ai  =  0  will  intersect  the  curve 
in  two  points  at  an  infinite  distance,  and  thus  will  be  an  asymp- 
tote to  the  curve.     This  result  is  also  evident  by  thie  following 
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considerations  :  in  (99)  let  ^  =  ^  =  00 ,  then  all  the  terms  most 
be  neglected  except  the  first ;  and  thus  the  direction  of  the 
curve  at  infinity  is  given  by  means  of  the  first  term  of  (99).  Now 
this  breaks  up  into  two  factors  ai  =  0  and  u„_i  =  0,  of  which 
the  former  represents  a  straight  line,  and  the  latter  a  curve  of 
the  (n— l)th  degree:  to  each  of  these  therefore  is  the  curve 
infinitesimaUy  near  at  infinity ;  and  thus  ai  =  0,  and  u^.i  =  0, 
are  the  equations  to  asymptotic  lines.  Hereby  therefore  we 
have  not  only  rectilinear  but  also  curvilinear  asymptotes.  Thus, 
for  instance,  in  Art.  235,  Ex.  2,  the  equation  y^  +  o?*— aa?*  =  0 
may  be  expressed  in  the  form 

(y+^-|)|y»+(x-|)y-(*-|)'[  +  ^-|^  =  0; 

and  therefore  the  asymptotic  lines  are 

y  +  ^-|  =  0,  and      y2+(a?-|)y-(a?-|)  =  0; 

of  which  the  first  is  a  straight  line  and  the  second  is  a  hyperbola. 

Similarly,  in  £x.  4,  the  equation  may  be  expressed  in  the 

form 

(j?H-y)  (a?*-4?y +y*)  -f  8a«a?  +  8ft*y  +  c*  =  0, 

and  «r-f  ^  =  0  is  the  equation  to  a  rectilinear  asymptote. 

Suppose  also  ai  and  os  to  be  linear  functions  of  the  coor- 
dinates; and  suppose  u„.8  to  be  a  function  of  »  and  y  of  n~2 
dimensions;  and  tt„+ttn-i  +  ^~2  to  be  capable  of  expression  in 
the  form  ai  a^  u„-2 ;  so  that  the  equation  to  the  curve  becomes 

aia2U„^2  +  «n-3+  ...  +«i  +  «o  =  0;  (100) 

then  if  we  consider  the  points  on  the  curve  where  a?  =  y  =  00  , 
only  the  first  term  of  (1(X))  is  to  be  taken  account  of,  and  we  have 

aiOi  Vn-%  =  0, 

which  is  satisfied  by  ai  =  0,  02  =  0,  u„.2  =  0;  of  which  the 
4irst  two  equations  are  those  of  straight  lines,  and  the  last  is 
that  of  a  curve  of  the  (n— 2)th  degree :  the  curve  therefore  at 
infinity  breaks  up  into  two  straight  lines  which  are  asymptotes 
to  it,  and  into  another  curve  of  the  (»— 2)th  degree  which  is  also 
asymptotic.     Thus,  if  the  equation  to  a  hyperbola  is 

we  may  put  it  into  the  form 
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(M)(M)-'=«^ 

SO        V  iff        V 

and  the  lines t  =  0,   -H-Y  =  0«^re  two  rectilinear  asymp- 

a      b  a      0 

totes. 

Again^  if  the  first  four  terms  of  the  general  equation  are 
snch  that 

tt|i  +  tt|i-l+«i.-l  +  ttn-S  =   aiajOBUn-S,  (101) 

then  the  cnrre  has  three  rectilinear  asymptotes,  and  a  curvilinear 
one  whose  equation  is  Un-s  =  0 :  it  is  unnecessary  to  enter 
farther  into  the  investigation  of  special  cases.  It  is  however 
to  be  observed  that  all  the  terms  in  the  equation  of  lower  di- 
mensions may  be  altered  when  the  equation  is  expressed  in  the 
form  (101).  Such  is  the  case  in  the  first  example  given  above. 
It  is  also  to  be  observed  that,  generally,  a  curve  of  the  nth 
d^ree  has  n  rectilinear  asymptotes.  For  if  or  =  ^  =  oo  ,  all  the 
terms  of  lower  dimensions  must  be  neglected,  and  we  have 

«n  =  0, 
which  is  a  homogeneous  equation  of  n  dimensions  in  terms  of  x 
and  y ;  and  which  is  therefore  capable  of  resolution  into  n 
fiictors  of  the  form  y—miXj  y^m^x, ...  y^mnX;  each  of  which 
gives  the  direction  in  which  the  curve  is  going  at  infinity ;  and 
will  become  the  equations  to  rectilinear  asymptotes,  or  of  lines 
parallel  to  them,  if  nii,  m^  ...  are  real  numbers ;  if  the  m*s  are, 
some  or  all,  imaginary,  the  asymptotes  refer  to  branches  of  the 
curves  in  other  planes. 


Section  8. — The  direction  of  curvature,  and  points  of  inflexion. 

240.]   The  value  of  ^,  which  we  have  discussed  in  the 

preceding  Sections,  enables  us  to  determine  the  inclination  to 
either  of  the  coordinate  axes  of  a  curve  at  any  point,  but  tells 
us  nothing  as  to  the  direction  of  curvature,  that  is,  as  to  whether 
the  carve  is  concave  or  convex  towards  a  certain  line  or  in  a 
given  direction;  we  use  these  words  in  their  common  meaning ; 
and  we  proceed  to  discover  criteria  which  will  determine  such 
direction.  To  simplify  the  formulae  we  shall  take  x  to  be  an 
equicrescent  variable. 
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Since  under  this  supposition  -r-^  =  =  — -j — ,  see 

equation  (24),  Art.  218;  and  since  — ^-j =  (seer)*,  which  is 


always  positive ;  it  follows  that  if  -t~  is  positive,  r  and  x  are 

increasing  and  decreasing  simultaneously;  and  if  -r^  is  nega- 
tive, as  X  increases,  r  decreases^  and  vice  versd. 

Now  from  the  geometry  it  is  plain,  that  if  r  and  «r  simul- 
taneously increase  and  decrease,  the  form  of  the  curve  must  be 
such  as  that  of  fig.  53,  that  is,  the  curve  must  be  convex  doton- 
wards ;  and  if  as  .r  increases  r  decreases,  or  vice  versd,  the  form 
must  be  such  as  that  of  fig.  54,  that  is,  the  curve  must  be  con- 
cave downwards.  Hence  we  have  the  following  criteria  of  the 
direction  of  curvature. 

d^y  d^v 

If  -7-^  is  positive,  the  curve  is  convex  downwards ;  and  if  -^-5 

is  negative,  the  curve  is  concave  downwards. 

Suppose  that  at  a  certain  point  -r-|  changes  its  sign,  which 

in  algebraical  curves  it  can  do  only  by  passing  through  0  or  00 , 
the  direction  of  curvature  changes ;  if  the  change  of  sign  is 
from  -f  to  —,  then  the  curvature,  having  been  convex  down- 
wards, becomes  concave;  if  the  change  is  from  —  to  +>  the 
reverse  is  the  case.  A  point  where  such  a  change  of  curva- 
ture takes  place  is  called  a  point  of  inflexion.    To  determine 

d^v 
its  position  we  must  equate  ^-j  to  0,  and  to  00  ;  and  if  at  the 

corresponding  critical  value  there  is  a  change  of  sign,  then  such 
a  point  is  a  point  of  inflexion ;  fig.  55,  (y)  and  (d)  of  fig.  48, 
fig.  14,  and  fig.  15  illustrate  such  points  of  inflexion. 
This  is  also  evident  from  the  following  considerations. 

241.]  Let  y  ^f(x)  be  the  equation  to  a  curve;  and  sup- 
pose that  we  consider  it  not  only  at  the  point  (x,  y\  but  also  at 
another  point  (^+A,  y^-k),  so  that 

y  +  *  =/(^H-A);  (102) 

then,  expanding /(a?  +  A)  to  three  terms  by  Taylor's  Theorem, 
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y  +  *  =  fix)  +f'(x)  ^  +  ^f"(x  +  eh).  (103) 

If  a  tangent  is  drawn  to  the  carve  at  the  point  (Xy  y),  its 
equation  is  > 

n  =  y  + J(f-^);  (104) 

and  therefore  its  ordinate,  when  f  is  a?  4- A,  is 

r,  =  y+^h;  (105) 

in  which,  replacing  y  by/(d?),  and  ^  hjf'{x),  and  subtracting 

(105)  from  (103),  we  obtain  the  difference  between  the  ordinates 
to  the  curve  and  to  the  tangent  corresponding  to  the  point 
jf+A,  and  we  have 

y-^k-v^^n^+eh);  (106) 

and  taking  A  to  be  infinitesimal,  that  is,  considering  only  the 
point  in  the  curve  which  is  next  to  (w-^-dw,  y  +  dy),  whereby 

f"('T-\-0h)  becomes  /"(^),  that  is,  -y-^,  we  have 

And  therefore  if  ^~  is  positive,  the  ordinate  to  the  curve  is 

greater  than  the  ordinate  to  the  tangent,  and  the  curve  lies 
above  the  tangent,  whatever  is  the  sign  of  h;  that  is,  the  curve 

d^V 
is  convex  downwards,  as  in  fig.  53 ;  but  if  -^  is  negative,  con- 
trary results  follow,  and  the  curve  is  concave  downwards,  as  in 
fig.  54. 

If  therefore  at  any  point  the  curve  passes  through  the  tan- 
gent so  as  to  be  above  it  on  one  side  of  the  point  of  contact 
and  section,  and  below  it  on  the  other,  then  y  +  k-^ri  must 
change  sign  as  h  changes  sign,  which  can  only  be  the  case  when 

d^y  d^y 

^-~  =  0  and  -T-j  is  a  finite  quantity ;  or  in  general,  when  the 

term  in  the  expansion  oi  f{x-\-h),  which  gives  sign  to  the 
whole,  is  one  involving  an  odd  power  of  A,  in  which  case  the 
curve  will  pass  from  below  the  tangent  to  above  it,  or  vice  versd, 
in  one  or  other  of  the  ways  indicated  in  fig.  55.  It  is  plain 
PKiCB,  VOL.  I.  3  B 
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determined  in  a  similar  manner  by  the  value  and  sign  of  -^-^ . 


dx*  (a? -2)*' 

that  is,  ^-j  is  positive  or  negative  according  as  ^  is  less  or 

greater  than  2 ;  and  therefore  the  curve  is  convex  downwards 
for  all  values  of  x  less  than  2,  and  concave  downwards  for  all 
values  of  x  greater  than  2 ;  and  when  x  ^2,  there  is  a  point  of 
inflexion. 

Ex.  2.    To  determine  the  direction  of  curvature  of  the  Witch 
of  Agnesi. 

/2a--^\*.  d^y       2a^{Sa-2x) 


x(2ax—x^)i 


therefore  the  upper  branch  of  the  curve  in  the  plane  of  refer- 
ence is  convex  downwards  for  all  values  of  x  between  0  and 

a?  =  —  ;  and  when  x  is  greater  than  -^ ,  ^-j  is  negative,  and 

the   curve   is   concave   downwards;    at  the   point  therefore, 

fin. 

^  =  — ,  there  is  a  point  of  inflexion.     This  investigation  ex- 
plains  the  form  of  the  curve  as  drawn  in  fig.  35. 

Ex.  3.    To  prove  that  the  equitangential  curve,  see  Art.  200, 
is  always  convex  downwards. 

^  =  -     y     • 

dx  (a»-y>)*  ' 
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that,  at  a  point  of  inflexion,  ^,  and  therefore  the  angle  r, 

attains  to  a  maximum  or  minimum,  and  is  in  fact  at  the  point 
stationary ;  that  is,  r  is  the  same  for  three  consecutive  points 
on  the  curve :  the  corresponding  tangent  is  called  a  stationary  , 

tangent. 

The  curvature  of  a  curve  towards  the  right  or  the  left  may  be  I 

,d*x 

242.]  Examples  illustrative  of  the  foregoing  theory. 

Ex.  1.    To  determine  the  direction  of  curvature  of  the  curve 

whose  equation  is 

(ar-l)(a?-3) 

^  a?-2 

rf*y  2 
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fdyy?  __      y*  dy  rf^y  _      2a^y     dy 

d^y  _        a^y 

'  '    dx^  "  (a^—y^y  ' 

d^V 
and  therefore,  as  jf  is  always  positive,  see  fig.  38,  -j-j  is  always 

positive ;  and  the  curve  is  convex  downwards. 

Ex.  4.  To  determine  the  point  of  inflexion  of  the  Companion 
to  the  Cycloid. 

y  =  ad,  .-.     dy  =  ad6\ 

^  =  a  (1  —  cos  6)y  dx  =z  a  sin  $  d$ ; 

dy  ^  d^y  cosd 

~  =  cosec  e,  -j~  = ,  .    ^,a  ; 

dx  dx^  a  (sm  d)' 

?r     d^tJ 
for  all  values  of  $  between  0  and  ^ ,  -=—  is  negative,  and  the 

curve  is  concave  downwards;  and  for  all  values  of  $  between 

-  and  Ts,  the  curve  is  convex  downwards ;  and  when  ^  =  ^ »  ^^^^ 

is,  wheti  y  =:  — ,  and  x  =  a,  there  is  a  point  of  inflexion ;  see 
fig.  41. 

In  a  similar  manner  it  may  be  shewn  that  the  logarithmic 
curve  and  the  catenary  are  both  convex  downwards. 

243.3  And  now  let  us  consider  the  results  of  the  preceding 
Articles  from  a  geometrical  point  of  view  ;  and  with  this  object 
let  us  examine  fig.  56 ;  wherein  a  curve  is  drawn,  the  infini- 
tesimal arcs  of  which  are  assumed  to  be  infinitesimal  straight 
lines,  and  which  in  the  figure  are  infinitely  magnified.     The 

d^y 
curve  is  imagined  and  placed  so  that  -r-^  may  be  positive. 

liet  y  =f(x)  be  the  equation  to  the  curve,  ok  =  ar,  kp  =  y, 
and  let  us  consider  x  to  be  equicrescent,  so  that  kl  =  lm 

=  MN  =  =  dx,   and  d^x  =  d^x  = =  0;    and  let 

r,  Q,  R,  s  be  points  on  the  curve  corresponding  to  the  succes- 
sive values  of  x ;  and  if  we  conceive  the  successive  elements  of 
the  curve,  ?q,  qr,  rs,  to  be  infinitely  magnified,  then  they  arc 
such  straight  lines  as  we  have  imagined  ds  to  be  in  Art.  218. 
In  the  same  manner  then  as  in  Art.  68, 

3  B  2 
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f{x)  =  y  =  KP, 
f{x-\-dx)  =  y^dy  =  lq, 
f{x^2dw)  =  y  +  2rfy  +  rf*y  =  mr, 
f(x-\-8dx)  =  y+8rfy  +  8rf»y  +  rf»y  =  ns, 
and  80  on ;  whence,  by  subtraction^  we  have 

dy  =  LQ— KP  =  QU  =  XV  =r  TW; 

andMR  =  MZ+Rz:   but  mz  =  mv+2vx  =  y  +  ^^y; 
.'.     sabstituting  for  mr  from  above,  we  have 
y^Zdy-Jtd^y  =  y  +  2rfy  +  RZ, 
.'.     d^y  =  Rz. 
As  we  have  not  deduced  any  geometrical  properties  from  d^y, 
it  is  unnecessary  to  do  more  than  to  shew  what  line  is  repre- 
sented by  it.     From  above  we  have 

NS  =  y  +  3rfy  +  8rf«y  +  rf»y: 
but  Nw  =  y,   wo  =  3rfy,       ge  =  %d^y^ 

.',     SB  =  d^y  +  d^y, 
=  RZ  +  rf'y; 

=   SE  — BZ. 


dy      QXJ 
Hence  it  is  manifest  that  -/^  =  —  =  tan  qpu  =  tan  pjo 

dx      pu 

=  the  trigonometrical  tangent  of  the  angle  made  with  axis  of  x 

by  the  tangent  to  the  curve ;  and  therefore  if  at  any  point  on 

a  curve  ^  =  0,  y  does  not  increase  as  we  pass  from  one  point 

to  the  next  consecutive  point,  and  therefore  the  element  of  the 
curve  PQ  is  along  the  line  pu^  and  is  parallel  to  the  axis  of  ;7. 

Similarly,  whenever  ^  =  00 ,  the  element  pq  is  perpendicular 

to  PU,  and  therefore  parallel  to  the  axis  of  y. 

And  since  d^y  =  rz,  it  is  plain  that  d^y  represents  the  de- 
flexion of  the  curve  from  the  tangent  line :  and  therefore  if 
d^y  =  0,  three  consecutive  points  are  in  the  same  straight  line, 
and  the  curve  has  for  those  three  points  become  straight ;  and 
\S  d^y  is  positive,  the  line  rz  is  to  be  measured  up  from  the 
tangent,  and  the  curve  lies  above  the  tangent :  but  if  d^y  is 
negative,  it  is  to  be  measured  downwards,  and  the  curve  lies 
below  the  tangent ;  if  therefore  d^y  is  positive  on  both  sides  of 
the  point  p,  the  curve  is  convex  downwards,  and  is  such  as  is 
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drawn  in  fig.  53,  and  if-  d^y  is  negative  on  both  sides  of  the 
point  (a?,  y),  then  the  curve  is  concave  downwards  as  in  fig.  54 ; 
and  if  d^y  changes  its  sign  at  the  point  by  passing  through  0 
or  00 ,  the  curve  is  above  the  tangent  on  one  side  of  the  pointy 
and  below  it  on  the  other,  and  therefore  there  is  a  point  of 
inflexion. 

Hence  we  learn  the  geometrical  meaning  of  the  process  of 
differentiation ;  it  implies  a  passage  from  one  point  of  a  curve 
to  the  next  consecutive  point ;  and^  as  often  as  we  differentiate, 
we  pass  to  successive  points,  and  obtain  expressions  which  re- 
present deflexions  from  straight  lines,  and  so  on. 

Thus,  by  means  of  one  differentiation,  we  consider  the  curve 
with  respect  to  two  points  on  it;  by  two  differentiations  we 
consider  the  curve  at  three  points,  and  so  on.  More  will  be 
said  hereafter  on  the  properties  of  curves  under  this  mode  of 
considering  them ;  and  especially  in  Chapters  XII  and  XIII 
with  respect  to  several  successive  points  being  common  to  two 
or  more  curves. 

244.]  Let  us  however  consider  the  direction  of  curvature 
and  the  conditions  of  points  of  inflexion  when  the  equation  to 
the  curve  is  given  in  the  implicit  form,  and  in  the  more  general 
forms,  (48)  and  (49),  of  Arts.  207  and  208. 

First,  let  the  equation  to  the  curve  be  given  in  the  form  (48) 
of  Art.  207;  viz. 

y(^,y)  =  tt»4-tt»-i+  ...  +tti+tto=  0.  (108) 

then  by  equation  (122),  Art.  84,  a?  being  equicrescent. 


ida^f  \dy)  "^ ^  \dafdy)  \dx)  \dyl      'rfyV  \dx^ 


d^^ 

dx^  /dp\3 

\dyf 


;(109) 


and  therefore  at  all  points  at  which  the  right-hand  member  of 
this  equation  is  positive,  the  curve  is  convex  downwards ;  and 
at  all  points  for  which  it  is  negative,  the  curve  is  concave  down- 
wards.    And  if  at  any  point  on  the  curve 


(S)®-Ma)(£)(|V(S;)0'=o.  (u«. 


and  changes  sign,  and  if  at  the  same  point  the  curve  is  not 
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parallel  to  the  axis  of  y  so  that  (-7- j  does  not  vanish^  then  there 
is  a  point  of  inflexion. 

The  condition  therefore  for  a  point  of  inflexion  is  primarily 
(110).  Now  this  equation  is  in  its  present  form  evidently  of 
3n— 4  dimensions  in  terms  oi  x  and  y  :  it  expresses  therefore  a 
curve  of  that  order :  the  intersections  of  which  with  (108)  are 
the  points  of  inflexion  :  and,  as  (108)  is  of  n  dimensions,  it 
follows  that  the  number  of  points  of  inflexion  on  a  curve  of  the 
nth  degree  cannot  exceed  n  (3n— 4). 

245.3  And  we  can  shew  that  2»  of  these  are  at  an  infinite 
distance^  so  that  the  number  of  points  of  inflexion  on  a  curve 
within  a  finite  distance  does  not  exceed  3n(n— 2).  Let  u«  =  0 
be  the  equation  of  all  the  asymptotes  of  (108)  determined  by 
the  process  of  Art. 239 ;  then  if  u„_2,  u„«8, ...  u©  are  homogene- 
ous functions  of  n— 2,  n— 3, ...  0  dimensions  respectively,  equa- 
tion (108)  may  be  expressed  in  the  form 

v(x,y)  :-r  u„-}-u„_2+  ...  +U1  +  U0  =  0;  (111) 

the  terms  oi  n  —  Y  dimensions  being  contained  in  u^. 

Let  us  take  the  equation  in  this  form  to  be  the  subject  of  the 
operations  which  are  indicated  in  (110).  As  u„  =  0  is  the  equa- 
tion of  all  the  rectilinear  asymptotes  of  the  curve,  Vn  is  the 
product  of  n  linear  factors,  each  of  which  is  of  the.  form 
oa?  +  Ay  +  c  =  0;  so  that 

u«  =  {a^x^biy^Cx){aiX^b2y-VCi)...{anX'\-bny'\-Cn))  (112) 

for  the  sake  of  brevity  let  us  express  this  equation  in  the  form 

Un  =  aiP,  (113) 

where  ai  =  aia?-f  *iy  +  Ci,  and  p  is  the  product  of  the  other 
n—^\  linear  factors.  Now  if  we  take  of  this  the  x-  and  y- 
partial  derived- functions, 

(d^Vn\  ldv\         ,     /dT\  /   fl?2p   V 
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where  q  ia  the  symbol  for  a  quantity  which  it  is  unnecessary 
to  express  at  length ;  but  ax  is  a  factor  of  the  result ;  and  for 
a  similar  reason  every  other  linear  factor  of  the  right  hand 
member  of  (112)  will  enter  into  the  result;  and  (110)  will  take 
the  form  ^  ,,,  ., 

^n  V2n-4  +  Vsn-e  =  0  ;  (114) 

where  \%n-4  and  V3„_6  are  two  functions  of  x  and  y  of  2n— 4 
and  8n — 6  dimensions  respectively.  Now  the  points  of  inflexion 
are  the  points  common  to  the  two  curves  whose  equations  are 
(111)  and  (114) ;  and  if  we  eliminate  Vn  between  these  two,  the 
resulting  equation  will  be  of  3n— 6  dimensions ;  that  is,  the 
number  of  points  of  intersection  of  this  curve  with  the  original 
curve  will  be  only  Bn(n—2),  and  this  wiD  be  the  nimiber  of  the 
points  of  inflexion  at  a  finite  distance.  The  2«  other  points  of 
inflexion  are  at  an  infinite  distance ;  for  Un  =  0  is  the  equation 
of  the  n  rectilinear  asymptotes  of  the  curves  (108)  or  (111)  and 
(114) :  both  curves  therefore  have  the  same  n  asymptotes,  and 
therefore  there  are  2n  points  at  infinity  common  to  the  two 
curves.  Hence  it  appears  that  in  conies  there  is  no  point  of  in- 
flexion at  a  finite  distance,  but  there  may  be  four  points  of  in- 
flexion at  infinity ;  of  these  we  have  instances  in  the  hyperbola, 
where  the  asymptotes  are  intersected  by  the  infinite  branches. 
Again,  curves  of  the  third  order  may  have  fifteen  points  of  in- 
flexion, of  which  SIX  are  at  infinity,  and  of  the  remaining  nine, 
one  at  least  must  be  real. 

246.^  As  the  curve  whose  equation  is  (110)  has  many  im- 
portant properties  in  reference  to  not  only  points  of  inflexion 
but  also  other  singular  points  on  the  original  curve,  so  it  has 
been  found  necessary  to  give  it  a  particular  name :  and  as  its 
use  was  first  indicated  by  M.  Otto  Hesse  of  Koenigsberg  *,  so  it 
has  been  called  by  Mr.  Sylvester  the  Hessian  of  the  curve 
(108) ;  we  shall  refer  to  it  hereafter  by  that  name. 

If  the  equation  to  the  original  curve  is  expressed  in  terms  of 
trilinear  coordinates,  in  the  form  (49),  Art  207,  the  equation  to 
the  tangent  is,  see  Art.  216, 

At  a  point  of  inflexion  the  position  of  the  tangent  does  not 
change,  as  we  pass  from  the  second  to  the  third  consecutive 

*  See  Crelle,  Vol.  XXVIII,  p.  104. 
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point  on  the  carve  ;  that  is,  the  tangent  at  a  point  of  inflexion 
is  stationary ;  therefore  the  ratios  £  :  C  and  17  :  f  do  not  vary,  if 
X,  y,  z  vary ;  let  us  take  the  x^,  y-,  jzr-partial  derived-functions  of 
(115)  and  we  have 


H 


^dw*'  ^dydx'         ^dzdx* 

d'r  \  {d'v.x        ^(  d*t\       . 


(116) 


whence  eliminating  (,  17,  C>  ^^  have 

Vrf^/  \dydzf  "^  Vrf^/  \dzdif  "*"  W^  Vfl^^ 

"  fe)  '^^  W/  ^vi^)  VifeSi)  \dxd^f  ^  ^''  ^^^'^^ 
and  this  is  the  Hessian  of  f  (x,  y^  z)  =  0.  As  to  its  dimensions 
it  is  to  be  observed  that  as  each  of  the  second  partial  derived 
functions  is  of  the  (n— 2)th  degree,  so  is  the  equation  of  the 
3(n— 2)th  degree ;  and  the  Hessian  curve  therefore  has  8»(n— 2) 
points  common  with  the  original  curve :  hence  we  infer  that 
3n(n— 2)  is  the  number  of  points  on  a  curve  at  which  the  tan- 
gent is  stationary. 

247.]  Stationary  tangents  are  also  a  particular  form  of 
certain  straight  lines  which  touch  a  curve  at  many  different 
points.  Such  lines  are  called  generally  Multiple  Tangents ;  of 
which  particular  species  are  double,  triple, ...  tangents,  which 
are  so  named  according  as  they  touch  the  curve  at  two,  three, ... 
points.  Let  us  consider  the  most  simple  case  in  which  a  curve 
exhibits  this  property ;  that,  viz.  in  which  the  axis  of  a?  is  a 
double  tangent.  In  the  equation  to  the  curve  let  ^  =  0 ;  then, 
if  the  curve  is  of  the  nth  degree  in  terms  of  x,  we  have  an 
expression  of  the  form, 

af'-^pix'^'^+p^x''-^-  ...  ±pn^\x^pn  =  0;         (118) 
which  may  be  resolved  into  its  factors  ;  and  we  have 

(a?-ai)  (^p-oa) ...  (a?-fl„)  =  0.  (119) 

If  all  the  roots  of  this  equation  are  real  and  unequal  the  curve 
cuts  the  axis  of  ^  in  n  different  points,  and  the  curve  is  such  as 
that  drawn  in  fig.  23.    But  let  us  suppose  two  of  these  roots  to 
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be  equal ;  then  two  of  the  points  of  section  with  the  axis  of  x 
coincide^  and  the  axis  of  x  touches  the  curve  at  the  point.  Let 
two  pairs  of  roots  be  equal ;  that  is^  suppose  a^  =.  Oz^  and  a^  =  a^, 
so  that  (82)  becomes 

(x^a{)^iw^as)H^-a,) ...  (x-a^)  =  0;  (120) 

then  the  axis  of  x  touches  the  curve  at  ^  =  ai,  and  at  a?  =  os ; 
and  we  have  a  double  tangent.  Similarly^  if  three  pairs  of  roots 
are  equals  the  axis  of  ^  is  a  triple  tangent :  and  similarly  as 
many  pairs  of  equal  roots  as  there  are,  such  is  the  order  of  the 
multiplicity  of  the  tangent.  It  is  evident  that  a  double  tangent 
cannot  occur  in  a  curve^  the  order  of  which  is  lower  than  the 
fourth :  and  a  triple  tangent  cannot  be  in  a  curve  whose  order 
is  lower  than  the  sixth ;  and  so  on  for  multiple  tangents  of  a 
higher  order. 

Suppose,  however,  three  roots  of  (118)  or  (119)  to  be  equal ; 
say  01  =  02  =  03;  then 

(^-01)8(07-04) ...  (J?-o„)  =  0;  (121) 

and  thus  the  axis  of  x  meets  the  curve  in  three  consecutive  points ; 
and  thus  two  consecutive  tangents^  those,  viz.  which  pass  through 
the  first  and  second,  and  the  second  and  third  points  become 
coincident ;  for  this  reason  the  tangent  to  the  curve  at  such  a 
point  is  called  a  stationary  tangent,  and  the  point  is  evidently  a 
point  of  inflexion ;  for  if,  in  fig.  23,  ai,  A2,  A3  become  consecutive 
points,  the  intermediate  points  of  maximum  and  minimum 
ordinates  will  become  coincident  with  them ;  the  curve  will  * 
have  two  tangents  coincident  with  the  axis  of  Xy  and  the  curve 
having  been  below  the  axis  of  x  will  intersect  it,  and  pass  to  the 
upper  side  of  it.  It  is  evident  also  that  under  these  circumstances 

:~  becomes  stationary,  and  therefore  -7-  -r^  =  -r?  =  0. 
ax  ^  ax  ax       dsfi 

As  a  straight  line  cannot  generally,  omitting  infinite  values, 
cut  in  three  points  a  curve  of  any  degree  lower  than  the  3rd,  so 
points  of  inflexion  do  not  generally  exist  on  curves  of  degrees 
lower  than  the  third.  I  say  generaUy,  because  the  hyperbola, 
which  is  of  the  second  degree,  has  a  rectilinear  asymptote,  with 
which  the  curve  at  infinity  coincides,  and  in  this  respect  more 
than  two  points  of  the  curve  are  on  the  tangent,  and  there  is  a 
point  of  inflexion. 

If  four  roots  of  (118)  are  equal  then  we  have 

FRicis,  VOL.  I.  3  c 
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(ar-fli)*(ar-a6)  ...  (x^On)  =  0:  (122) 

and  thus  the  axis  of  x  meets  the  curve  in  four  consecutive 
points,  and  three  tangents  become  coincident.  A  point  at 
which  these  circumstances  occur  is  called  a  point  of  undulation. 
Into  this  subject  however  it  is  unnecessary  to  enter  further^  as 
the  principle  of  the  preceding  inquiry  can  be  easily  extended  to 
any  other  number  of  points.  I  may  observe  however  that  if  the 
number  of  consecutive  points  common  to  the  curve  and  the 
tangent  is  even,  the  curve  is  on  the  same  side  of  the  tangent  on 
both  sides  of  the  point  of  contact,  and  there  is  no  change  of 
curvature;  whereas,  if  the  number  of  points  which  are  common 
to  the  tangent  and  the  curve  is  odd,  the  curvature  changes,  and 
the  curve,  having  been  on  one  side  of  the  tangent,  intersects  it, 
and  comes  to  the  other ;  that  is,  the  curve  having  been  convex, 
say,  downwards,  becomes  concave,  or  vice  versd. 


Section  4. — On  multiple  points  of  plane  curves. 

248.]  Thus  far  we  have  considered  the  geometrical  proper- 
ties which  belong  to  the  first  and  second  derived-functions  of 
an  equation  to  a  curve  when  they  have  determinate  values ;  but 

suppose  that  at  any  point  on  a  curve,  ^  assumes  the  inde* 
terminate  form  ^,  a  question  occurs,  and  which  has  to  be  in- 
quired into.  What  is  the  meaning  of  such  indeterminateness  ? 
In  the  following  discussion  we  shall  find  it  most  convenient  to 
use  the  implicit  form  of  the  equation  to  the  curve ;  viz. 

«=  F(a?,y)  =  c;  (128) 

whence  we  have 

^=-i±l.  (124) 

Suppose  that  at  a  certain  point  on  the  curve  ^  "==  R ;  the 
condition^  of  which  are  that  (-^j  =  0,  (  j-)l=  0*  w*d  let  the 

expression  be  evaluated  according  to  the  method  of  Art.  139; 
then,  see  (45)  of  that  Article,  we  have 
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\dx*l  "*"  \dxAf'  di 


(d^\  dy      /  d*v  \ 
\dy*l  dx^  \dxdy> 


(125) 


And  suppose  that  this  quantity  does  not  become  ^  at  the  pomt 

in  question ;  that  is,  suppose  that  all  the  second  partial  differ- 
ential coefficients  do  not  vanish  or  become  infinite;  then, 
mnltiplTing  and  reducing,  we  have 

which  is  a  quadratic  in  ^;  and  gives  therefore  two  values  for 

-^;  and  thereby  shews  that  two  branches  of  the  curve  pass 

through  the  point.  This  is  called  a  dmble  painty  admitting  of 
several  varieties,  according  as  the  roots  of  (136)  are  real  and 
unequalj  real  and  equal,  or  imaginary ;  and  according  as  the 
curve  extends  or  not  in  the  plane  of  reference  on  both  sides  of 
the  point  in  question.    Now  the  roots  of  (126)  are 

real  and  unequal,  "j  ,3        ,3  f  "^  1     rfa     » 

leduideqaal,  L  according  as  (^)  (^)  is -^  =  U^)  . 
unagmaiy,  J  *  L>J       ^^^^ 

Let  US  first  consider  the  case  of  the  two  roots  heing  nneqoal ; 
then  ve  bare, 

dy  \dxdy'  "  \\dxdyf       W»/  Wy»/f  ,,^-,^ 

H  = T^pT •     ^^^^ 

\dy^) 

Kow  although  in  algebraical  expressions,  so  far  as  our  know- 
ledge goes,  a  quantity  does  not  pass  from  +  to  —  or  vice  versd 
without  passing  through  zero  or  infinity,  yet  we  may  be  need- 
lessly restricting  the  geometrical  properties  of  equations,  and 
our  means  of  interpreting  them,  if  we  assume  that  in  all 

3c  a 
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equations,  transcendental  as  well  as  algebraical,  no  change 
of  sign  can  take  place  unless  the  quantity  passes  through 
zero  or  infinity.     I  shall  suppose  therefore  that  the  sign  of 

(^)*-  (S)  ($)  ""y  ^  *''"'°Sed  and  yet  that  the 
quantity  may  not  become  zero  or  infinity ;  that  is,  that  the 
two  values  of  -J^  having  been  real  may  become  imaginary,  and 
vice  versd,  without  having  become  equal. 

If  the  two  values  of  -p  are  real  and  unequal,  and  are  so  on 

both  sides  of  the  point  in  question,  then  the  curve  extends  in 
the  plane  of  reference  on  both  sides,  as  at  Pq  in  fig.  57,  and  has 
the  same  tangents,  and  the  point  is  called  a  real  double  point. 

If  the  two  values  of  -r-  are  unequal,  and  are  real  on  one  side  of 

the  point  in  question  and  imaginary  on  the  other,  the  point  is 
such  as  that  indicated  in  fig.  58 :  the  curve  is  in  the  plane  of 
reference  on  one  side,  and  in  another  plane  on  the  other,  and 
the  tangents  are  similarly  so ;  such  a  point  is  called  a  salient 
point:  evidently  no  algebraical  equation  can  express  a  curve 
with  a  salient  point,  because  the  curve  will  be  discontinuous  at 

the  point.     If  the  two  values  of  ■—  are  imaginary  on  both  sides 

air 

of  the  point,  that  is,  if  the  two  roots  of  (126)  are  imaginary, 
then  the  curve  is  out  of  the  plane  of  reference  on  both  sides  of 
the  point,  and  thus  two  branches  of  the  curve,  both  of  which 
are  out  of  the  plane  of  reference,  pierce  the  plane  at  the  point  in 
two  different  directions,  and  the  point  is  called  a  conjugate  point. 
Again,  if  two  roots  of  (126)  are  equal,  we  have 


dy 


dx 


S;  (129) 


and  thus  two  branches  pass  through  the  point  and  have  the 
same  tangent. 

If  these  branches  are  in  the  plane  of  reference  on  both  sides 
of  the  point,  the  curve  is  such  as  one  or  the  other  of  those 
delineated  in  fig.  59,  and  the  points  where  the  curve  meets  the 
tangent  arc  called  points  of  osculation^  and  by  French  writers 
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pobUs  eTembrassemeni ;  and  if  they  are  in  the  plane  of  refer- 
ence on  one  side  of  the  point,  and  on  the  other  side  pass  out  of 
it,  then  the  curve  at  the  point  is  such  as  one  or  other  of  those 
drawn  in  fig.  60,  where  the  dotted  lines  indicate  the  course  of 
the  curve  out  of  the  plane  of  the  paper,  and  the  points  are 
called  cuspSy  and  by  French  writers  points  de  rebroussement. 
That  in  the  fig.  60,  marked  (a),  is  called  a  cerataid  cusp,  or  a 
cusp  of  the  first  species,  in  which  the  two  branches  touch  the 
common  tangent  on  opposite  sides  of  it ;  that  marked  ()3)  is 
called  a  ramphoid  cusp,  or  cusp  of  the  second  species,  in  which 
the  two  branches  touch  the  common  tangent  on  the  same  side. 
Cusps  in  other  positions  are  shewn  in  fig.  61. 

These  several  subordinate  varieties  of  double  points  must  be 
distinguished  by  examining  the  form  and  nature  of  the  equation 

to  the  curve,  and  of  —^  and  -=-? ,  when  j?  =  47o  +  ^,  V  =  Vo  +  *» 

h  and  k  being  taken  very  small,  and  {xoy  yo)  being  the  point  of 
the  curve  in  question ;  as,  for  example,  in  fig.  60,  if  when 

x  =  3Po  +  hj  -j-|  is  positive  for  one  and  negative  for  the  other 

branch  of  the  curve,  and  when  a?  =  ^o  —  A,  -^  is  affected  with 

dx  ^ 

V—,  the  curve  is  of  the  form  drawn  in  fig.  (a) ;  but  if  ^-~  is 

poritiye  for  both  branches  of  the  curve,  and  the  curve  is  out 
of  the  plane  of  the  paper  when  x  is  less  than  Xo,  then  it  is  such 
as  that  delineated  in  fig.  (fi). 

240.]  Of  these  double  points  we  shall  give  instances,  and 
apply  to  particular  cases  the  principles  of  the  foregoing  method, 
without  adapting  them  directly  to  the  general  forms. 

Ex.  1.  Examine  the  nature  of  the  point  at  the  origin  of  the 
lemniscata  whose  equation  is,  see  Art.  197  and  fig.  37, 

Differentiating  we  have 

4(^+y*)(a?d;a?+yrfy)  =  2a^{xdX'-ydy)\ 

.-.     ^  =  -5 ^    ,^    ^^  =  ^,  when  ^  =  0,  and  V  =  0, 

dx       a^y-V^yiafl-^-y^)       0'  '  y        » 

a^rfjT— ...        dx 


a^dy+...        dy' 
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that  is,  two  branches  of  the  curve  pass  through  the  origin^ 
cutting  the  axis  of  x  at  angles  respectively  of  46^  and  185^^ 
and  which  are  in  the  plane  of  reference  on  both  sides  of  the 
point;  and  therefore  all  the  characteristics  of  a  true  double 
point  are  satisfied. 

Ex.  2.  Determine  the  nature  of  the  point  at  the  origin  of  the 
curve,  y*  =  0?*  (1  —  a?"). 

dy       x—%afl      0      i.  4.1, 

_  (l-6ar»)fte  _  dx 

dy  "^  dy'  '    '    ' 

•     da*  "^^        dx       -^' 
and  two  branches  of  the  curve  pass  through  the  origin,  which 
are  inclined  to  the  axis  of  x  at  angles  respectively  of  45®  and 
185®;  and  there  is  at  the  origin  a  true  double  point ;  see  fig.  62. 

Ex.  8.  Determine  the  nature  of  the  point  at  the  origin  of  the 
Folium  of  Descartes,  the  equation  to  which  is 
«■— 8a4?y4-y*  =  0. 

dy       ny— aj»       0      .  . , 

-/■  =  -f =  jr,  at  the  ongin, 

dx       y^--ax       0  *=* 

_  ady—ixdx dy^ 

'~2ydy^adx~'      dx'  ' 

therefore  ^  =  0,  and  ^  =  00 ;  and  there  are  two  branches 

passing  through  the  origin,  and  touching  respectively  the  axes 
of  X  and  y ;  see  fig.  68. 

Ex.  4.   Determine  the  nature  of  the  point  at  the  origin  of  the 
curve  whose  equation  is  y*(a*— oj*)  =  x^. 

dy        2^+a?y*       0        u  n 

-J-  ^  -"71 — 3T  =  7i  i  ^hen  «  =  y  =  0, 

_  {63fl+y^)dx-k-2xydy  _  Odx 
""    (a^^x^)dy—2xydx  ""  a^dy' 

•  •     W  -  a\'  •  '     dx       -     * 
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that  is,  two  branches  of  the  curve  pass  throogh  the  origin  and 
touch  the  axis  of  x  on  different  sides  of  it,  and  are  both  in  the 
plane  of  reference. 

If  the  equation  to  the  curve  were  y*(d?*— a*)  =  ;r*,  the  two 
branches  which  pass  through  the  origin  would  touch  the  axis  of 
Xj  but  both  would  be  out  of  the  plane  of  reference ;  see  fig.  77. 

Ex.  5.  Discuss  the  nature  of  the  point  at  the  origin  of  the 
curve  whose  equation  is  y^  =  eufi. 

__  6axdx 

...     (g)'=8«r;  ^=  ±(3a^)*  =  0,  if  ^  =  0; 

and  is  affected  with  +,  when  x  is  positive,  but  with  +  a/—,  if 
X  is  n^ative :  hence  at  the  origin  there  is  a  cusp,  both  branches 
of  which  touch  the  axis  of  x^  and  the  curve  is  out  of  the  plane 
of  the  paper  when  x  is  negative.  The  curve  is,  on  account  of 
the  form  of  its  equation,  called  the  Semicubical  Parabola. 

Also  smce  ^-4  =  •<-  — r> 

dx^        —  4^* 

which  is  positive  or  negative  according  as  the  branch  of  the 
curve  is  above  or  below  the  axis  of  Xy  the  cusp  is  of  the  first 
species ;  see  fig.  64. 

Ex.  6.  Discuss  the  nature  of  the  point  at  the  origin  of  the 
curve  y*  =  od?*— ^. 

dy       2ax^Sx^       0      ^  ^t 

^ 8p—  =  5'  »t  the  ongm, 

{2a—6a))div, 


•••(2)'=  4-    l=±g*=±-.i'»=o- 

Hence  the  curve  has  two  branches  at  the  origin  touching  the 
axia  of  y,  but  as  ^  is  affected  with  ±  V^,  when  y  is  nega- 
tive, it  shews  that  at  the  origin  there  is  a  cusp  of  the  first 
species,  and  such  as  is  drawn  in  fig.  66. 
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Ex.  7.  The  equation  to  a  curve  is  y'  =  x  (x+ a)^ ;  determine 
the  nature  of  the  point  where  ^  =  ^  a,  and  y^^O. 

^  =  ^^ =  ^.  when  ^=:-«,  and  y  =  0. 


2y 

=   ^^    ViUJSix    tcr  =  — a 

(6dr+4a)dx 

2rfy        ' 

(!)■=  - 

%-±^- 

that  is^  there  is  a  conjugate  point,  both  branches  of  the  curve 
being  out  of  the  plane  of  the  paper^  and  piercing  it  at  the  point ; 
and  their  directions  making,  with  the  axis  of  «r,  angles  whose 
tangents  are  ±  v'a. 

250.]  The  equations  of  many  curves  admit  of  being  reduced 
to  an  explicit  form,  which  is  well  adapted  to  exhibit  Uie  pecu- 
liarities of  cusps  of  both  species. 

Suppose  that  the  equation  to  a  curve  can  be  put  into  the  form 

y  =/(^)±*W,  (180) 

of  which  f{x)  is  possible  for  all  values  of  x  through  which  we 
consider  it,  and  (^(d?)  is  possible  for  some  and  impossible 
for  others ;  and,  to  fix  our  thoughts,  suppose  that  ^  (x)  is  imar 
ginary  or  real,  according  as  a?  is  less  or  greater  than  a.  The 
curve  whose  equation  is  y  =  f[x)  is  aptly  called  the  diametral 
curve  of  (130),  the  ordinates  of  (130)  being  equal  to  f(x)  in- 
creased and  diminished  by  the  same  quantity,  viz.  ^  (x).  Then, 
if  <t>{x)  is  such  that  <f>(a)  =  0  and  <f>(a)  =  0,  the  curve  (130) 
has,  when  x  =  a,  a  common  point,  and  is  coincident  in  direction, 
with  y  =f{x) ;  but  as  two  branches  unite  at  the  point,  and 
are  distinct  when  a?  =  a  +  A,  and  affected  with  +  ^—,  when 
J?  =  a— A,  we  have  a  cusp  of  the  first  or  second  species,  accord- 
ing as  the  curvature  is  turned  in  opposite  or  in  the  same  di- 
rections.   The  following  examples  will  illustrate  the  method. 

Ex.  1.  (y-a-x)*  =  (ar-c)«. 

y  =  a4-J?±(J?— c)*, 

Hence  the  diametral  line  is  that  whose  equation  is  y  =z  a-{-x, 
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and  as  ^  is  affected  with  +  \/^,  for  all  values  of  x  less  than 
r,  it  follows  that  the  curve  is  in  or' out  of  the  plane  of  refer- 

ence,  according  as  a?  is  greater  or  less  than  c;  and  as  ^  =  1 

when  ^  =  c^  it  is  plain  that  at  that  point  both  branches  touch 
a  common  tangent,  one  being  above  and  the  other  below  it; 

and  as  -^-^  is  +  when  x  is  greater  than  c,  the  cusp  is  of  the 

first  species ;  see  fig.  66. 

Ex.2.  (y-^*)*  =  a^*; 

y  =  a?*  +  a^x^, 
dy       ^         5a*    « 

dx^  -     4 

From  the  above  equations  it  appears  that  the  diametral  curve 

is  the  parabola  whose  equation  is  y  z=  x^;  that  the  curve  is  in 

the  plane  of  reference  on  the  positive  side  of  the  axis  of  y,  and 

out  of  it  on  the  negative  side ;  that  there  is  a  cusp  of  the  second 

d^y 
species  at  the  origin,  since  -r-f  is  positive  for  both  branches; 

see  ng.  67. 
Ex.  3.  y  =  a  +  Aa?  +  c^*  +  x^. 

dx^  -  4^* 

The  diametral  curve  is  plainly  a  parabola,  and  the  curve  is 
in  or  out  of  the  plane  of  reference,  according  as  x  is  positive  or 
negative ;  there  is  a  cusp  of  the  first  species  at  the  point  where 
the  diameter  cuts  the  axis  of  y,  and  the  tangent  at  the  point 
makes,  with  the  axis  of  x,  an  angle  whose  tangent  is  6 ;  see 
fig.  68. 

251.]  For  a  double  point  on  a  curve  we  have  the  two  follow- 
ing conditions, 

0=0.  "■•>©=<>.      <"•> 

at  the  point.    Let  us  suppose  the  equation  to  the  curve  to  be 
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of  the  nth  degree,  and  of  the  form  (45),  Art.  307 ;  then  each 
of  the  equations  (131)  is  of  n— 1  dimensions,  and  therefore 
represents  a  curve  of  that  degree ;  and  if  the  points  of  inter- 
section of  these  two  curves  are  on  the  original  curve,  they  are 
the  double  points  of  that  curve :  hereby  we  have  a  limit  to  the 
number  of  double  points  whieh  can  be  on  a  curve.  The  two 
curves  (131)  cannot  intersect  in  more  than  (n  —  lj^  points,  and 
therefore  the  number  of  double  points  cannot  be  greater  than 
this ;  it  may  however  be  less  because  all  the  points  of  inter* 
section  may  not  be  on  the  original  curve  :  thus,  in  a  conic  for 

example,   (-r-)  =  0,  and  y-r-j  =  0,  are  the  equations  to  two 

diameters,  and  they  intersect  in  the  centre  which  is  not  on  the 
curve,  unless  the  conic  can  be  broken  up  into  two  straight  lines ; 
in  which  case  the  centre  is  a  double  point.  Thus  the  point  of 
intersection  of  the  two  equations  (131)  in  the  case  of  a  conic  is 
not  ordinarily  a  double  point. 

As  two  branches  of  a  curve  intersect  at  a  double  point,  so  a 
double  point  is  two  coincident  points  ,*  and  therefore  if  a  straight 
line  passes  through  a  double  point,  this  passage  is  equivalent  to 
its  passing  through  two  points  of  a  curve :  hence  a  proper  curve 
of  the  third  degree  cannot  have  more  than  one  double  point, 
becaiise,  if  it  had  two,  a  straight  line  might  be  drawn  through 
both,  and  would  thus  pass  through  four  points  on  the  curve  of 
the  third  order,  and  this  is  impossible  for  a  proper  curve  of  that 
order,  see  Art.  210 ;  for  a  proper  curve,  I  say ;  because  it  is 
possible,  if  the  curve  can  be  broken  up  into  a  straight  line  and  a 
conic,  since  then  the  two  points  where  the  line  cuts  the  curve  are 
double.  Similarly  a  proper  curve  of  the  fourth  order  cannot  have 
four  double  points ;  because  if  it  had,  through  these  and  any 
fifth  point  on  the  curve  a  conic  might  be  drawn,  and  as  each 
double  point  is  equivalent  to  two  points,  this  conic  would  pass 
through  nine  points  on  the  curve ;  and  thus  a  conic  and  a  curve 
of  the  fourth  order  would  intersect  in  more  than  eight  points, 
which  is  impossible,  see  Article  210.     And  in  general  a  curve  of 

the  «th  degree  cannot  have  more  than  ^r doable 

points* ;  for  suppose  it  to  have  one  more :  then  through  these 

*  See  Salmon,  Higher  Plane  Curves,  page  31 ;  and  Annales  de  Mathe- 
matiques.  Tome  X,  p.  95,  Paris,  1851. 
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^ ^  1  double  points  and  through  n— 3  other  points 

of  the  curve,  a  curve  of  the  (n— 2)th  order  may  be  drawn; 
and  this  must  be  considered  to  meet  the  original  curve  in 
(«»— l){»-^2)-f  2-f  «— 3,  that  is,  in  n(»— 2)+l  points,  which 
is  impossible  if  the  given  curve  is  a  proper  curve. 

In  Art.  223  it  has  been  shown  that  generally  n(n  — 1)  tan- 
gents can  be  drawn  to  a  curve  of  the  nth  degree  from  a  given 
point :  in  the  proof  of  this  theorem  it  is  assumed  that  every 
line  passing  through  two  consecutive  points  on  the  curve  is 
a  tangrait^  a  line  however  passing  through  a  double  point 
passes  through  two  consecutive  points  on  the  curve  and  in  two 
different  ways,  viz.  through  the  point  common  to  both  branches 
and  the  consecutive  point  on  each  branch;  and  yet  is  not  in 
either  way  a  tangent  in  the  meaning  in  which  the  word  is  com- 
monly used ;  so  that  the  preceding  number  of  tangents  roust 
be  diminished  by  2  for  every  double  point  on  the  curve.  If 
therefore  a  curve  has  5  double  pointS;  the  number  of  tangents 
which  can  be  drawn  to  it  from  a  given  point  is  w(n  — 1)— 28; 
and  this  is  therefore  the  class  of  the  curve. 

252.]  The  number  of  cusps  on  a  curve  of  the  «th  degree 
cannot  be  greater  than  2n(n—2);  and  all  these  are  on  a  curve 
of  the  2  (»— 2)th  order.  For  the  condition  of  a  cusp  on  a  curve 
is,  see  (127),  the  equation 

which  is  manifestly  of  2(»— 2)  dimensions;  all  cusps  therefore 
are  found  on  a  curve  of  this  order :  and  as  the  points  of  inter- 
section of  this  curve  with  the  original  curve  cannot  be  more 
than  2n(«— 2),  so  the  number  of  cusps  on  a  curve  of  the  «th 
order  cannot  be  greater  than  2n  (n— 2).     Indeed,  as  a  cusp  is  a 

double  point,  the  number  cMoinot  be  greater  than  ^ ^ , 

as  is  shewn  in  the  preceding  Article. 

And  for  every  cusp  on  a  curve,  the  number  of  tangents  which 
can  be  drawn  to  the  curve  from  a  given  point  must  be  dimin- 
ished by  3.  Because  at  a  cusp  three  points  of  the  curve  be- 
come coincident ;  and  as  these  may  be  taken  in  pairs  in  three 
different  ways,  so  may  three  lines  be  drawn  passing  through 
these  several  pairs ;  and  as  these  lines  are  not  tangents  in  the 

3  D  a 
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ordinary  meaning  of  the  word,  the  number  of  tangents  which 
can  be  drawn  to  the  curve  from  a  given  point  is  to  be  dimin- 
ished by  three  for  each  cusp. 

Hence  if  a  curve  has  k  cusps^  the  number  of  tangents  which 
can  be  drawn  to  it  from  a  given  pointy  and  therefore  the  class 
ofthecuiTe,i8  „(„_1)_3«.  (133) 

If  therefore  a  curve  has  b  double  points,  and  k  cusps,  and  if  its 
class  is  m;  then 

m  =  n(»-l)-28-3ic.  (134) 

253.]|  From  (126)  it  appears  that  the  equation  which  gives 
the  directions  of  the  tangents  at  a  double  point  is 

dy 
hence  substituting  -p  from  (124),  we  have 

which  is  the  Hessian  of  the  curve  in  terms  of  <r  and  y,  see 
Art.  246,  and  is  the  same  equation  as  that  which  gives  the  points 
of  inflexion;  see  Art.  244.  Hence  it  appears  that  the  Hessian 
passes  through  aU  the  double  points  of  a  curve  as  well  as 
through  all  its  points  of  inflexion. 

*  Now  the  relation  of  a  curve  to  its  Hessian  deserves  closer 
consideration.  In  the  first  place,  a  double  point  on  a  curve  is 
also  a  double  point  pn  the  Hessian ;  and  the  tangents  to  the 
two  are  identical  at  the  point.  This  may  be  shewn  most  easily 
if  we  take  the  double  point  to  be  the  origin  and  the  tangents 
at  it  to  be  the  coordinate  axes;  in  which  case  the  equation 
(48),  Art.  207,  takes  the  form 

^2«3?y  +  M3  +  ««4+  ...  +«»i  =  r(^,y)  =  0;  (137) 

and  substituting  in  (136)  and  taking  only  the  terms  involving 
the  lowest  powers  of  x  and  y,  the  Hessian  becomes 

—  2  bz^a^y  -f  terms  of  three  and  higher  dimensions  =  0;  (138) 

which  evidently  passes  through  the  origin,  and  at  it  touches  the 
axes  of  X  and  y.  Thus  the  original  curve  and  its  Hessian  have 
the  same  tangents  at  the  common  double  point.    But  when  two 

*  See  an  Article  by  Mr.  Cayley  in  Crelle's  Journal,  Vol.  XXXI V,  p.  43. 
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curves  have  a  common  double  point,  this  is  equivalent  to  four 
points  of  intersection  being  coincident ;  and  if  the  tangents  to 
the  branches  are  also  common,  this'  is  equivalent  to  two  more 
points  of  intersection  being  coincident ;  and  therefore  a  double 
point  with  tangents  common  to  the  curve  and  its  Hessian  is 
equivalent  to  six  coincident  points  of  intersection.  Now  the 
number  of  points  of  inflexion  is  8n  (»— 2),  being  the  number  of 
points  of  intersection  at  a  finite  distance  of  a  curve  and  its 
Hessian;  and  by  as  many  as  these  points  are  diminished^  by 
so  many  is  the  number  of  the  points  of  inflexion  diminished. 
Therefore  if  a  curve  has  b  double  points,  the  number  of  its 
points  of  inflexion  cannot  be  more  than 

3«(n-2)-66.  (189) 

Also  again,  if  the  original  curve  has  a  cusp,  three  branches 
of  the  Hessian  will  pass  through  the  point,  the  tangents  of  two 
of  which  wiU  coincide  with  the  tangent  of  the  original  curve  at 
the  cusp.  Let  us  take  the  origin  at  the  cusp,  and  let  the  tan- 
gent be  the  axis  o(  y:  in  which  case  (48),  Art.  207,  takes  the 

*^™'  aiai^-\-Us-hU4+  ...  +ttn  =  F(a?,y)  =  0;  (140) 

and  substituting  in  the  Hessian,  and  retaining  only  the  terms 
involving  the  lowest  powers  of  the  variables  x  and  y,  the  Hes- 
sian becomes 

4a2^a^  (—fY)  +  terms  of  four  and  higher  dimensions  =  0.  (141) 

Hence  the  Hessian  has  three  branches  passing  through  the 
origin ;  to  two  of  which  the  axis  of  y  is  the  tangent,  and  to  the 

third  the  tangent  is  [—ty)  =  2c8^  +  6£^y  =  0.    But  when  two 

curves  have  a  common  point,  through  which  two  branches  of 
one  and  three  branches  of  the  other  pass,  this  point  is  equiva- 
lent to  six  coincident  points  of  intersection ;  and  as  two  branches 
of  one  have  the  same  tangent  as  two  branches  of  the  other,  two 
more  points  are  common  to  the  two  curves ;  so  that  this  cusp 
common  to  the  curve  and  its  Hessian  is  equivalent  to  eight  co- 
incident points  of  intersection.  Hence  if  a  curve  has  b  double 
points,  and  k  cusps,  and  if  i  is  the  number  of  its  points  of  in- 
flexion, .  ^  3„(n-2)-65-8ic.  (142) 
I  must  in  conclusion  observe,  that  M.  Hesse  has  shewn,  Crelle, 
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Vol.  XXVIII,  that  in  curves  of  the  third  order,  the  points  of 
inflexion  on  the  original  curve  are  also  points  of  inflexion  on 
the  Hessian  :  but  in  other  curves  the  points  of  inflexion  are  not 
generally  points  of  inflexion  of  the  Hessian. 

254.]  Lastly,  let  us  consider  the  subject  of  double  points  in 
curves  whose  equations  are  given  in  terms  of  three  variables 
X,  y,  z,  and  in  the  form  (49),  Art.  208.  Now  the  equation  to 
the  tangent,  see  (18),  Art.  216,  is 

and  therefore  if  at  any  point  on  the  curve  this  equation  is  iden- 
tically satisfied,  that  is,  if  y-r-)  =  \-r-j  =  (t-)  =  0,  the  direc- 
tion of  the  tangent  at  that  point  is  indeterminate ;  and  to  de- 
termine it  we  must  pass  to  the  next  consecutive  point  on  the 
curve :  that  is,  in  other  words,  we  must  take  the  a?-,  the  y-,  and 
the  ;8r-partial  diflerentials  of  (143) :  hence  we  have  the  three 
equations  (116),  Art.  246;  and  hence  arises  the  condition, 

/rf^F\  /  dPv  \*     /rf^F\  /  rf*F  \2     /d*F\  /  rf*F  \* 
\d^l  \dydzf  "^  V5y»/  \dzdif  "^  W^  vrf^ * 

which  is  the  equation  to  the  Hessian  in  terms  of  three  variables. 
And  this  is  the  condition  that  a  curve  should  have  a  double 
point.     Let  us  apply  it  to  a  conic ;  that  is,  investigate  the  cir- 
cumstances under  which  a  conic  has  a  double  point. 
Let  the  equation  to  the  conic  be 

Aa?*-|-By*H  cz^-{-2Eyz  -{-2qzx  -h2nxy  =  0;       (145) 
then  (144)  becomes 

ae2  +  bg*  +  ch*  — ABC  — 2egh  =  0,  (146) 

which  is  the  well-known  condition  that  (145)  should  break  up  into 
two  straight  lines ;  and  at  the  point  of  intersection  of  these  two 
lines  we  have  the  characteristics  of  a  double  point.  Therefore 
a  proper  curve  of  the  second  degree  does  not  admit  of  a  double 
point. 

256.]  Let  us  now  return  to  equation  (126),  Art.  248,  and 
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suppose  that  at  the  point  under  discussion,  not  only  y-j-j  =  0, 
and  y-r-j  =  0,  but  also 

then  the  value  of  ^  again  assumes  the  form  ^ ,  and  the  nume- 
rator and  denominator  of  it  must  be  differentiated;  in  which 
operation  however  it  is  to  be  borne  in  mind,  see  Art.  139,  that 

dy  . 

~  does  not  vary  with  x  and  y  near  to  the  point,  and  is  therefore 

to  be  considered  constant ;  the  true  meaning  and  effect  of  these 
successive  differentiations  being  as  follows.  Several  branches 
of  the  curve  have  certain  consecutive  points  in  common,  and 
certain  elements  in  common ;  whilst  therefore  we  are  consider- 
ing the  curve,  as  to  its  continuation  at  one  or  more  of  these 
common  points,  it  is  indeterminate  to  which  branch  of  the 
curve  the  points  and  elements  belong,  and  therefore  we  must 
pass  on  from  these  common  points  to  those  contiguous  ones 
which  are  on  different  branches ;  in  which  case  the  tangent 
lines  drawn  through  these  become  separate  for  each  branch, 
and  the  direction  of  each  thereby  becomes  determined.  Let 
the  reader  try  to  draw  for  himself  an  infinitely  magnified  dia- 
gram of  such  points  and  curves  in  the  same  manner  as  we  have 
drawn  fig.  56. 

Differentiating  therefore  the  numerator  and  denominator  of 
the  right-hand  member  of  equation  (125),  and  dividing  through 
by  dx. 

dy  _  __  ^dw^f  "^     \dx^dy>  dx  "*"  ^dxdy^f  dx^ 
dx  .  tdH\  dy^      ^  (  d^v  \  dy      /  d^Y  \ 


(148) 


/rf»F\  dy^      ^  (  d^F  \  dy      /  rf»F  \ 
Wy»/  dx^'^     \dxdy^f  dx  "^  \dx^dyf 

whence,  multiplying  and  reducing, 

which  is  a  cubic  equation  in  -^ ,  and  therefore  has  three  roots ; 

shewing  that  three  branches  of  the  curve  pass  through  the  pointy 
which  is  accordingly  called  a  tripk  point ;  the  three  branches 
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being  all  in  the  plane  of  reference,  or  one  in  and  two  out  of 
the  plane,  according  as  the  roots  of  (149)  are  all  real,  or  one 
real  and  two  impossible. 

As  the  criteria  of  this  division  lead  to  a  long  and  complicated 
expression,  it  is  needless  to  investigate  it ;  and,  moreover,  as  the 

determination  of  the  several  values  of  ~  ,  corresponding  to  the 

several  branches  of  the  curve,  is  not  difficult,  we  shall  only  add 
an  example. 

Ex.  1.  To  determine  the  nature  of  the  point  at  the  origin  of 
the  curve  whose  equation  isj?*— ay^-fAy^  =  0. 

dy       4>afl—2axy       o       .  .i 

di^  a^r'-SV^S'  attheongin, 

_  (12je»-2oy)rfg-2aarrfy  _  g 

~         2axdx-6bydy         ""  0'     '    '    "    '' 

_24ixda^—4adtfdx_     —4tadydx  ,  _     _n 

-     2adai^-&bdy*     ~  2ada^-6bdy^'  °  J?  -  y  -  O; 

...     6a$:-6A^  =  0: 
due  dar 

whence  :r^  =  0,  and  ■—  =  +  (t)   : 

dx  dx       —  \b'   ' 

and  therefore  at  the  origin  there  is  a  triple  point,  as  three 
branches  of  the  curve  pass  through  it,  of  which  one  touches 
the  axis  of  Xy  and  the  other  two  are  inclined  to  it  at  angles 

whose  tangents  are  +  (-A  ;  see  fig.  69. 

256.]  Similarly  if  all  the  third  partial  di£Perential  coeffici- 
ents vanish  at  the  point  under  discussion,  we  must  differentiate 
again  the  numerator  and  denominator  of  the  right-hand  member 
of  (148) ;  by  which  means  we  shall  obtain  a  biquadratic  expres- 
sion in  —-,  indicating  that  four  branches  of  the  curve  pass 
through  the  point,  which  is  therefore  called  a  quadruple  point. 

257.]  Such  is  the  general  theory  of  multiple  points  ;  of  which 
the  analytical  character  is  the  vanishing  at  the  point  of  succes- 
sive partial  differential  coefficients  of  the  implicit  equation  to 
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the  carve.  That  such  must  vanish,  if  many  branches  pass 
through  the  same  point,  may  thus  be  shewn  a  priori. 

Let  a  curve  be  such  that,  when  x  =  a  ±  h^  y  has  many 
values,  or,  to  borrow  language  from  the  theory  of  equations,  the 
equation  formed  in  powers  of  y  has  many  unequal  roots ;  but 
when  X  :=z  a  several  of  these  values  of  y  become  equal,  say 
y  =zbi  then,  in  this  case,  as  many  roots  as  become  equal  which 
before  were  unequal,  so  many  branches  of  the  curve  pass  through 
the  point ;  and  thus  in  the  equation  many  equal  factors  will  be 
multiplied  together,  which  produce  a  factor  of  the  form  {y—bY. 
By  similar  reasoning  we  may  prove  that  at  such  a  point  many 
factors  involving  Xy  which  at  other  points  are  unequal,  become 
equal ;  and  we  have  a  factor  of  the  form  (a?— a)*",  m  and  n  being 
some  numerical  quantities  greater  than  1.  Now  since  differen- 
tiation diminishes  the  exponent  of  such  a  quantity  only  by 

unity,  it  is  plain  that  (^  j  will,  at  the  point  in  question,  have 
a  factor  of  the  form  (a?— a)"*~^,  and  therefore  will  =  0.  Simi- 
larly (^)  will  have  a  factor  of  the  form  (y— A)'*"S  and  will 

=  0  also ;  and  according  to  the  numerical  magnitudes  of  m  and 
n,  will  be  the  number  of  branches  passing  through  the  point, 
and  the  number  of  successive  partial  differential  coefficients 
which  =  0,  for  the  values  a?  =  a,  y  =  A. 


Section  5. — On  tracing  curves  by  means  of  their  equations. 

258.]  As  this  treatise  is  intended  in  a  great  measure  for 
didactic  purposes,  I  shall  insert  at  some  length  an  account  of 
the  most  simple  processes  by  which  we  can  delineate  a  curve  ex- 
pressed by  a  given  equation :  and  herein  we  shall  introduce 
simultaneously  and  combine  the  methods  which  have  been  in  the 
preceding  sections  separately  investigated  for  the  discovery  of 
singular  points  of  curves.  The  object  of  this  inquiry  is  two- 
fold :  to  give  expertness,  firstly,  in  the  analysis  of  mql  equation 
and  of  its  derived  functions ;  and,  secondly,  in  the  translation  of 
these  circumstances  into  their  corresponding  geometrical  forms. 
All  curves  however  we  cannot  trace,  any  more  than  find  the 
equations  to  all  figures  of  a  character  however  complicated ;  the 
problem  is  as  general  as  the  solution  of  aU  equations;   and 
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therefore  what  follows  is  to  be  taken  as  an  explanation^  and  as 
a  specimen^  of  the  means  we  possess  of  discussing  some  few 
simple  cases  which  are  for  the  most  part  algebraical. 

1)  If  the  equation  admits  of  being  simplified  by  a  change 
of  origin^  or  by  turning  the  axes  through  any  angle,  or  by 
transforming  the  equation  into  its  equivalent  in  terms  of  polar 
coordinates^  let  such  a  change  be  e£Pected  before  we  b^in  the 
analysis.  Thus,  for  instance,  the  equation  a^'-2ax+y^-\-2by 
=  0,  admits  of  being  discussed  more  easily  when  for  x  we  write 
a?-|-a,  and  for  y,  y—h\  whereby  the  result  becomes  x^-\-y^ 
=  a* +  4*.     Similarly  the  curve  whose  equation  is   (^  +  y*)* 

=  a  tan"^  (- j  is  more  easily  traced  when  it  is  put  in  its  equi* 

valent  polar  form^  r  =  aO.  The  means  of  tracing  polar  curves 
will  be  discussed  in  the  next  chapter. 

2)  If  the  equation  to  a  curve  admits  of  being  put  in  the 
f«""  y=f(s)±<l>(x), 

in  which  case^  as  before  observed^  y  =/(j?)  is  the  equation  to 
a  curve  diametral  to  the  curve  to  be  traced^  it  is  most  con* 
venient  first  to  trace  the  diametral  curve^  and  then  to  increase 
and  diminish  its  ordinates  by  the  quantity  ^  (x)  corresponding 
to  the  several  values  of  the  abscissa  to  the  curve  y  =if{x). 

Thus,  for  instance^  in  the  discussion  of  the  general  equation 
of  the  second  degree^ 

ay^  +  bxy  +  cx^  +  dy  -k-ex  +/  =  0,  (150) 

let  the  equation  be  solved  for  y ;  whence  we  have 

=  -  Aa.-^4-i^{(62_4fl^)^  +  2(W-2a€)ar+rf«-4a/}*;  (151) 

y  =  — — 0?— 5-,   is   the  equation  to   a   straight  line,    and 

therefore  the  ordinate  to  the  curve  is  the  ordinate  to  a  straight 
line  increased  and  diminished  by  equal  quantities;  the  most 
convenient  method  therefore  of  tracing  the  curve  is  first  to 
construct  the  straight  line,  and  then  to  add  to  and  subtract 
from  its  ordinate  such  a  quantity  as  arises  from  an  examina- 
tion of  the  latter  part  of  (151). 

3)  Let  the  equation  to  the  curve,  if  possible,  be  put  in  the 
explicit  form  y  =  f{x) ;  and  let  all  the  points  be  determined 
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at  which  the  curve  meets  the  coordinate  axes^  by  finding  the 
values  of  w  which  render  ^  =  0,  and  the  values  of  y  which  render 
X  =  0;  and  let  the  change  or  continuation  of  sign  be  examined 
in  order  to  determine  whether  the  curve  passes  from  below  to 
above  the  axis  of  x,  or  vice  versd;  and  whether  it  passes  from 
the  left  to  the  right  of  the  axis  of  y,  or  vice  versd ;  and  whether 
it  touches  the  axes ;  and  if  it  cuts  the  axis,  let  the  value  of 

dv 

-^  be  examined  at  the  point  of  section,  so  as  to  determine  the 

angle  at  which  it  cuts.  And  if,  for  all  values  of  x  from  +  00 
to  —  00 ,  y  is  unaffected  with  ±  \/-^,  the  curve  extends  infi- 
nitely in  both  directions  in  the  plane  of  the  paper ;  but  if  at 
any  point,  say  x  =  a,  y  =  b,  the  equation  is  such  as  on  one 
side  of  that  point  to  be  affected  with  +,  and  on  the  other  side 
with  ±  V—,  then  at  that  point  the  curve  leaves  the  plane  of 
the  paper.  Suppose  that  at  such  a  point  there  is  only  one 
branch  of  the  curve,  so  that  the  symbol  of  ^^  impossibility '^  does 
not  arise  from  the  extraction  of  the  square  root  of  a  negative 
number,  then  there  is  what  is  by  French  writers  termed  a 
poini  d^ arret ;  or,  as  we  may  conveniently  call  it,  a  point  of 
abrupt  termination;  and  the  branch  has  only  one  tangent. 
Such  however  can  only  arise  from  a  discontinuous  function,  or 
from  such  functions  as  those  for  which  Maclaurin^s  Theorem 
fails.    Thus,  if  the  equation  is  y  =  j?^  log  x,  y  =  0,  when  x  =  0 ; 

by  virtue  of  Ex.  2,  Art.  126 :  also  -^  =  0,  wBen  a?  =  0 ;  hence 

ax 

the  curve  passes  though  the  origin,  and  touches  the  axis  of  or, 
and  is  in  the  plane  of  the  paper  on  the  positive  side  of  the  axis 
of  y ;  but  as  the  logarithms  of  negative  numbers  are,  see  Art.  67, 
affected  with  +  \/— ,  the  curve  is  out  of  the  plane  of  reference 
on  the  negative  side  of  the  same  axis ;  and  therefore  there  is  at 
the  origin  a  point  of  abrupt  termination.  The  above  curve 
18  traced  in  fig.  70  as  far  as  it  exists  in  the  plane  of  the  paper ; 
AO  =  1. 

If  however  at  the  point  where  the  ordinate  becomes  affected 
with  +  V^,  two  branches  pass  into  another  plane,  there  is 
either  a  cusp  or  a  salient  point,  according  as  the  two  branches 
have  the  same  or  different  tangents.  The  distinctive  cha- 
racters of  these  points  depend  on  the  corresponding  value  or 

values  of  ~^.     And  if  the  equation  to  the  curve  is  satisfied 

3  £  2 
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hj  x  =  a,  y  =  by  but  if  when  x  is  increased  or  decreased  by  a 
quantity,  however  smaU,  y  is  affected  with  ±  a/— ,  then  at 
such  a  point  the  curve,  which  lies  in  some  other  phinej  pierces 
the  plane  of  reference ;  and  the  point  is  a  conjugate  or  isolated 
point ;  and  of  course  one  or  two  or  more  branches  of  a  curve 
may  pass  through  such  a  point :  as  for  instance  if  the  equation 
to  a  straight  line  is  y— A  =  (  — )*(^— a),  the  equation  is  satisfied 
hj  X  =•  a,  y  =:  b,  which  indicates  a  point  in  the  plane  of  refer- 
ence ;  but  every  other  point  of  the  line  is  in  the  plane  passing 
through  the  line  bd,  see  fig.  71,  oa  =  a,  ab  =  A,  and  perpendi- 
cular to  the  plane  of  the  paper. 

When  two  branches  of  the  curve  simultaneously  pierce  the 
plane  of  the  paper,  the  two  roots  of  (126),  Art.  248,  are  im- 
possible,  as  is  the  case  in  Ex.  8,  which  is  traced  below  in 
Art.  260.  And  a  curve  may  have  any  number  of  such  conju- 
gate points,  by  continually  passing  through  the  plane  of  the 
paper,  such  as  in  the  subjoined  example : 

y  =  ax*  ±  {bx)^sinx. 

The  curve  is  traced  in  fig.  72,  the  dotted  line  indicating  the 
branches  in  a  plane  perpendicular  to  that  of  the  paper,  y  =  aa^, 
which  represents  the  diametral  curve,  is  a  parabola,  b'ob, 
drawn  in  the  figure ;  and  the  ordinate  to  the  curve  is  periodi- 
cally reduced  to  its  ordinate  when  ^  =  0,  or  =  ir,  or  =  2ir, 

or  =  any  multiple  of  v ;  but  when  s  is  negative,  the  part  of  the 
ordinate  to  be  added  to  or  subtracted  from  the  ordinate  of  the 
parabola  is  affected  with  (— )^,  except  at  the  points  where  x  = 
some  multiple  of  ir,  at  which  the  branches  of  the  curve  pierce 
the  plane  of  reference :  and  thus  it  continues  ad  u^niium^  the 
curve  itself  being  continuous,  but  there  being  a  series  of  dis- 
continuous points,  if  we  consider  only  those  points  which  the 
plane  of  the  paper  contains. 

Curves  such  as  the  last  have  been  called  ^'Courbes  Point- 
ill&*;''  which  name  however  has  been  given  by  writers  who 
discard  the  mode  of  interpretation  of  the  symbol  of  impossi- 
bility which  we  have  employed  in  this  Treatise,  and  are  there- 
fore obliged  to  allow  that  algebraical  expressions  admit  of 
discontinuous  geometrical  interpretation:    a  result  surely  at 

*  See  page  382  of  a  '*  Treatise  on  the  DifTerential  Calculus,"  by  Augustus 
X)e  Morgan,  M.A.     Baldwin  and  Cradock,  I^ondon,  1842. 
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variance  with  the  algebraical  nature  of  such  functions,  which 
admit  of  differentiation,  and  thereby  indicate  that  they  fulfil 
the  law  of  continuity. 

4)  On  the  method  of  determining  the  simultaneous  increase 
and  decrease  of  x  and  y  nothing  more  need  be  said ;  but  we 

dy 
must  be  careful  to  investigate  the  points  at  which  -~  =  0, 

and  =r  oo  y  and  to  observe  whether  or  not  there  is  a  change  of 
aign^  as  such  is  the  criterion  of  maxima  and  minima.     With 

this  object  we  shall  equate  ^  to  0  and  oo^  and  examine  the 

course  the  curve  takes  at  these  critical  points. 

5)  In  regard  to  asymptotes,  and  the  course  of  the  curve 
with  respect  to  them,  we  must  examine  the  finite  values  of  a? 
for  which  y  is  infinite  ;  and  the  values  of  y  for  which  x  is  infinite, 
as  such  will  be  asymptotes  parallel  to  the  axes  of  y  and  ^  re- 
spectively; and  by  investigating  whether  -^  changes  sign  or 

not  for  these  asymptotic  values,  we  shall  determine  whether  the 
infinite  ordinate  is  a  maximum  or  a  minimum ;  that  is,  whether 
it  returns,  or  whether  it  continues  round  the  circle  of  infinite 
radius,  such  as  we  described  in  the  last  chapter ;  and  which  of 
the  forms  delineated  in  figs.  24^  25,  26,  51  the  curve  takes.  We 
must  also  be  careful  to  determine  whether  there  are  rectilineal 
asymptotes  inclined  at  oblique  aAgles  to  the  axes  of  coordi- 
nates^ general  rules  for  the  discovery  of  which  have  been  given 
in  Art  284 ;  and  whether  the  curve  is  above  them  or  below 
*  them.  It  may  happen  that  two  distinct  branches  of  a  curve 
will  approach  the  same  asymptote.     Sometimes  also  a  curve 

will  cut  its  asymptote ;   as  e.  g.  if  y  =  a ,  the  axis  of  a?  is 

*v 

an  asymptote,  and  the  curve  cuts  it  whenever  ^  =  an  integral 

multiple  of  tt. 

6)  The  general  character  of  a  curve  with  regard  to  the 
curvature  of  it  in  a  particular  direction  and  its  points  of  in- 
flexion has  been  sufficiently  discussed  in  Section  3  of  the  present 

Chapter.     Practically  however  ^-|  is  of  little  use  in  enabling 

us  to  trace  a  curve,  unless  it  assumes  a  simple  and  explicit 

dhi 
form ;  and  should  also  at  any  point  of  the  curve  -j^  =  0,  and 
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tiot  change  its  sign,  we  may  conclude  that  more  elements  of  the 
curve  than  two,  and  therefore  more  points  of  the  curve  thaa 
three,  are  in  one  and  the  same  straight  line. 

7)  There  is  nothing  more  to  be  added  on  the  theory  of 
multiple  points  and  their  varieties. 

8)  And  generally  it  is  of  little  use  to  examine  the  values 
of  X  and  y^  except  at  such  critical  points  as  we  have  above 
described  ;  and  except  when  ;r  =  00 ,  and  ^  =  oo ,  in  order  that 
we  may  determine  the  course  the  curve  is  taking  at  such  dis- 
tances from  the  axes. 

269.]  Thus,  in  the  discussion  of  any  particular  equation  re- 
presenting a  plane  curve,  the  method  indicated  by  the  following 
rules  is  the  most  convenient  to  adopt : 

I.  Reduce  the  equation  if  possible  to  the  explicit  form,  and 
simplify  it,  as  far  as  may  be,  by  means  of  a  change  of  origin,  or 
by  a  transformation  into  polar  coordinates. 

II.  Discover,  arrange,  and  tabulate  with  their  proper  signs, 
all  the  critical  values  of  y  and  Xy  both  in  and  out  of  the  plane 
of  reference. 

III.  Discuss  and  tabulate  the  critical  values  of  ^ ,  as  e.  g. 

determine  the  angles  at  which  the  curve  cuts  the  axes,  the  maxi- 
mum and  minimum  ordinates,  &c. 

IV.  Find  the  equations  to  the  asymptotes^  and  determine 
whether  the  curve  is  above  or  below  them. 

V.  Find,  if  it  is  possible  in  a  convenient  form,  ^-^ ;  thence 
determine  the  direction  of  curvature,  and  the  points  of  inflexion. 

VI.  If  at  any  point  ;^  =  R»  evaluate  the  quantity,  and 
determine  the  several  double,  triple  points,  &c. 

260.]  Examples  illustrative  of  the  preceding  theory. 

Ex.  1.    Trace  the  curve  whose  equation  is  y*  =  d^afi. 

.-.     y  =  ±  aa?»;  (152) 

dy       3a*a?2  ^«  Zax^ 

_==.__,  also-=  ±-^; 

d^y  _    .    3a 
dx'^  ~  -  4-p*' 
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From  (152)  it  is  plain  that  the  curve  is  symmetrical  with 
respect  to  the  axis  of  x  \  and  since  the  curve  passes  through  the 

origin,  the  former  value  of  -j-  at  that  point  assumes  an  indetermi- 
nate form^  the  value  of  which,  as  before  shewn  in  Ex.5,  Art. 249^ 
is  such  as  to  give  a  cusp,  both  branches  of  which  touch  the  axis 
of  x^  and  which  are  in  the  plane  of  the  paper  on  the  positive 
side  of  the  axis  of  y,  and  out  of  it  on  the  negative  side.    The 

same  thing  is  also  apparent  irom  the  second  value  of  -^ ,  which 

=  0  at  the  origin,  and  is  affected  with  +  \/^  when  a?  is  nega- 

tive,  and  with  ±  when  x  is  positive;  also  nr-f,  being  affected 

with  ±,  shews  that  one  branch  of  the  curve  is  convex,  and 
the  other  concave,  downwards. 

Hence  we  may  tabulate  as  follows  : 


X 

y 

dy 
dx 

d*y 
dx* 

1 

0 

±^^.o,± 

±  v^,  0,  ± 

±  y^,  00 ,  + 

2 

+   00 

+   00 

±  « 

± 

8 

—  00 

±  -/^oo 

+  ^AI:oo 

±   ^^ 

Prom  1  it  appears  that  the  curve  passes  through  the  origin, 
with  two  branches,  both  touching  the  axis  of  x,  one  of  which 
is  convex,  and  the  other  is  concave,  downwards,  and  which  are 
out  of  the  plane  of  the  paper  on  the  negative  side  of  the  axis  of 
Xy  and  are  in  it  on  the  positive  side.  From  2  and  3  it  appears, 
that  as  X  increases,  whether  positively  or  negatively,  y  increases 

also,  and  since  ^  approximates  to  qo  ,  that  the  curve  approaches 

to  parallelism  with  the  axis  of  y\  the  only  critical  value  is 
Of  =  0 ;  the  curve  is  drawn  in  fig.  64. 

Ex.  2.    Discuss  the  curve 

y  =  af8-2a?»-5a?  +  6  =  (ar  +  2)  (ar-1)  (^-3) ; 


dx 


-5  =  8(*- 


3 


'■)('- 


■J— I 
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As  the  equation  does  not  admit  of  expansion  in  descending 
powers  of  ^  of  a  form  such  that  the  highest  positive  power  of 
X  may  be  unity,  it  follows  that  the  curve  has  no  rectilineal 
asymptote.     The  table  of  the  critical  values  is  as  follows. 


X 

y 

rfy 

da 

dx* 

1 

-2 

-,o,+ 

+15 

— 

2 

0 

+  6 

-5 

— 

8 

1 

+,0,- 

-6 

+ 

4 

8 

-.0, + 

+  10 

+ 

5 

2+^/I9 
3 

— 

-.0,+ 

+ 

6 

2-^/I9 
3 

+ 

+  ,0, - 

— 

7 

2 
8 

+ 

— 

-,o,  + 

8 

+  00 

+  0C 

+  00 

+ 

9 

—00 

—  00 

+  00 

— 

On  examination  of  which  table  it  appears  that^  when 
X  =  --  00  ,  the  curve  is  at  an  infinite  distance  below  the  axis  of 
d?,  approaching  to  parallelism  with  the  axis  of  y,  and  being  con- 
cave downwards ;  whence  it  cuts  ^he  axis  of  j?,  when  or  =  ~  2> 
as  shewn  by  1^  at  a  large  acute  angle,  and  the  ordinate  attains 
a  maximum  at  the  value  of  x  given  by  6 ;  whence  the  ordinate 
decreases,  cutting  the  axis  of  y  at  a  distance  -f  6  from  the 

2       * 
origin,  and  being  concave  downwards  until  x  =i  ^,  at  which 

point,  as  shewn  by  7,  there  is  a  point  of  inflexion;  and  the 
curve  being  convex  downwards  cuts  the  axis  of  x,  when  x  =  1, 
and  decreases  until  x  is  equal  to  the  value  given  in  5,  at  whicli 
point  there  is  a  minimum  ordinate :  after  which  the  ordinate 
again  increases^  cuts  the  axis  of  x  when  x  =  8,  and  goes  off  to 
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an  infinite  distance  approaching  to  parallelism  with  the  axis  of 
y,  and  being  convex  downwards.     The  curve  is  drawn  in  fig.  73, 

o               1               «                2-A/i9                2-fA/l9 
0A=2,    OB  =  1,    oc  =  3;    OE  = 5 ,    on  =  = , 

2  ^  ^ 

OP  =   -. 


Ex.  3.    Discuss  the  curve  whose  equation  is 
a»  ^  6»  ^  ^ 


=  ^(0^-^)*; 


also   -~  = 


A»  x^ 


dx 


a»  y2 


rf'y  _    — 2fl'6^ 
Also  to  find  the  asymptote^ 


therefore  the  equation  to  the  asymptote  is 


y=--^j 


and  as  the  next  term  of  the  expansion  is  positive^  the  curve  lies 
above  the  asymptote. 


! 
j 

X 

i 

dy 
dx 

d^y 
dx* 

1 

1 

0 

h 

-,o,- 

+.0,- 

!    2 
1 

a 

+  ,0,- 

-,  00,  - 

t 
i  ^ 

+  00 

—  00 

_h_ 

a 

+ 

;  * 

—  00 

+  00 

_b 
a 

+ 

An  inspection  of  which  table,  together  with  the  equation  to 
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the  asymptote,  shews  that  the  curve  is  such  as  that  drawn  in 
fig.  74 ;  OA  =  a^  OB  =  i^  with  points  of  inflexion  at  a  and  b. 

Ex.  4.    Discuss  the  curve  whose  equation  is 

w 

dy  __     \-a^  d*y  _  2g(g»-8) 

dx~  (l  +  x*)*'  dx*~    (!  +  «»)»■ 


X 

y 

dy 
dx 

rf*y 
dx* 

1 

0 

-,o,  + 

1 

+,  0,  -    1 

2 

+  1 

1 
2 

+,0,- 

— 

3 

-1 

1 
2 

-,o, + 

+ 

4 

+  V3 

+ 

— 

-0,+ 

5 

-^/3 

— 

— 

-,o, + 

6 

+  00 

+0 

0 

+ 

7 

—00 

-0 

0 

— 

An  inspection  of  which  table  shews,  that  the  curve  is  such  as 
is  drawn  in  fig.  75.  For  when  a?=— 00,  y=—  0,  that  is, 
the  curve  lies  immediately  below  the  axis  of  x,  which  is  an 
asymptote  to  it ;  and  the  curve  recedes  further  from  it  on  the 
negative  side,  and  when  ^  =  —  \/3  =  ob',  there  is  a  point  of 
inflexion;  for  the  curve,  having  been  concave,  becomes  con- 
vex downwards  ;  and  when  ^  =  —  1  =  oa',  the  curve  is  at  its 
greatest  distance  below  the  axis  of  x^  and  there  is  a  minimum 
ordinate ;  after  which  the  curve  approaches  to  the  axis  of  x, 
and  passes  through  the  origin,  cutting  the  axis  of  x  at  45^,  and 
goes  through  the  same  phases  as  on  the  negative  side,  except 
that  it  is  above,  instead  of  below^  the  axis  of  x :  and  as  the 
sign  of  y  changes  from  +  0  to  —  0,  when  x  changes  from 
+  00  to  —  00 ,  so  do  the  two  branches  which  are  asymptotic 
to  the  axis  of  x  unite,  and  the  curve  is  continuous  firom 
-f  00  to 


00 . 
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Ex.  5.    DiacQsa  the  curve  whose  equation  is 

y  =  a?*  (2a  — a?)*; 

rfy  _       4a  — Say  ,      rfy  _^  4ap— 3j?*. 

^""3a?*(2a-a?)»'       *^  5i  ""       3p      * 

dx^  "■9a?*(2a-5?)*' 
To  find  the  equation  to  the  asymptote^ 

therefore  y  =  —  ^  +  -q-  ,  is  the  equation  to  the  asymptote,  and, 

as  the  next  term  of  the  expansion  is  positive,  the  curve  lies 
above  the  asymptote. 

Also  since  a?  =  0,  if  y  =  0,  and  as  in  this  case  ^  =  R>  it 
must  be  evaluated ; 

dy       4aa?  — Sa?*       0        l  ^ 

(4a  — 6a?)dir 


Therefore  there  are  at  the  origin  two  branches  of  the  curve 
touching  the  axis  of  y ;  and  the  value  of  ^  shews  that,  if  y  is 

nq^tive,  ^  is  affected  with  ±  \/-- ,  and  therefore  the  origin 
is  a  cusp  of  the  first  species. 

The  existence  also  of  such  a  cusp  is  manifest  from  the 

explicit  value  of  ^;  hence  the  table  of  values  is  as  follows : 

3  F2 
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X 

y 

dy 
dx 

dPy 

dx* 

1 

0 

+,0,  + 

0=+oo 

— 

2 

2a 

+  .0,- 

-,   00,    - 

— ,  »,  + 

3 

4a 
3 

+ 

+  ,0.- 

4 

+  » 

—  00 

-1 

+,0, - 

5 

—     00 

+  w 

-1 

-,o,  + 

Hence,  and  from  the  asymptote,  the  curve  is  that  delineated 
in  fig.  76,  in  which  oa  =  2a,  ob  =  — ,  oc  =  -5- .  For  it  ap- 
pears from  1  that  the  carve  passes  through  the  origin,  which  is 
a  cusp  of  the  first  species,  the  two  branches  touching  the  axis  of 
y,  and  above  the  axis  of  ^,  both  branches  being  concave  down- 
wards ;  and  the  curve,  having  been  above  the  axis  of  x,  from 
^  =  0  to  <r  =  2  a,  at  this  last  point  cuts  the  axis  of  x  at  right 
angles,  and  changes  its  curvature :  for  having  been  concave, 
it  becomes  convex  downwards.     3  shews  that  the  curve  has 

4<a 
a  maximum  ordinate  when  or  =  -^ ;  the  curve  approaches  to 


3 


2a 


the  asymptote  whose  equation  is  y  =  —  a?+  -k-,  which,  as  is 

shewn  by  4  and  5,  it  cuts  and  touches  when  ^  =  00 ,  where  is  a 
point  of  inflexion,  and  thus  the  two  asymptotic  branches  unite. 
We  have  traced  the  curve  only  in  the  plane  of  reference,  as 
we  have  not  discussed  the  geometrical  meaning  of  the  cube 
roots  of  -h . 

Ex.  6.  Discuss  the  Cissoid  of  Diodes,  the  equation  to  which  is 


y'  = 


y=  ± 


2o  — d? 

xi 


(2a-.r)* 

As  y  is  affected  with  ± ,  the  curve  is  symmetrical  with  re- 
spect  to  the  axis  of  x. 

a?2(3a-ar) 


dy^^  £4(3a-£),    ^^^^  dy 
dJi^       "■    (2a -j?)^  '  dx 


y{2a^xf' 
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d'^y 


=    +  -.- 


3a2 


Also  the  equations  to  the  asymptotes  as  found  in  Ex.  1, 
Art.233,  are  .     /— /     .    n 

Hence  the  table  becomes 


X 

y 

rf2y 

1 

0 

±  ^/^,  0,  ± 

±  ^/-,  0,  + 

±  ^^^,  « ,  ± 

2 

2a 

±,oc,  +^/^ 

+  ,ao,  iV- 

±,00,  ±^/:^ 

3 

3a 

±>/- 

+  ^3,0,  ±v^ 

±^^ 

4 

a 

±tf 

±2 

± 

1^ 

+  00 

+  '/^00 

±^^ 

±'^ 

6 

—  00 

+  V^oo 

±^^ 

±V- 

Hence,  and  by  means  of  the  asymptote^  the  cunre  is  that 
delineated  in  fig.  84 ;  oc  =  ca  =  a ;  on  =  8a,  on  being  the 
abscissa  corresponding  to  the  maximum  and  minimum  ordi- 
nates  of  the  curve  out  of  the  plane  of  the  paper. 

Ex.  7.  Discuss  the  Witch  of  Agnesi,  the  equation  to  which  is 

2a  — a? 

X 

2a-4?\* 

Thus  it  appears  that  the  curve  is  symmetrical  with  respect  to 
the  axis  of  x ; 


=  +  2a( 

^         \      X 


=  + 


^  a?»(2a-^)*' 


also  -J-  = 
ax 


3o^y 


fiPy  _       2a^(8a~2a?) 


Also  the  equations  to  the  asymptotes  as  found  in  Ex.  2, 
Art.233,  are  y=±v^2fl; 
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From  1  it  appears  that  the  curve  passes  through  the  origin, 
und  has  two  branches,  both  of  which  are  out  of  the  plane  of  the 
paper,  and  which  touch  the  axis  of  x ;  whence,  as  2  and  3  shew, 
the  curve  recedes  from  the  axis  of  x^  until  when  a?  =  +  a 
=  oa  =  oa',  y  =  ±<=^>  <^d  there  are  two  asymptotes  paral- 
lel to  the  axis  of  y.  For  values  of  x  beyond  these  lines,  the 
curve  is  in  the  plane  <^  reference,  and  returns  towards  the  axis 
of  X,  until  the  ordinates  reach  minimum  and  maximum  values 
when  x=  aV2,  as  is  shewn  by  4  and  5,  whence  it  recedes 
again  towards  the  asymptotes  whose  equations  are  y  =z  ±x, 
and  intersects  them  at  infinity  in  a  point  of  inflexion,  as  shewn 
by  6  and  7,  the  curve  lying  above  the  asymptote  in  the  first 
quadrant,  and  being  symmetrically  situated  in  the  others.  Its 
course  is  traced  in  fig.  77,  where  oa  =:  a,  ob  =  V'ia,  bc  =  2a, 
and  where  the  dotted  line  represents  the  curve  out  of  the  plane 
of  reference. 

If  the  equation  to  be  discussed  had  been 

y^(a^  —  a^)  =  or*, 

the  branches  of  the  curve  which  are  in  the  plane  of  reference 
would  have  been  out  of  it,  and  vice  versd.  The  continuity  of 
curve  is  remarkable  in  both  cases. 

Ex.  9.    Discuss  the  curve  whose  equation  is 


y2  ==  J.2 


a  +  x 
a  —  x' 

^a-\-x^ 


y  =  4-  x[ ); 


whence  it  appears  that  the  curve  is  symmetrical  with  respect  to 
the  axis  of  x ; 

dy  _  a^-^ax—j^ 

dx^  -  (a-|-j?)*(a-af)8' 

rf^  _  a^{2a  +  x) 

dx^        -  (a  +  JP)*(a-ar)«' 
and  the  equations  to  the  asymptotes  are 

Also  since  ^  =  0,  when  a?  =  |  (1  +  \/5),  a  careful  inspec- 
tion of  the  above  quantities  shews  that  the  form  of  the  curve  is 
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that  drawn  in  fig.  78^  the  dotted  branches  being  those  out  of  the 
plane  of  the  paper;  oa  =  ob  =  bc  =  a, 

OF  =  |{l-h^/5},         oE  =  |{l->/5}. 

Ex.  10.    Examine  the  Folium  of  Descartes,  the  equation  to 
which  is  y8-8a;py  +  ^  =  0. 

As  shewn  above  in  Ex.  3^  Art.  2So,  the  equation  to  the  asymp- 
tote is  •.  «      ^ 
y  =  —  Of  —  a. 

Also  at  the  origin  there  is  a  double  pointy  as  shewn  in  Ex.  3, 
Art.  249. 


Also  smce  -^  =  -| , 


dx        y^—ax 

dy 

-^  =  0,  if  ay  =  J?* ;  that  is,  if  x  =  a  (2)*,  and  y  =  a  (4)*. 

Also  -^  =  00  ,  if  flwp  =  y* ;  that  is,  if  a?  =  a(4)*,  and  y  =  fl(2)* ; 
ax 

and  the  curve  does  not  extend  beyond  these  limits ;  it  is  such 
as  is  delineated  in  fig.  63. 

Ex.  11.    Trace  the  curve  y  =  sin  j?. 

dy  d^y 

-^  =  cos  ^ ;  -j-|  =  —  sin  X. 

dx  dx^ 

In  tracing  curves  of  this  kind  involving  circular  functions, 
the  arc,  of  which  the  trigonometrical  function  is  given,  is  to  be 
measured  along  the  coordinate  axis ;  in  the  present  case  along 
the  axis  of  x^  since  sin  x  is  involved  in  the  equation,  and  the 
ordinates  are  to  be  constructed  corresponding  to  the  arcs  or 
absdssse  thus  measured ;  v,  we  .must  remember,  is  the  symbol 
for  the  arithmetical  number  3.14159;  and  we  must  give  to  x 
such  values  as  will  render  y  a  quantity  capable  of  construction. 
Thus,  in  the  equations  above,  let 

ar  =  ^  =  1.57079...; 

y  =  sin.=  l,         1  =  0,         3=-l. 

Hence  we  may  form  the  following  table : 
PRICE,  VOL.  I.  30 

Digitized  by  VjOOQ  iC 


410 


EXAMPLES  OP  CURVES. 


[a6o. 


X 

y 

dx 

1 

0 

-,o, + 

1 

+  ,0,- 

2 

2 

1 

+  >0, - 

— 

3 

■n 

+  ,0, - 

-1 

-,o,  + 

4 

3ir 
2 

-1 

-,o, + 

+ 

5 

2ir 

-,o, + 

1 

+,0,- 

After  which  the  values  recur,  and  the  curve  is  that  drawn  in  fig.  79. 

Ex.  12.   Trace  the  curve  whose  equation  is  y  =  «•"',  c  being 

the  base  of  the  Napierian  logarithms. 

dv 

-^  =r  c«*"sec4?  tan;p: 

dx 

d^V 

y  =  €■«»*  seca?{(seca?)'  +  2(seca?)*  — seca?— 1}. 

In  the  table  A  is  a  small  increment  of  a?. 


X 

y 

dy 
di 

rf»y 

dx» 

1 

0 

c 

-0,+ 

+ 

2 

i-* 

+  00 

+  00 

+ 

8 

^» 

0 

0 

+ 

4 

TT 

1 

+  ,0, - 

— 

5 

2       * 

0 

0 

+ 

6 

8»      , 
2-+* 

+  00 

00 

+ 

7 

2w 

e 

-0,+ 

+ 

The  curve  is  that  drawn  in  fig.  80,  where  oa  =  ab  =  bc  =  cd 
=  DB  =  ^,   OP  =  c,   BL  =  -.    There  are  also  two  points  of 


2'  '  e 

inflexion  between  a  and  c 
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CHAPTER  XL 

PROPERTIES  OF   PLANE   CURVES,   AS   DEFINED   BY   EQUATIONS 
REFERRED  TO  POLAR  COORDINATES. 

Section  1. — The  mode  of  interpretation^  and  the  equations^  of 
curves  referred  to  polar  coordinates. 

261.]  In  the  present  Chapter  we  shall  investigate,  for  polar 
curves,  formulse  somewhat  analogous  to  those  discussed  in  the 
last  Chapter  for  curves  referred  to  rectangular  coordinates ;  but 
previously  it  is  necessary  to  extend  the  usual  mode  of  inter- 
preting polar  equations,  so  as  to  accommodate  them  in  a  greater 
degree  to  the  law  of  continuity. 

Let  r  =f{6)  be  the  equation  to  the  curve.  Then,  taking  a 
fixed  point  s  as  the  origin,  which  is  called  thepole,  and  a  fixed  line 
sx  passing  through  it  as  the  line  of  origination,  which  is  called 
the  prime  radius,  see  fig.  81,  it  is  manifest  that  the  moveable 
radius,  which  is  symbolized  by  r,  may  revolve  about  s  in  either 
of  two  directions ;  and  thus,  it  the  only  datum  is  that  r  makes 
an  angle  $  with  the  prime  radius,  it  is  undetermined  whether  r 
is  above  or  below  sx :  that  is^  whether  r  revolves  up  from  sx 
from  right  to  left,  or  doum  from  left  to  right.  Hence  arises  the 
necessity  of  some  symbol  of  the  direction  in  which  r  turns,  so 
that  angles  formed  in  one  direction  may  be  differently  sym- 
bolized to  those  formed  in  another.  This  indefiniteness  wiU  be 
avoided  if  we  call  angles  positive  when  measured  up  from  sx,  as 
in  fig.  81 :  that  is,  when  the  radius  vector  revolves  round  s  in 
the  direction  indicated  by  the  curved  arrow ;  and  negative  when 
they  are  measured  doum  from  sx,  and  the  radius  vector  revolves 
in  the  direction  indicated  by  the  curved  arrow  in  fig.  82.  In 
this  case  then,  +  and  — ,  as  affecting  angles,  indicate  the  two 
different  directions  in  which  r  can  revolve  in  the  plane  of  the 
paper. 

Again,  suppose  that  for  a  given  value  of  d,  r  is  affected  with 
a  negative  sign,  a  question  arises,  in  what  direction  is  the  nega- 
tive r  to  be  measured  ?  No  doubt,  if  r  is  affected  with  a  positive 
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sign,  the  length  of  it,  determined  by  the  equation  to  the  curve, 
is  to  be  measured  from  the  pole  along  the  revolving  radius 
vector  which  is  inclined  at  the  given  angle  to  the  prime  radius ; 
as  e.  g.  if  a  polar  equation  between  r  and  0  is  such  that,  when 

6  =:  -,  r=z  a,  then  a  length  =  a  is  to  be  measured  from  the 
4 

pole  along  the  revolving  radius,  which  is  inclined  at  45^  to  the 

prime  radius.    From  analogy  therefore  to  what  has  been  said 

in  Art.  189,  on  the  signs  +  and  — ,  —  r  must  be  measured 

along  the  radius  vector  produced  backwards ;   i.  e.  if,  when 

^  =  -T,r='a,  a  line  equal  to  a  must  be  measured  from  the 
4 

pole  along  the  revolving  radius  produced  backwards:  that  is, 
in  a  direction  making  an  angle  of  225^  with  the  prime  radius. 
That  we  may  the  better  avoid  confusion  on  this  subject,  conceiye 
the  revolving  radius  to  be  an  arrow  of  variable  length,  such  as 
we  have  drawn  in  figs.  81  and  82,  the  pole  being  a  fixed  point 
in  it ;  then,  if  6  is  the  angle  between  the  prime  radius  and  the 
part  of  the  arrow  towards  the  barbed  end,  lines  measured  from 
8  in  the  direction  sp  will  be  positive,  and  in  the  direction  sq 
negative.  If  therefore  r  is  affected  with  a  positive  sign,  it  is  to 
be  measured  towards  the  barbed  end,  but  if  with  a  negative 
sign,  towards  the  feathered  end  of  the  arrow.  In  the  figures 
different  positions  of  the  arrow  are  drawn  to  indicate  different 
positive  and  negative  directions  of  r. 

In  the  following  Chapter  we  shall  omit  those  particular  values 
of  r  which  are  affected  with  ±  \/^,  as  no  satisfactory  inter- 
pretation of  such  symbols  in  such  a  relation  exists,  and  we  shall 
consider  those  only  which  are  affected  with  +  ;  being  careful 
however  to  make  r  revolve  in  both  the  positive  and  negative 
directions,  otherwise  at  certain  points  the  curve  will  appear  to 
be  discontinuous. 

And  for  the  purpose  of  illustration  in  the  sequel,  we  must 
here  insert  an  account  of  the  mode  of  description,  and  the  equa- 
tions of  some  polar  curves,  many  of  which,  having  been  treated 
of  at  length  by  old  geometricians,  possess  no  small  historical 
interest. 

262.]  The  Spiral  of  Archimedes. 

Def. — If  the  length  of  the  radius  vector  of  a  spiral  is  pro- 
portional to  the  angle  through  which  it  has  moved  from  its 
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originating  position,  the  locus  of  its  extremity  is  the  Spiral  of 
Archimedes. 

Let  a  =  the  length  of  the  radius,  when  the  angle  described 
is  equal  to  unity* ;  and  let  r  be  its  length  after  describing  the 
angle  0 ;  therefore  the  equation  is 

r  =  ad;  (1) 

see  fig.  88. 

The  curve  therefore  starts  from  the  pole;  and  the  radius 
vector^  which  at  the  beginning  is  equal  to  zero,  is  equal  to  sa^ 
that  is  a,  when  it  has  revolved  through  the  unit  angle  asx; 
and  at  the  end  of  the  first  complete  revolution  is  equal  to 
2va;  and  this  is  the  distance  between  the  points  at  which 
any  radius  vector  is  cut  by  two  successive  convolutions  of  the 
curve.  The  dotted  curve  is  that  described  by  .the  generating 
point,  as  the  radius  vector  revolves  in  the  negative  direction. 

263.]  The  reciprocal  spiral. 

The  reciprocal  or  hyperbolic  spiral  is  so  called  from  the  form 
of  its  equation^  which  is 

r  =  ^.  (2) 

The  form  of  the  curve  is  given  in  fig.  84.  The  radius  vector 
=  00  when- 6  =  0,  and  the  curve  is  asymptotic  to  the  straight 
line  b'ab,  as  will  be  shewn  in  the  sequel.  Also,  when  ^  =  1 
=  a'sx,  r  =  a  =  sa';  also  r  =  0,  when  d  =  00  ;  therefore,  after 
an  infinite  number  of  revolutions,  the  curve  falls  into  the  pole. 
The  curve  has  also  the  dotted  branch  arising  from  the  revolution 
of  r  in  the  negative  direction. 

264.]  Thelituus. 

This  spiral  is  so  called  from  its  form  as  delineated  in  fig.  85. 
Its  equation  is 

r  =  ±.  (3) 

The  prime  radius  is  an  asymptote  to  the  curve ;  wliich  has  a 
point  of  inflexion  when  r  =  sb  =  a  a/2,  as  will  be  shewn  here- 
after. Also,  when  ^  =  1  =  asx,  r  =  sa  =  a;  there  is  an 
apparent  discontinuity  at  the  pole  and  at  the  extremity  of  the 
infinite  branch,  which  arises  from  our  not  interpreting  r  when 

*  The  unit  angle  is  that  whose  subtending  arc  is  equal  to  the  radius,  and 
expressed  in  degrees  »  57.29578.    See  Ex.  5,  Art.  24. 
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affected  with  +  y— ,  as  such  it  will  be  if  the  radius  vector  is 
made  to  revolve  in  a  negative  direction. 

265.]  The  logarithmic  spiral. 

Def. — The  logarithmic  spiral  is  that  whose  radius  vector  in- 
creases in  a  geometric,  as  its  angle  increases  in  an  arithmetic 
ratio. 

Hence  the  equation  is  r  =  a*.  (4) 

Therefore  when  ^  =  0,  r  =  l  =  8A;  when  6=1,  r^  a;  when 
^  =  00  ,  r  =  00  ;  when  $  =  —  00 ,  r  =  0 ;  and  therefore  the 
spiral  runs  into  its  pole  after  an  infinite  number  of  revolutions 
in  the  negative  direction;  the  spiral  is  also  called  the  equi- 
angular spiral  from  a  property  which  will  subsequently  be  proved ; 
viz.  that  it  cuts  all  its  radii  vectores  at  a  constant  angle ;  that 
/J  IB,  the  angle  "S^jK  is  constant,  at  whatever  point  p  the  tangent  is 
^'^    drawn.     Its  form  is  delineated  in  fig.  86. 

266.]  The  involute  of  the  circle ;  fig.  87. 

Dep. — The  involute  of  the  circle  is  the  curve  formed  by  the 
extremity  of  an  inextensible  string,  as  it  is  wrapped  round  the 
circumference  of  a  circle. 

If  r  is  the  radius  vector  of  a  curve,  and  p  is  the  per- 
pendicular from  the  pole  on  the  tangent,  it  is  frequently  con- 
venient to  express  the  equation  to  the  curve  in  terms  of  r  and  p. 
Such  an  equation  is,  as  will  be  subsequently  seen,  a  differential 
one  ;  but  expressing  as  it  does  an  essential  property  of  a  curve, 
it  is  sufficient  to  individualize  it,  and  thus  to  be  a  mathematical 
definition.  The  equation  of  the  involute  of  the  circle  can  be 
easily  obtained  in  this  form 

Let  SA  =  a,  the  radius  of  the  circle;  sp  =  r;  sy  =  p;  and 
let  A  be  the  point  at  which  p,  the  generating  point  of  the  invo- 
lute, is  in  contact  with  the  circle. 

Then  from  the  geometry  it  is  plain  that  qfy  is  a  right  angle, 
and  consequently  qf  is  paraUel  to  sy  ;  whence  we  have 

8P2   =   SY*  +  PY*, 

=   SY^  +  SA.*; 

.-.     T^=pl^  +  a\  (5) 

267.]  To  find  the  equation  to  the  circle  in  terms  o{p  and  r, 
any  point  being  the  pole  ;  fig.  88. 


Digitized  by 


Google 


269.]  TANGENTS  AND  NORMALS.  415 

Let  CA,  the  radios  of  the  circle,  =  a;  so  =  c^  a  being  the 
pole;  sp  =  r;  sy  =/?. 

.-.       80*  =   SP*4-PC2  — 2.8P.rC.C08  8PC, 
=   SP^  +  PC*— 2.8P.PC.COS  Y8P, 

c»  =  r»  +  a»-2ra^; 

r 

Hence,  if  the  pole  is  on  the  circumference,  say  at  b,  c  =  a ; 
and  the  equation  is  ^ 

268.]    To  find  the  equation  to  the  epicycloid,  in  terms  of 
rand/7. 
From  Art.  204,  equations  (87), 

^  =  (a  +  A)  cosd  —  b  cos  ^^-  0, 

o 

y  =  (aH-A)sm^  — ism— ^tf; 
.-.     w^^y^  =  r»  =  (aH-A)2  +  Aa-.2A(a  +  *)cos|^, 

r»  =  a«4-26(a  +  A)  |l-cos|^,|.  (8) 

Also  differentiating  and  reducing^ 

d^  =  2(a  +  *)»  1 1-cos  I  e\  de^  =  ^5^  (r»-a«)d<^; 
ydx-xdy  =  (a  +  A)  (a  +  2A)  |  cos  |  ^ -1 1  rf^ 

Also  by  equation  (44),  Art.  219, 

pds  =  ydx^xdy\ 


Section  2. — 7bn^en^«  and  narmab  to  polar  curves. 

269.]  Let  r  =/(^)  be  the  general  type  of  .the  explicit  equa- 
tion to  polar  curves,  and  let  us  assume  the  figure  drawn  in 
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fig.  89  to  be  the  normal  form  of  such  curves ;  which  figure  the 
student  is  recommended  to  examine  carefully,  for  the  values 
of  the  lines  in  connexion  with  it  will  be  deduced  from  the 
geometry  of  it. 

Let  s  be  the  pole,  sx  the  prime  radius,  afq  the  curve, 
psx  =z  0,  SF  =  r.  Let  xsp  be  increased  by  a  small  angle 
QSP  =  d$y  then  sq  =f($^d6)  ^r-\-dr.  From  centre  s,  with 
radius  sp  =  r,  describe  the  small  arc  pr,  subtending  dO. 

.-.     PR  =  rde,  (10) 

RQ  =  dr.  (11) 

Let  PQ,  the  element  of  the  arc  of  the  curve,  be  represented 

^y^*'  .-.     pq2  =  pr2  +  rq2, 

ds^  =  dr^^r^dOK  (12) 

Through  the  two  points,  p^  q,  on  the  curve,  let  the  straight 
line  QPT  be  drawn;  then,  as  the  two  points  are  infinitesimally 
near  to  each  other,  the  line  is  a  tangent,  in  accordance  with  the 
definition  of  a  tangent  given  in  the  last  Chapter;  through  p 
draw  the  normal  po,  and  through  s  draw  tsg  perpendicular  to 
the  radius  vector  sp,  and  by  perpendicular  to  the  tangent  ft. 
The  lengths  ft  and  po  are  respectively  called  the  Polar  Tangent 
and  the  Polar  Normal ;  so  is  called  the  Polar  Subnormal;  st 
the  Polar  Subtangent ;  and  sy,  the  perpendicular  from  the  pole 
on  the  tangent,  is  symbolized  by  p.  The  value  of  these  lines 
we  proceed  to  determine. 

PR 

Since  tan  pqr  =  — ,  we  have,  from  (10)  and  (11), 

RQ 

tan  PQR  =  -T-.  (13) 

ar 

And  since  spt  =  sqt  +  psq  =  PQR  +  rf(?;  therefore,  spt  and 
PQR  being  in  general  finite  angles,  and  dd  being  an  infinitesi- 
mal angle,  we  must  neglect  d$  in  the  above  equation,  and  thus 
SPT  =  pqr;  and  spt  is  the  angle  contained  between  the  curve 
and  the  radius  vector ; 

rde 
.'.     tan8PT  =  — =— ;  (14) 

ar 

sin  SPT  _  cos  SPT  _^    1 

TrfT  ~       dr      "^  di'  ^^  ' 

by  reason  of  Preliminary  Theorem  I,  and  equation  (12)  above. 

Hence  also  the  following  values  result : 
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8T  =  polar  Bubtangent  =  sp  tan  sft  = 


TANGENTS  AND  NORMALS. 
dr  ' 


se  =  polar  subnormal  =  sp  tan  sfg  ==  sp  cot  spt  = 


dr 

Tor 


PT  =:  polar  tangent  =  sp  sec  spt  = 


rds 
~di^' 

po  s=  polar  normal  =  sp  cosec  spt  =  ^ ; 

r^de 


417 


M16) 


>iy7) 


r^de 


ds        (dr^  +  r*de^)i' 


Mi») 


8Y  =  /I  t=  SP  sin  SPY  = 

9*  dlT 
FY  =  8P  COS  SPY  =  —r-  =  (r^— />*)*. 

Similarly  may  the  values  of  other  lines  be  determined. 

270.]  The  value  of  j?  may  be  put  under  another  form  which 
is  often  convenient.     Let  u  be  the  reciprocal  of  the  radius  vec- 


tor, so  that  ti  =  - ;  then 
r 


dr 


rftt  =  -  -5^ ; 


dr^  +  r*d0^ 
r*de^ 


and  from  above,  —^  = 

therefore  substituting,  in  terms  of  u, 
1  ,      du* 


"  r*'^  r*  dO^  ' 


(19) 


The  value  of  p  in  (18)  might  also  have  been  deduced  as  fol- 
lows, from  the  expression  forp  in  equation  (44),  Art.  219,  viz. : 


dx 


dy. 


4^=rrcos^)  .-.     dx  ^  drcohO  —  r^mBde 

y  =  r  sin  ^  )  '  £fy  =  £fr  sin  ^  +  r  cos  ^  £f  ^ 

.    ydx-xdy=z  ^r*de,  *=  ±  {dr* -\- r^ dO*}^ ; 

r^dO 


'<]■■ 


(20) 


P=  ± 


ds 


(21) 


271.]  It  is  frequently  necessary  to  express  the  geometrical 
quantities  of  Article  269  in  terms  ofp  and  r. 
By  similar  triangles  pqr,  spy,, 
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QK  _  KP  _  PQ  , 
PY  ""  Y8  ""  sJ' 

dr  rdO       ds  ,^^. 

or, =  =• — ;  (22) 

(r« -/!>)*    P  r' 

.-.  A=-^,  (23) 

(r» -/,>)*' 

r^de  =  ^£*_.  (24) 

(r»-p«)i 

272.]  Examples  illustrative  of  the  preceding  theory. 

Ex.  1.    The  Spiral  of  Archimedes. 

r  =  a$;  .-.     dr  =  adO, 

dr  _  rde  _        ds 

"o^  ""  ~  ""  (a»  +  r»)*' 

.-.    p  = ;    the  polar  normal  =  (a*+r*)*; 

(a^-^r*)^ 

d<r 

the  polar  subnormal  =  -7^  =  a. 

Ex.  2.    The  circle,  the  pole  being  at  the  end  of  a  diameter. 

r  =  2acos^;  .'.     A- =  — 2a8in^d9; 

—  dr     _  rd$  _  ds  . 
2a8in^  ""    r     ""  2a' 

•'•    /y  =:  o~  ^  ^ COB  ^  =  ^  =  ^^^  rectangular  abscissa; 

riW  r  .  ^ 

-7-  =  —  TT — r-^  =  —  cot  tf . 
dr  2  a  sm  0 

Ex.  3.    The  logarithmic  spiral ;  see  fig.  86. 

r:=a*;  dr  ^logg  a  M^dO  ^  logger  dO; 

dr     _  rd$  _  da 

i^"  ~  "  {l  +  (logea)*}*' 

rd$  1 

,-.     --J—  =  = =  tansPT; 

dr         loge  a 

which  is  a  constant ;  and  therefore  the  curve  cuts  all  its  radii 
vectores  at  a  constant  angle ;  and  accordingly  it  is  called  the 
Equiangular  Spiral. 
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r^de                  r 
Also  p  =  -T—  =  ,; 

*         {(lofra)«  +  l}* 

which  may  be  written  in  the  form, 

p  =z  mr;  (25) 

and  this  is  the  equation  to  the  eqniangahur  spiral  in  terms  o{p 
and  r,  and  wherein  m  i%  the  sine  of  the  constant  angle  con- 
tained between  the  radius  yector  and  the  carve. 

Ex.  4.    The  lituoa. 

_   a  .   ^      ado  _       rdd 

dr        --rde  +ds 


'      I  ^0  (l+4d»)* 

...    p^n^^.^1^.  (26) 

ds         (r*+4«*)* 

Ex«  5.    To  find  the  relation  between  p  and  r  in  the  conies, 
the  foeus  being  the  pole. 
The  general  equation  in  terms  of  r  and  6  is 

_       2ae 
""  1  -f  c  cos  d ' 

wherein  2  a  is  the  distance  from  the  focus  to  the  directrix. 
Taking  formula  (19), 

1  +  «  cos  ^  du       —  sin  d 


u  = 


2ae      '  '  '     de"^      2a 


«      —  —       1  1        cos^ 

"  "^  rfd«  ■"  4a«e«  "^  4aa  "*"  2a^e' 


+  —  (w  -  s— )  5 


aey        2ae' 
1  tt        l-c* 


*  '    p*        ae      4a*e*' 

and  the  equation  represents  an  ellipse,  a  parabola,  or  a  hyperbola, 
according  as  e  is  less  than,  equal  to,  or  greater  than,  unity. 
Hence  the  equation  to  the  parabola  is 


/J*  =  ar. 


3m 
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Section  3. — Asymptotes  to  polar  curves. 

278.]  Curves  referred  to  polar  coordinates  admit  of  recti- 
linear and  corvilinear  asymptotes,  in  the  same  manner  as  those 
referred  to  rectangular  coordinates.  As  curvilinear  asymptotes 
however  are  of  little  use  in  determining  the  course  of  a  curve, 
we  shall  say  nothing  of  them  in  general,  and  shall  describe  only 
one  remarkable  species,  viz.  the  asymptotic  circle. 

As  a  rectilinear  asymptote  is  a  tangent  to  a  curve  at  an 
infinite  distance,  the  formulse  of  Art.  269  enable  us  to  deter- 
mine it. 

If  for  BXiy  finite  value  of  0,  say  (^  =  a,  r  is  infinite,  then  either 
the  radius  vector  itself,  or  a  line  parallel  to  it,  is  an  asymptote 
to  the  curve;  and  the  polar  subtangent,  which  is  equal  to 

r^  -T- ,  becomes  in  this  case  the  perpendicular  distance  from  the 

r^dO 
pole  on  the  tangent;  thus,  if  the  value  of  -^ — ,  corresponding 

to  ^  =  a  and  r  =  oo ,  is  finite,  the  line  can  be  constructed ;  if 

r^dS 

— —  =  0,  the  radius  vector  itself  is  the  asymptote ;  and  if  it  is 

equal  to  oo ,  the  asymptote,  being  at  an  infinite  distance  from 

the  pole,  cannot  be  constructed.    An  inspection  of  fig.  90  will 

render  this  plain ;  in  which  sp  is  the  infinite  radius  vector,  tl 

r*dB 
the  asymptote,  st  the  value  of  -^ — ,  when  d  =  a,  and  r  =  oo  . 

If  $  has  many  values  for  which  r  is  infinite,  there  may  be  many 
rectilinear  asymptotes.  Hence,  to  determine  them,  we  most 
find  what  finite  values  of  0  render  r  =r  oo .  If  the  polar  sub- 
tangents,  corresponding  to  such  infinite  values  of  r  and  finite 
values  of  0,  are  finite,  the  curve  has  rectilinear  asymptotes  which 
may  be  constructed  in  the  way  explained  above. 

T*dO 
It  is  to  be  borne  in  mind  that  when  -^ —  is  positive,  the 

asymptote  lies  below  the  radius  vector,  as  in  fig.  90 ;  and  if  it 

is  negative,  the  asymptote  lies  above  it,  as  in  fig.  91. 

dA 
Or,  in  other  words,  according  as  r'  -|-  is  positive  or  negative, 

ar 

so  is  the  perpendicular  on  the  asymptote  to  be  drawn  in  conse- 

guentia  or  in  antecedentia. 
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274.]  Examples  illustrative  of  the  preceding  theory. 
Ex.  1.    To  find  the  positions  of  the  asymptotes  of  the  hyper- 
bola whose  polar  equation  is 

(cosg)»  _  (sin  0)^  _  Jl^ 

.-.     r  =  00.  when  tand  =  H — . 

—  a 

Therefore  the  asymptotes  are  inclined  to  the  prime  radius  at 

by 


tan-*(±  -).    Also 


.de^       a&{y(co8^)«-ag(sing)»}», 
dr"  -  (a»  +  i»)sindcosd        ' 

which  is  equal  to  0^  at  the  critical  angles;   therefore  both 
asymptotes  pass  through  the  pole. 

Ex.  2.   To  determine  the  position  of  the  asymptote  to  the 
Conchoid  of  Nicomedes ;  see  Art.  196^  equation  (18). 

r  =  a  sec  ^  -f  6. 
r=zoo,  when  ^  =  h  >  ^^®  asymptote  therefore  is  perpendicular 

to  the  prime  radius. 

1  cosd 

Also  smce 


1   dr  asinO 


r»  de  (a  +  icos^)*' 

r^dS  1.       /I      'T 

•'•     'dr' "^  ^'    when^  =  g. 

The  asymptote  therefore  cuts  the  prime  radius  at  right  angles, 
and  at  a  distance  a  from  the  pole  in  the  positive  direction ;  see 
fig.  86. 

Ex.  8.    To  determine  the  asymptotes  to  the  lituus. 
r=— r;  .*.     r  =  oo,   when  ^  =  0; 

1        (d)*  1    dr  1       . 


r         a   '  '  '         7*  de       2a(d)* 

...     !f^  =  -.  2ad*  =  0,   when  $^0, 
dr 

The  prime  radius  therefore  is  an  asymptote,  as  delineated  in 

fig.  85. 
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Ex.  4. 

a 
"  =  «' 

.-,     r  =  oo,  when  d  = 

0. 

AUo 

1  _ 
r  ~ 

e                         1  rfr      1 
a'            •■•         1*1$' a' 

i*de 
■■'       dr    =      "• 

The  asymptote  therefore  is  a  line  parallel  to  the  prime  radias^ 
at  a  distance  a  from  it,  to  be  measured  in  aniecedentia,  since 

--Z —  IS  negative ;  see  fig.  84. 

275.]  Asymptotic  circles. 

Suppose  the  equation  to  a  polar  curve  to  be  such  that  r 
approaches  to  a  finite  limit,  say  a,  as  0  is  infinitely  increased ; 
then  the  curve  approaches  more  and  more  nearly  to  a  circle 
whose  radius  is  a,  which  circle  is  said  to  be  asymptotic  to  the 
curve ;  and  if  the  curve  approaches  to  it  from  the  outside,  the 
circle  is  called  an  interior  asymptotic  circle,  and  if  from  the 
inside,  an  exterior  asymptotic  circle. 

Ex.1.  -«(ii-'). 

which  may  be  written  in  the  form, 

a 

First,  let  $  be  positive ;  then  r  is  always  greater  than  a ;  and 

when  0  =  0,  r  is  00 ,  and  7^ -j-  z=:  —' a,  shewing  that  the  straight 

line  parallel  to  the  prime  radius  at  a  distance  a  above  it  is  an 
asymptote  to  the  curve ;  and  when  d  =  oc ,  r  =  a ;  whence  we 
have  an  interior  asymptotic  circle  such  as  is  drawn  in  fig.  91. 

Secondly,  let  0  be  negative ;  then 

a 

and  therefore  when  d  =  0,  r  =  —  00 ,  and  r  is  negative  as  $ 
increases  until  ^  =  1,  in  which  case  r  =  0,  and  thence  r  is 
always  less  than  a  until  0  =  00 ,  when  r  =  a.  Thus  we  have 
the  curve  dotted  in  the  figure,  and  with  an  exterior  asymptotic 
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circle  of  radius  sa  =  a ;  the  continuity  of  the  two  branches  of 
the  curve  is  worth  remarking. 

Ex.  2.    To  determine  the  asymptotic  circle  to  the  curve, 

d(2ar-r»)*  =  1; 

.-.     0  =  00  ^  when  r  =  20,  and  when  r  =  0. 

Therefore  the  circle  whose  radius  is  2  a  is  asymptotic  to  the 
curve ;  and  as  r  must  be  always  less  than  2  a,  otherwise  d  would 
be  affected  with  ^/^,  the  asymptotic  circle  is  exterior  to  the 
curve. 

Section  41 — Direction  of  curvature,  and  points  of  inflexion, 

276.]  On  an  inspection  of  the  figures  numbered  92  and  93  it 
is  manifest  that,  if  a  curve  referred  to  polar  coordinates  is  con- 
cave towards  the  pole^  as  r  increases^^  increases  also,  and  there- 

fore  ^  is  positive ;  and  if  the  curve  is  convex  towards  the  pole, 

•  dr 

as  r  increases,  p  decreases,  and  vice  verad,  and  therefore  ^-  is 

negative.     If  therefore  the  equation  to  the  curve  is  given  in 

the  form  r  =zf(0),  in  order  to  determine  whether  the  curve  is 

concave  or  convex  towards  the  pole,  we  must  transform  the 

equation  into  its  equivalent  between  r  and  p,  by  means  of  the 

dr 
relations  given  in  (19)  or  (21)  of  Art.  270,  and  thence  find  -j-  ; 

dr  * 

and  for  all  values  for  which  -j-  is  positive,  the  curve  is  concave 

dr 
towards  the  pole ;  and  for  all  values  for  which  ^  is  negative, 

the  curve  is  convex  towards  the  pole ;  and  therefore  if  at  any 

dr 
point  -y-  changes  sign  by  passing  through  0  or  00 ,  at  such  a 
dp 

point  the  direction  of  curvature  changes  and  there  is  a  point 

of  inflexion ;  hence,  to  determine  such  points,  we  must  equate 

-r-  to  0  and  to  qo,  and  examine  whether  -r-  changes  sign; 

if  it  does,  there  is  a  point  of  inflexion. 

Ex.  1.    To  determine  the  point  of  inflexion  of  the  lituus. 

a 
r  =  ^-. 
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.By  equation  (26),  Art.  272,  p  =       ^^'^ —  ; 

(4  a*  4- H)* 

dp  _   2q»(4a*~H) 
'  '     dr'^     (4a*-fr*)»    ' 

=  0,  if  r  =  av^2,  and  changes  sign  from  -f  to  —  ;  the  curve 
therefore  having  been  concave  towards  the  pole  for  values  of  r 
less  than  a  a/2,  changes  its  direction  of  curvature  at  that  point, 
and  becomes  convex  towards  the  pole ;  see  fig.  85,  sb  =  a\/2. 

Ex.  2.    To  prove  that  the  equiangular  spiral  is  always  con- 
cave towards  the  pole. 

r  -z^  a^\ 

and  by  (25),  Art.  272,  p  =  mr;   therefore  -^  =z  m,  which  is 

ar 

always  positive,  and  therefore  the  curve  is  always  concave 

towards  the  pole. 


Section  5. — On  trcuAng  polar  curves  by  means  of  their  equations. 

277.]  Having  discussed  all  the  peculiarities  which  curves 
referred  to  polar  coordinates  generally  admit  of,  we  are  now  in 
a  condition  to  analyse  the  equations,  and  to  give  general  rules 
for  tracing  the  curves  of  which  they  are  the  mathematical  ex- 
pressions and  definitions. 

1)  If  the  equation  is  of  the  form  r  =/(^) +  <^(^),  so  that 
r  =  f($)  is  diametral  to  the  curve  to  be  traced,  we  had  better 
trace  separately  the  two  curves  r=f{0)  and  rr=0(^),  and 
then  by  addition  and  subtraction  of  the  radii  vectores  trace  the 
required  curve.  Thus  if  it  is  required  to  draw  the  curve  whose 
equation  is  r  =  a(2±sind),  the  circle  whose  radius  is  2  a  is 
diametral  to  the  required  curve,  and  its  radii  are  to  be  increased 
and  diminished  by  a  sin  $  corresponding  to  the  several  values 
of  $ ;  see  fig.  94. 

2)  Investigate  the  several  values  of  $  which  make  r  =  0,  and 
=  00  ;  and  in  the  latter  case,  if  the  value  of  $  is  finite,  de- 
termine whether  the  polar  subtangent  is  finite  or  not,  as  this 
is  the  criterion  whether  the  rectilinear  asymptote  can  be  con- 
structed or  not.     Give  such  particular  values  to  ^  as  the  equa- 
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tion  sn^ests ;  as  e.  g.  if  the  equation  inyolves  a  function  of  80, 
put  6  =  15*^,  8(f ,  45*^,  &c. ;  or  if  the  equation  involves  a  function 

of  ^,  put  0  =  60^  90P,  120"*,  180°,  and  so  on.    In  general  give 

to  0  values  such  that  r  may  be  constructed ;  and^  by  giving  to 
0  the  values  0  and  iiir,  we  find  the  values  of  r  when  the  curve 
cuts  the  prime  radius,  or  the  prime  radius  produced  backwards ; 
and  make  r  revolve  in  both  directions. 

8)  It  is  convenient  to  find  -yzy  as  it  is  the  ratio  of  the  cor- 

responding  increments  of  r  and  6 ;  and  therefore,  if  it  is  positive, 
as  $  increases,  r  increases ;  and,  if  it  is  negative,  r  decreases  as 

/It 

$  increases,  and  vice  versd.   And  if  -r;:  =  0,  we  have  no  increase 

(10 

of  r  corresponding  to  an  increase  of  0 ;  that  is,  the  curve  is  at 

right  angles  to  the  radius  vector ;  which  is  also  manifest  from 

equation  (14),  Art.  269,  because  at  such  a  point  tan  spt  =  00 . 

And  if  ^  =  0,  and  changes  its  sign,  we  have  a  maximum  or 

minimum  value  of  r,  the  point  corresponding  to  which  is  called 
an  apse;  of  which  there  are  instances  in  the  ellipse,  if  the  focus 
is  the  pole,  at  the  extremities  of  the  major  axis :  and  of  the 
circle,  if  the  centre  is  the  pole,  every  point  is  an  apse. 

4)  Nothing  more  need  be  said  on  the  subject  of  rectilinear 
asymptotes  and  asymptotic  circles;  or 

6)   On  the  direction  of  curvature  and  points  of  inflexion. 

278.]  Hence  then  to  trace  a  curve  referred  to  polar  coordi- 
nates, 

I.  Investigate,  arrange,  and  tabulate  with  their  proper  signs, 
aU  the  particular  values  of  0  which  render  r  =  0,  and  =  00  ; 
and  equal  to  a  value  that  may  be  constructed  without  difficulty. 

dr 

II.  Find  -T^;  examine  its  sign,  and  the  values  of  6  at  which 

it  is  equal  to  0,  and  to  00 ,  and  whether  it  changes  its  sign ;  if 
it  does,  at  such  points  there  are  maximum  and  minimum  radii 
vectores. 

III.  Determine  whether  any  finite  values  of  6  render  r  =  00  ; 
if  so,  find  the  value  of  r*  ^  corresponding  to  this  value  of  ^, 
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and  oonstruct  the  asymptote.    Examine  whether  there  is  an 
asymptotic  circle. 

IV.  Transform  the  equation  into  its  equivalent  between  r 
and  p\  find  ^,  and  examine  its  sign,  for  the  purpose  of  de» 

termining  whether  the  curve  is  convex  or  concave  towards  the 

dr 
pole;  also  examine  whether  -j-  changes  its  sign  by  passing 

through  0  or  00 ,  for  a  point  at  which  such  a  change  takes  place 
will  be  a  point  of  inflexion. 

y.  Trace  the  curve  in  a  similar  manner,  by  making  r  to  re- 
volve in  a  negative  direction. 

279.]  Examples  illustrative  of  the  preceding  theory. 
Ex.1.    Trace  the  curve  r  =  a  sin  20. 
dr 
do 
The  curve  has  no  rectilinear  asymptotes,  because  no  value  of  6 
makes  r  s=  00  ;  hence  we  may  tabulate  as  follows : 


e 

r 

dr 

de 

1 

0 

-,o,  + 

+ 

2 

4 

a 

+,0, - 

8 

2 

+,0, - 

— 

4 

Sir 
4 

—  a 

-,o, + 

6 

It 

-,o, + 

+ 

which  values  are  sufficient  to  enable  us  to  draw  the  curve. 

We  have  thus  examined  the  course  of  the  curve  through  two 
right  angles;  and  as  sin  20  has  passed  through  all  its  values^  it 
is  unnecessary  to  tabulate  further,  as  the  tracing  point  will 
describe  equal  curves  in  the  other  two  quadrants. 

Also  the  revolution  of  the  radius  vector  in  a  negative  direction 
produces  the  same  curve.     The  curve  is  delineated  in  fig.  95. 

It  begins,  as  shewn  by  1,  from  the  pole  s,  and  as  0  increases 
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r  increases,  until  ^  =  i- ,  where  the  radias  Tector  attains  to  a 
maximum  value  a,  as  shewn  by  2 ;  afterwards  the  radius  vector 

IT 

decreases,  becomes  equal  to  zero,  when  ^  =  „  >  ^^^  passes  inta 

the  fourth  quadrant,  because  for  all  values  of  B  between  ^  and  v 

r  is  negative,  and,  when  B  ^  —,  attains  to  a  minimum  value 

—a,  and  describing  a  loop  exactly  equal  to  that  in  the  first 

quadrant,  falls  into  the  pole  when  6  =  ir;  afterwards  in  the 

third  quadrant  r  is  positive,  so  that  the  tracing  point  describes 

oir 
another  equal  loop  in  it,  reaching  a  maximum  when  $  ==  —, 

and  the  curve  fiills  into  the  pole  when  0  =  -^^  after  which  the 

radius  vector  again  becomes  negative;  and  therefore,  passing 
through  the  fourth  quadrant,  describes  the  loop  in  the  second 
quadrant,  which  is  exactly  equal  to  those  which  have  been 
already  traced  out  in  the  other  three  quadrants. 

Ex.  2.    Trace  the  curve  r  =  a  sin  80. 
dr 


do 


=  3a  cos( 


e 

r 

dr 
dQ 

1 

6 

a 

+>o.- 

2 

8 

+  ,0,- 

— 

3 

2 

—  a 

-,o, + 

4 

2ir 
8 

->o,+ 

+ 

6 

Sir 
6 

f« 

+,0,^ 

6 

V 

+  ,0, - 

— 

Whence  the  curve  is  manifestly  that  drawn  in  fig.  96.    If 

3  I  * 
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the  radius  vector  revolves  in  the  negative  direction^  the  same 
three  loops  will  be  traced  out. 

From  this  and  the  former  example  it  appears  that  in  all 
curves  whose  equations  are  of  the  form 

r  ^  a  9iinnB, 

the  curve  consists  of  n  loops  if  n  is  an  odd  number,  and  of  2fi 
loops  if  »  is  an  even  number. 

Ex.  3.  Trace  the  curve  whose  equation  is 

.  e 

r  =  a  sm  ^ . 
dr       a        0 

therefore  r  is  never  greater  than  a ;  and  r  s  0»  when  6  ^Q, 

=  2ir,  =  ...  =  2nir. 

dv 
Also  -77;  =  0,  when  ^  =  v,  =  8w,  =  ...  =b  (2«  -f  1)». 

Accordingly  we  have  the  following  table : 


6 

r 

rfr 
d$ 

1 

0 

-,o,  + 

+ 

2 

V 

a 

+,0, - 

8 

2ir 

+,0,- 

— 

4 

8ff 

—  0 

-,  0,  + 

5 

4ir 

-,  0,  + 

+ 

Hence  the  radius  vector  is  zero,  when  ^  =  0,  and  attains  a 
maximum  value  a,  when  ^  =  ir ;  whence  it  decreases,  becoming  0, 
when  0  =  2ir,  until  it  reaches  a  minimum  —  a,  when  ^  =  8v; 
after  which  it  increases^  passing  through  zero,  when  B  =  4t, 
and  becomes  a,  when  ^  =  5  7 ;  wherefore  the  curve  is  that 
drawn  in  fig.  97. 

Ex.  4.    Trace  the  curve  whose  equation  is 

r»  =  a»{(tand)8-l}. 

.-.     r  =  ±  a{(tan(?)«-l}*; 
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therefore  r  eannot  be  constracted  whenever  (taxkO)*  is  less 
than  1.  Also  as  r  is  affected  with  ±,  the  pole  is  the  centre  of 
the  curve. 

And  as  r  s=  00 ,  when  d  =  h  w^d  =  -^,  we  must  find  r*  -y- 

2  2  dr 

in  order  to  determine  the  asymptote. 

1  ^  ±1 

r 


a{(tand)»-l}* 

J_  rfr  _    HP  tan  ^  (sec  g)' 
ra  dS 


a{(tan^)«-l}» 

,de        .  a{(tand)*-.l}»  i.      ^     '       ^      Sw 

.-.   r»:j-  =  +    ^     ^/ — ^  =  +a,  whend=  jr,  and  =  — . 
dr      —     tan  <?  (sec  (?)*         —   '  2'  2 

Hence  there  are  two  asymptotes  perpendicular  to  the  prime 
radius,  at  distances  +  a,  from  the  pole. 


e 

r 

dr 

de 

1 

i 

±  -v^  0,  ± 

± 

2 

If 

2 

±.  *.  ± 

± 

8 

4 

±,  0,  ±  V- 

± 

r  =z  a 


The  curve  therefore  is  that  delineated  in  fig.  98. 

Ex.  5.    Trace  the  curve  whose  equation  is 

0^  dr  _    -2ad 

tf»-l*  '•     de"  (d»-l)a' 

dB 
Also  r  =  00 ,  when  $  =  ±1;  therefore  we  must  find  r*  ^ 

in  order  to  determine  the  asymptote. 

r  ■"    a$^   '  r»  dO  ""  a^«  ' 

.d0            aB^        —  a       ,        ^  ,      .i 

r»^  = ^  =  +  -,  when  ^  =  ±  1 ;  the  asymptotes 

therefore  are  inclined  at  +  1  to  the  prime  radius^  and  the  per- 
pendicular distances  from  the  pole  on  them  are  +  ?• 
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Also,  when  ^  =  00^  r  =  a,  and  therefore  the  cdrde  whose 
radius  is  a  is  asymptotic^  and  is  an  interior  asymptotic  ciicle» 
bceause  r  is  greater  than  a. 

As  the  radius  vector  revolves  in  the  positive  direction,  r=0, 
when  ^  =  0,  and  is  negative,  and  negatively  increases,  until 
6  :=:lj  when  r  =  —  00  ;  and  changes  to  +  00 ,  approaching  to 
the  rectilinear  asymptote^  receding  on  one  side  of  it,  and  re- 
turning on  the  other ;  after  which,  as  $  increases,  r  decreases, 
until  it  attains  its  least  value  a,  when  d  =  00  . 

Again,  as  r  revolves  in  a  negative  direction^  it  must  be  mean 
sured  backwards  from  0  =  0  to  0  =  —  I,  at  which  latter  angle 
r  =:  —  90 ,  and  then  changes  its  sign  to  +  00  ;  that  is,  the 
branches  of  the  curve  have  approached  the  rectilinear  asymp- 
tote, and  cut  it  at  infinity;  and  as  6  increases^  r  continually 
decreases  and  approaches  to  the  asymptotic  circle,  of  which  the 
radius  is  a.  See  fig.  99,  in  which  the  dotted  branches  indicate 
the  parts  due  to  the  negative  revolution  of  r. 

Ex.  6.    Trace  the  curve  whose  equation  is 

__     6  4  sin  e  dr  _  2a(dcos^— sin^)  . 

^^  ^d-sind'  dO^        (O-mnB)^       ' 

if  0  is  positive,  r  is  positive,  since  the  arc  is  greater  than  its 
sine.  And  since  for  all  values  of  0  in  the  first  and  second 
quadrants  sin  6  is  positive,  and  for  values  in  the  third  and 
fourth  quadrants  sin  ^  is  negative,  therefore  in  the  first  and 
second  quadrants  r  is  greater  than  a,  and  in  the  third  and 
fourth  r  is  less  than  a. 

And  when  0  =  0,  9ia$  =i  6;  and  therefore  when  6  z=0, 
r  =  00 ;  hence,  to  determine  the  corresponding  polar  subtan- 
gent,  we  have 

^dO       a    (d-fsintf)*         0       1        ^      r. 

^ :j-  =  o  „     \ ^  =  K,  when  6  =  0, 

dr       2  Ocose—smO       0  ' 


a  2  (0  -f  sin  0)  (1  -f  cos  6) 

2  -e&me  **  6 


=  ^,  when  0  =  0, 


( 1 -f  cos  0)*  —  sin  0  ( 0 -f  sin  0) 
=  ^ -sin0-0cos0 =oo,when0  =  O; 

therefore  the  rectilinear  asymptote  cannot  be  drawn. 
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When  d  r=  00 ,  r  =  a ;  therefore  there  is  an  asymptotic  circle, 
whose  radius  is  a.     Hence  we  tabnlate  as  follows  : 


e 

r 

1 

0 

00 

2 

2 

«,r-2 

3 

w 

8 

4 

3ir 
2 

3ir-2 
''3,r  +  2 

5 

2ir 

a 

6 

Stt 
2 

571  +  2 
^571-2  . 

7 

3w 

a 

8 

90 

a 

It  appears  then  that  the  curve  starts  from  infinity,  as  de- 
lineated in  fig.  100,  and  periodically,  when  6  =zv,  =  27r,  =  ... , 
passes  through  the  points  a  and  b,  which  are  the  extremities  of 
the  diameter  of  the  circle  whose  centre  is  the  pole  and  whose 
radius  is  a;  to  which  circle  the  curve  continually  approaches, 
being  outside  in  the  first  and  second  quadrants,  and  inside  in 
the  third  and  fourth.  There  is  then  this  peculiarity,  that  th^ 
curve  on  the  outside  is  gradually  becoming  nearer  and  nearer 
to  the  circle,  and  the  curve  on  the  inside  is  receding  from  the 
diameter  as  $  increases  and  approaching  to  coincidence  with 
the  circle. 
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CHAPTER  XIL 

ON  THE  CTTRVATURE  OP  PLANE  CURVES. 
Section  1. — Curvea  r^erred  to  rectangular  coordinates. 

280.]  Imagine  a  tangent  to  be  drawn  at  a  point  in  a  plane 
curve,  which  is  such  that  the  curve  lies  entirely  on  one  side  of 
the  tangent ;  then  the  curve  is  said  to  be  convex  towards  that 
side  of  space  on  which  the  tangent  lies^  and  concave  towards  the 
other  side;  such  is  our  definition  of  concavity  and  convexity; 
and  on  such  a  conception  were  investigated  in  Chapter  X  the 
analytical  criteria  for  determining  the  direction  of  curvature. 
Let  us  moreover  suppose  that  at  the  point  of  the  curve  under 
consideration  there  is  no  discontinuity^  or  indeterminateness  of 
derived-functions ;  then,  as  the  curve  deviates  from  the  tangent 
line,  such  a  deviation  may  be  greater  or  less^  or^  in  other  words, 
the  curve  may  be  more  or  less  bent;  herein  then  we  have  a 
new  affection^  viz.  the  amount  of  bending  or  of  curvature,  as  it 
is  called :  the  nature  of  which  we  propose  to  examine  in  the 
present  Chapter. 

And  to  consider  it  frt>m  another  point  of  view ;  an  infinitesimal 
element  of  the  curve  commencing  from  a  given  point  being 
straight,  it  is  in  its  length  coincident  with  the  tangent  line  at 
that  point;  and  the  next  element  being  inclined  at  an  angle 
to  the  former  one  deviates  from  the  tangent.  Now  let  the  two 
consecutive  elements  be  of  equal  lengths,  and  from  the  ex- 
tremity of  the  second  let  a  perpendicular  be  drawn  to  the 
tangent :  as  this  perpendicular  is  longer  or  shorter,  so  will  the 
deviation  be  greater  or  less,  and  the  curve  will  be  more  or  less 
bent. 

These  terms  however  are  but  relative ;  and  accordingly  it  is 
necessary  to  fix  on  some  standard  with  which  to  compare  such 
amount  of  bending,  and  to  investigate  some  means  by  whicli 
the  comparison  may  be  made. 

The  circle  naturally  suggests  itself  for  a  standard ;  whatever 
its  curvature  or  bending  is,  it  is  the  same  at  all  points  of  the 
same  circle:   and  in  different  circles,  as  the  radius  changesj 
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80  does  the  carvature.  As  the  radius  increases,  the  deviation 
from  a  straight  line  becomes  less  and  less ;  and  in  the  limit 
vanishes  when  the  radius  becomes  infinite ;  see  Art.  186 ;  and 
as  the  radius  decreases^  the  curvature  increases^  and  in  the 
limit  when  the  radius  becomes  zero,  the  curvature  becomes 
infinite ;  for  the  circle  becomes  a  point,  and  the  curve  at  once 
returns  into  itself;  the  radius  of  the  circle  therefore,  and  its 
carvature  or  deviation  from  a  straight  line,  are  so  related  that 
one  varies  inversely  as  the  other.  If  then  r  is  the  radius  of  a 
circle,  the  amount  of  deviation  of  that  circle  from  a  straight 
line  is  a  function  of  the  reciprocal  of  r ;  let  us  give  some  definite 
name  to  this  deviation,  and  in  order  that  we  may  have  a 
measure  of  it,  let  us  define  it.  Curvature  is  the  name  which 
we  shall  adopt;  and  our  mathematical  definition  of  it  is  the 
simplest  function  of  the  reciprocal  of  r,  viz., 

The  curvature  of  a  circle  =  - ; 

r 

so  that  the  curvature  =  1,  when  r  =  1 ;  and  therefore  the  cur- 
vature of  a  circle  whose  radius  is  unity  is  the  unit-curvature. 

Now  when  a  finite  arc  of  a  circle  is  given,  we  can  in  many 
ways  determine  the  radius  of  the  circle ;  but  when  the  arc  is 
infinitesimal,  the  following  is  best  adapted  to  our  present  con- 
ceptions. 

The  relation  between  an  arc,  the  radius,  and  the  angle  sub- 
tended at  the  centre  is,  see  Art.  24,  (15), 

the  arc  =  the  radius  x  the  angle. 

Let  (<r,  y),  (^  +  ddr,  ^  +  dy)  be  any  two  points  on  a  circle  infini- 
tesimally  near  to  each  other  \  and  let  ds  be  the  arc  between  the 
two  points;  let  normals  be  drawn  to  the  circle  at  the  points 
(or,  y),  (x\dx^y-\-  dy\  and  let  d^  be  the  angle  at  the  centre 
contained  between  these  normals,  and  let  r  be  the  radius :  then 

ds^rdyjf;  (1) 

ds 

and  the  curvature  of  the  circle  =      =  --r-  • 

r        ds 

281.]  Let  us  now  extend  these  principles  to  any  plane  curve. 

Suppose  the  two  points  (^,  y),  (<r-fd[r,  y-^-dy)  to  be  on  a 

plane  curve ;  and  at  neither  of  them  let  there  be  a  point  of  dis- 

FBICB,  VOL.  I.  3  K 

Digitized  by  VjOOQ IC 


434  RECTANQULAR  COORDINATES.  [282. 

continuity  or  of  inflexion;  then,  although  the  ratio  given  in 
(2)  may  be  no  longer  constant  at  all  points  of  a  curye^  but  may 
vary  as  we  pass  from  one  point  to  another;  yet  when  the  dis- 

tance  ds  is  infinitesimal,  —r-  will  assume  some  determinate 

ds 

value,  which  we  may  call  the  curvature  of  the  curve  at  the 
point ;  perhaps  it  may  be  said  that  it  is  a  measure  of  the  mean 
curvature  of  the  arc^  but  the  difference  between  that  and  the 
actual  curvature  at  the  point  (a?,  y)  is  infinitesimal,  and  there- 
fore must  be  neglected,  so  that  the  two  become  identical. 

Imagine  then  two  normals  to  be  drawn  at  two  consecutive 
points  of  the  curve ;  these  will  generally  meet  at  a  finite  distance ; 
let  d\lf  be  the  small  aingle  included  between  them,  and  let  p 
be  the  distance  from  the  curve  of  the  point  at  which  they 
intersect ;  then,  by  reason  of  (2),  and  introducing  +  so  as  to 
include  all  the  possible  simultaneous  changes  of  s  and  ^,  we 
have  . 

From  the  analogy  of  the  circle,  p  is  called  the  radiua  of  cur- 
vature,  and  the  point  at  which  the  two  consecutive  normals 
intersect  is  called  the  centre  of  curvature;  and  therefore  we 
have  the  following  definition : 

The  distance  from  the  curve  at  which  two  consecutive  nomuds 
of  a  plane  curve  intersect  is  the  radius  of  curvature  of  the  curve 
at  that  point. 

282.]  To  determine  the  analytical  values  of  the  radius  of 
curvature. 

Let  the  equation  to  the  curve  be  y  =/(4?) ;  see  fig.  101 ;  and 
let  p,  Q  be  the  two  points  on  it,  infinitesimally  near  to  one 
another,  at  which  the  normals  are  pn,  qh;  n  their  point  of  in- 
tersection, which  is  therefore  the  centre  of  curvature ;  through  g 
draw  a  line  kg  parallel  to  qh;  then  pq  =  ds,  vuq  =  J^  =  pgk 

=  rf.tan"^  l-r-j  ;  pn  =  Qn  =  p  =  the  radius  of  curvature; 

.-.     ds=  ±prf.taii-i(^).,  (4) 

_  tPxdy—tPydx      dy* 
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.-.     A»  =  ±  pid^xdy-dhfdw),  (5) 

-         ±^*'        .  ((^^ 

^  "  d^wdy-dhfdw'  ^^ 

which  expression  is  the  most  general  valae  of  p,  as  in  it  neither 

Xf  y,  nor  a  is  equicrescent. 

If  ip  is  equicrescent^  d}x  =  0 ;  and  we  have 

And,  if  y  is  eqnicrescent^  rf*y  =  0,  and 

±  ds^       -^V^dy^f  ^.^ 

^  =  d^  = 35 •  <®> 

rfy» 

It  is  to  be  observed  that  p  is  an  absolute  length ;  some  prin- 

ciple  therefore  must  be  adopted  by  which  the  ambiguity  of  sign 

in  the  preceding  expressions  may  be  removed.     Let  us  suppose 

the  type-curve  to  be  that  represented  in  figs.  47, 101,  and  102 ; 

and  let  us  assume  the  radius  of  curvature  to  be  positive,  when 

it  is  drawn  downwards  and  towards  the  axis  of  x;  and  to  be 

negative  when  it  is  drawn  upwards  from  the  curve  and  away 

from  the  axis  of  ^,  as  in  fig.  106.    Now  let  us  take  the  value  of  p 

d^V 
given  in  (7) :  in  the  former  case  ^-|  is  negative,  because  the 

curve  is  concave  downwards;  and  therefore,  as  p  is  to  be 
positive,  . 

and  if  in  the  result  p  is  affected  with  a  negative  sign,  it  is 
evident  that  p  is  drawn  upwards  fr^m  the  curve,  and  that  the 
curve  is  convex  downwards,  as  in  fig.  106.  Similarly  in  (8)  the 
right-hand  member  is  to  have  a  positive  sign,  and  we  have 

/-       dx^\i 
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which  may  also  be  derived  from  (9)  by  a  change  of  the  equi- 
crescent  variable. 

283.  Examples  illustrative  of  the  preceding. 

Ex.  1.   Determine  the  radius  of  curvature  of  an  ellipse. 

^  + 1^  =  1. 

dy  _  _  b*a>  ^      rfy*  _  a*y*  +  b*x* . 

rfa-  ~       a*y '  *  *  dx*  ~       a*y* 

d*y  b* 


dx*  o*y' 

The  radius  of  curvature  at  extremity  of  axis  major  =  — , 

.       .  a« 

axis  mmor  =  -=- . 

o 

Ex.  2.  In  curves  of  the  second  degree  whose  equations  are 
of  the  form  y^  =  4m^+na7^  the  radius  of  curvature  varies  as 
the  cube  of  the  normal. 

dy 
d^y       /dy\^  ,    d*y        —4m* 

•••  ^d +  (£)  =  '''     ''"^  w*--Y~' 

:Now  by  (42),  Art.  219,  the  normal  =  y  )  ^  +  ^  C  5  s^^b- 
stituting  which,  we  have 

the  radius  of  curvature  ^  1 1 

(the  normal)'  ""  ""     ^d^y  ~  4i»*  * 

«#8 2. 

^    dip*  Q.  B.D. 

Ex.  3.  To  find  the  radius  of  curvature  of  the  cycloid,  the 
starting  point  being  the  origin. 


0?  =  a  versin-^  -  —  {2ay— y*}*. 


dx 


rfy«_2a. 
^  +  zm  —  -IT' 


dy       {2«y-y»}4'  *  '        ^  ds* 
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Therefore,  and  from  Ex.  6^  Art.  221,  it  appears  that  the  radius 
of  curvature  is  equal  to  twice  the  normal. 

Ex.  4.  In  illustration  of  formula  (6),  let  it  be  required  to 
find  the  length  of  the  radius  of  curvature  of  the  ellipse  whose 
equations  are,  see  Art.  193, 

X  =  acos^,  y  -=•  hmaO. 

dx  =  —  aBinSde,  dy  ^  b cos 6 dS, 

d^x  =z  —  acoBdde^,  d^y  =.  ^bAnddB*; 

.-.     rf*«  =  {a* {AnSy  +  4«  (cos^)*}  de\ 

d*xdy  —  d^ydx  —  —abd0'; 

••  "=  ± — ^iW* — 

284.]  On  comparing  figures  47  and  101,  it  appears  that 

ds        —  d8 

dr,  which  is  equal  to  tlt',  fig.  101,  is  the  angle  between  two 
tangents  drawn  at  consecutive  points  on  the  curve ;  it  is  there- 
fore the  angle  at  which  two  successive  elements  are  inclined  to 
each  other,  and  is  called  the  angle  of  contingence, 

285.]  We  proceed  to  determine  other  values  of  p  which  are 
required  in  the  sequel. 

•."     ds^  =  rfa?*  +  rfy'; 

.'.     dsd^s  =  dxd^x-k-dyd^y.  (11) 

da^ 
Also  by  (6),  ±  ^'^  =  dyd^x-dxd^y.  (12) 

P 

Therefore  squaring  (11)  and  (12),  and  adding,  we  have 

ds^  (dU)^  +  ^  =  (dx^  +  dy^)  {(d^x)*  +  (d*y)^}, 

=  rf*«{(rf«a7)»+(rf»y)»};  (18) 
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.-.  ^=  (rf»a?)«+(rfV)'-(rf'*)*;  (14) 

P 

Whence  we  have  the  following  values  for  p : 
(a)  Let  s  be  eqnicrescent ;  then  dh  =s  0 ;  and 

Also  by  virtue  of  (11),  since  d*y  =  —  -3-  d*», 

08)  Let  X  be  equicrescent ;  then  d^a^  =  0,  and  therefore  by 
reason  of  (11),  . 

introducing  dr^  into  the  denominator  to  shew  that  x  is  equi- 
crescent;  see  Article  54. 

(y)  Let  y  be  equicrescent ;  then  d^y  =  0,  and  by  the  same 
process  as  above^ 

JL  -  ^  /rf^\« 

The  last  two  values  of  p  are  the  same  as  (9)  and  (10). 

Also  from  (14),  multiplying  through  by  ds^  and  replacing 
dsdh  from  (11),  we  have 

^  =  (rf«ar)»rf«>  +  (rfV)***+(^**)***-2(rf«*)«A«, 
P 

=  (rf»j?)«A>  +  (rfV)**>+(rf»*)«(d»»+rfy») 

—  idi^sidx  d^ar+dy  dhf), 

=  (rf«a:  ds  -  rf»*  flJa?)*  -|-  (rf*y  *  -  J>*  rfy)*, 

Digitized  by  VjOOQ  iC 


286.]  RADIUS  OF  CURYATUBB.  439 

which  is  identical  with  (16)  when  s  is  equicrescent. 

Hence  also,  and  from  Art.  284^  we  have  the  following  value 
for  the  angle  of  contingence : 

=    ±  {(rf.C08T)«4-(rf.C0SVr)*}*, 

where  cos  ^  and  cos  r  are  the  cosines  of  the  ang^  between  the 
line  of  the  radius  of  curvature  and  the  coordinate  axes;  see 
Article  218. 
Also  from  (11)  and  (12)^  eliminating  d^x,  we  have 

d9dydH±—dx  =  rf«y  (rfy«  +  flte«); 

d8^ 
.-.     dx  =  dt^dhf  —  d^sdyds^ 

P 


dx 
ds 


SimilartT,  g  =  Ai(J)  =  i»e+.  (JS) 

Hence  also,  if  « is  eqmcresoent, 

co8r  =  p0,  (28) 

«>8V'  =  P^-  (24) 

286.]  If  the  equRtion  to  the  curve  is  given  in  the  implicit 

**"■'  F(x.y)  =  c,  (25) 

we  may  substitute  as  follows  in  the  general  value  of  p  given  in 
equation  (6). 
Differentiating  (26),  we  have 


O-^+O*"".         <»«) 
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Now  from  (26), 

dy     _  —Av  _       d^s dy  —  d^y dx 

the  last  following  by  reason  of  Preliminary  Theorem  I»  if  we  ope- 
rate upon  the  fractions  successively  by  the  factors  d^x  and  d^y^ 
and  add  numerators  and  denominators ;  each  of  which  fractions 
is  again  equal  to,  by  reason  of  the  same  Preliminary  Theorem, 


rfp\*)*' 


\(%u(%n 


(30) 


Whence,  equating  (29)  and  (30),  and  replacing  the  numerator 
and  denominator  of  (29)  by  their  equivalents  from  (28)  and 
(5),  we  have 

±d8  _  1  ds^ 

and,  replacing  dx,  dy,  d$  in  terms  of  their  proportionals  given 
in  (29)  and  (80),  we  liave  finally 

1  _       ^dy'  \di^i  ~  ^  W  \dyl  \dxdyi  '^  vgg^  \dy*i 

{y +  W  \ 

For  an  example  of  this  formula,  let  us  take  the  equation  to  the 


)  =  »■    Q  = 


287.]  The  numerator  of  (31)  is  the  Hessian  of  the  curve. 

Digitized  by  VjOOQ  iC 


a88.]  BVOLUTBS  OF  CURVES.  441 

At  a  point  of  inflexion  the  Hessian  =  0;  and  as  i-^j  and  (^j 

do  not  both  simultaneously  vanish,  so  at  a  point  of  inflexion 
p  =  —  00  ;  that  is,  the  cunre  degenerates  into  a  straight  line ; 
and  the  radius  of  curvature,  which  corresponds  to  a  point  at 
which  two  consecutive  elements  are  in  one  and  the  same  straight 
line,  is  evidently  infinite.  The  Hessian  also  =  0  at  double  points ; 

but  then  it  vanishes  identicaUy,  because  y-j-j  =  (-7-)  =  0;  and 

therefore  in  this  latter  case  p  is  indeterminate,  and  (31)  must 
be  e?aluated.  This  is  also  otherwise  apparent.  At  a  double 
point  the  two  branches  may  not  have  the  same  curvature,  and 
as  the  same  analytical  expression  gives  the  radius  of  curvature 
of  both,  it  must  necessarily  take  at  that  point  an  indeterminate 
form.  If  we  multiply  (31)  by  the  denominator  of  the  right-hand 
member,  the  expression  becomes  of  3n— 3  dimensions  in  terms 
otx  and  y :  if  then  p  is  constant,  the  points  of  equal  curvature 
on  a  curve  of  the  nth  degree  are  on  a  curve  of  the  3(n  — l)th 
degree ;  and  as  the  number  of  the  points  of  intersection  of  these 
two  curves  is  3n(n  — 1),  so  on  a  curve  of  the  nth  degree  there 
may  be  3ii(n  —  1)  points  at  which  the  curvature  is  the  same. 


Section  2. — On  evoltttes  of  plane  curves  referred  to  rectangular 

coordinates. 

288.]  We  have  thus  far  determined  the  length  of  the  radius 
of  curvature,  and  the  cosines  of  the  angles  at  which  its  line 
is  indined  to  the  coordinate  axes ;  we  shall  now  investigate  the 
coordinates  to  the  centre  of  curvature ;  and  since  it  changes 
position  as  the  point,  at  which  the  radius  of  curvature  is  drawn, 
moves  continuously  along  the  curve,  it  thereby  describes  a  con- 
tinuous curve,  which  we  shall  determine.  This  curve  is,  for  a 
reason  which  will  shortly  appear,  called  the  evolute  of  the 
original  curve. 

Let  the  equation  to  the  curve  be  y  =/(J?),  and  let  (a?,  y)  be 
the  point  on  it  at  which  the  radius  of  curvature  is  drawn; 
((y  v)  the  centre  of  curvature ;  so  that,  in  fig.  102,  we  have 

UM   =  ^,  ON    =   f,  PTN    =   T, 

MP  =  y,  NH  =  7),  POR  =  V^,  pn  =  p ; 
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then  since  sin  i^  =  -3-,  and  cos  ^  =:  -/^,  we  have  from  the 
^       d$  ^       ds 

geometry  of  the  figure, 

f  =  *  +  pg,        n  =  y-p|j  (82) 

which  formolsB  determine  the  position  of  the  centre  of  curva- 
ture corresponding  to  any  point  of  the  curve ;  and  from  elimi- 
nating w  and  y  between  these  equations  and  the  equation  to 
the  curve^  viz.  y  =/(a?),  there  will  result  an  equation  involving 
i  and  71,  which  will  represent  the  locus  of  the  centre  of  curva- 
ture. 

The  equations  (32)  assume  various  forms^  according  to  the 
value  given  to  p ;  i.  e.  whether  we  express  p  by  one  or  other 
of  its  values  (6),  (7),  (8),  (16).  Thus  applying  the  value  of 
the  radius  of  curvature  given  in  (9),  when  x  is  equicrescent, 
we  have 

dyl  djl 

.  ^  dx^  dy  ^__J^  /Qo^ 

dx^  dx^ 

If  the  equation  to  the  curve  is  given  in  the  implicit  form, 
the  equations  (32)  must  be  modified  according  to  the  equation 
(31)  and  those  by  means  of  which  (31)  has  been  determined; 
but  as  the  expressions  are  long,  not  often  employed,  and  easily 
found,  it  is  not  worth  while  to  insert  them  at  present. 

289-3  Examples  on  evolutes. 
Ex.  1.    To  determine  the  evolute  of  the  parabola, 
y*  =  4fla?; 

dy  _  2a  rf*y  _       4a* 

dx  ^  y  *  dx^  ""        y* 

Substituting  which  in  (33), 


y*  +  4fl»   y»   2a 
*  y*       4a'   y 

4a;r+4a' 

o       o  f— 2a 

=  3i^+2a;  .:.    57  =  ^-5 — ; 
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V 

= 

-^ 

-9\ 

•     • 

y  =  (- 

-4a»,)*; 

443 


snbstitotiiig  which  in  the  eqoation  to  the  parabohi,  ve  hare 

the  equation  to  a  semi-cubical  parabola,  whose  cusp  is  on  the 
ads  of  «  at  a  distance  2a  from  the  vertex  of  the  parabola;  see 
fig.  103. 

Ex.  2.    To  find  the  equation  to  the  evolnte  of  a  circle. 
«■  +  ?•  =  «•; 


dx 


d*y 
dx* 


dx* 


7' 


y*  a*  p 


a*  y* 

^  =  y-yiT*  = 


0; 


the  centre  itself  is  the  evolute. 


Ex.  8.    To -find  the  equation  to  the  erolnte  of  the  ellipse. 

fli  +  fti  -  *• 

^ 6^  -      dy*  _  a^^+b*:fl 

dx~      ahf'         •''       '^'db?~       a*y»      ' 


d*y 
dx* 


a*y»' 


_  a*y*+b*x*  a*y*  6*x 
*  ~  *  a*y*       "ft*"  a*y' 

=  a?  -  ^  («***-«****■ + **«■)' 


3  L  a 


a«  ~  \?IIp/  ' 
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A* 


y*; 


i2  -y^^ffi/ ' 


whence^  by  addition, 

(af)*  +  (fti?)*=  (««-*»)*; 

the  curve  represented  by  which  is  delineated  in  fig.  104. 

In  reference  to  the  properties  of  the  evolute  which  aire  men- 
tioned in  Art.  229,  I  may  observe  that  for  all  points  within 
eceV  four  normals  may  be  drawn  to  the  ellipse;  from  points 
on  the  curve  three  normals  may  be  drawn;  and  for  all  space 
outside  the  curve  only  two  can  be  drawn. 

Ex.  4.    To  find  the  equation  to  the  evolute  of  the  cycloid. 
Let  the  starting  point  be  the  origin ;  then 

X  =  o  versin-*  -  —  (2ay— y*)*; 


_       y 

.'.     1 

dy*  _ 
^  dx»~ 

2a 

(2ay- 

V)*' 

y 

=  - 

a 

•:•    V 

=  y- 
y  = 

2a 

y 

a 

-y» 

_ 

2a 

r-i 

yl 

{2ay- 

-y')* 

=  a:  +  2(2fly-y«)*, 
=  a?  +  2(-2aT,-i7»)*; 
.-.     X  =  f-2(-2aTy-i|«)*; 
substituting  which  values  in  the  equation  to  the  cycloid,  we  have 


f-2(-2at;-)7»)*  =  flversin-i— !?-(--2ay-t;«)*, 
f  =  a  versin-i  ^^  4- (  — 2a»y  — t;*)*; 
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which  is  the  equation  to  a  cycloid,  the  highest  point  of  which  is 
the  origin,  eqnal  to  the  original  cycloid :  £  being  parallel  to  the 
base,  fi  taken  along  the  axis  in  a  negative  direction,  as  is  mani- 
fest on  a  comparison  of  the  last  equation  with  (31)  in  Art.  201, 
and  of  figs.  50  and  106 ;  which  last  represents  the  positions  of 
the  original  cycloid  and  its  evolute. 

Since  ri  =  —y,  no  =  mp;  and  therefore  pn  =  2pg,  or  the 
radius  of  curvature  is  equal  to  twice  the  normal ;  see  Ex.  8, 
Art.  283.  Also  the  radius  of  curvature  at  b  =  bo  =  2ba  =  4a ; 
also  it  is  manifest  that  the  radius  of  curvature  at  o  =  0. 

Ex.  5.    To  determine  the  equation  to  the  evolute  of  the 
equitangential  curve. 
The  equation  to  the  curve  is^  see  equation  (27),  Art.  200, 

.=  alog|°-K°;-y')*}-(a«-y»)*;  ' 


dy  _ 

y              .    1  ,  ''y*-    «• 

'dx~ 

(o»_y»)*'            '  •         '  <te«  ~  a*-y* 

d*y           a*y 

dx*~  (o»-y«)»' 

.      „  _  „  ,       «'      {a*-y*)* 

y  V 

a«      (a'-y')»         y 

C    =    3?  H = =    = ' :  t 

a^-y*       a^y       (a2_y2)* 
=  a?4-(a*-y*)*, 

whence,  substituting  in  equation  above, 


=  e«,  - — ^-^ —  =  e 

a  a 
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the  equation  to  the  catenary,  as  is  plain  on  comparing  it  with 
equation  (26),  Art.  199. 

The  rehttive  position  of  the  two  curves  is  delineated  in 
fig.  106;  DM  =  4?,  MP  =  y;  OS  =  £,  no  =  i;;  and  since 
(  s=  j?  +  (a*  — y*)*,  and  NP  =  a,  it  follows  that  the  ordinate 
through  N,  the  foot  of  the  tangent,  passes  through  n,  the 
centre  of  curvature.  Also  since  pn  is  the  radius  of  curvature, 
and  po  is  the  normal  of  the  equitangential  curve,  pn  xpg 

=  NP*  =  a*;   also  pn*  =  ti^-^a*  =  -|  —  a*  =  ^  («*— y*). 

9  9 

Ex.6.  To  determine  the  equation  to  the  evolute  of  the 
hypocxcloid,  whose  equation  is 


dy  _ 
dx~ 

j?t  +  yl  =  at, 
d»y  _      a* 

die*  ~  8a?* y* 

a«w      flw      x* 
similarly,  i}  =  y  +  Sarty* ; 

.'.    f +  ,,  =  ar  +  8ar*y*  +  8a?*y*  +  y, 
=  (**  +  y*)»j 

(f  +  i,)*  =  ar*  +  y*. 
Similarly,  (f— »»)*  =  ar*  — y*j 

(f+'j)*-(f-i»)*  =  2y*; 

•••     {(£+>?)*  + (f-n)*}»  +  {(f +•»)*-«-'»)*}*  =  4{«»+y»}, 

«+'»)»  +  «-'»)»  =  2at. 
Let  the  coordinate  axes  be  tamed  through  46°,  so  that 
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.-.     r*  +  i7'*=  (2a)i 

Accordingly  the  evolute  is  another  hypocycloid,  the  radius  of 
whose  base-circle  is  twice  that  of  the  original  circle^  and  whose 
cusps  are  on  lines  bisecting  the  lines  joining  the  cusps  of  the 
original  curve ;  see  fig.  107.  Similarly  may  the  evolute  of  this 
new  hypocycloid  be  founds  which  will  be  another  hypocycloid^ 
the  radius  of  whose  base-circle  will  be  4  a. 

Theoretically^  the  equations  to  the  evolutes  of  all  curves  may 
be  found  by  means  of  equations  (33),  but  the  difficulty  of  elimi- 
nation is  in  all  cases,  save  in  two  or  three  besides  the  above, 
80  great  as  to  be  beyond  the  present  powers  of  analysis. 

290.]  We  proceed  now  to  discuss  general  properties  of  the 
evolute,  of  which  the  current  coordinates  are  (  and  17. 
From  equations  (32),  we  have 


dx 


>)  (34) 


whence,  squaring  and  adding, 

(f-*)*+(t?-y)'  =  P*.  (35) 

Multiplying  the  former  by  dx^  and  the  latter  by  dy^  and 

•*^  (f-o?)  £te+ (17-y)  dy  =  0.  (36) 

Again,  multiplying  the  former  by  d^x,  and  the  latter  by  d^y, 
and  adding, 

(f-jr)rf»a?  +  (i,-y)rf»y  =  ^(d^xdy^d^ydx), 

=  ds^;  (37) 

since  by  (5),  pid^xdy  —  d^ydx)  =  ds^. 

Now  the  rehition  between  (35),  (36),  and  (87)  is  very  re- 
markable; for  (36)  is  the  difierential  of  (35),  and  (37)  is  the 
differential  of  (36),  the  differentiations  being  calculated  on  the 
supposition  that  x  and  y  vary,  while  £,  rj,  and  p  do  not  change. 
And  what  geometrical  fact  is  hereby  implied?  The  following: 
(35)  is  the  equation  to  a  circle  of  which  p  is  the  radius,  and  the 
coordinates  to  whose  centre  are  f  and  y;,  and  of  which  x  and  y 
are  the  current  coordinates.     Hence  the  radius  and  coordinates 
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to  the  centre  of  this  circle  remain  the  same,  when  for  x  and  y 
we  have  successively  x  -h  dx^  y  4-  rfy,  and  a?  +  2rfd?  4-  d^x^ 
y  -\-2dy  -^  d^y;  this  circle  therefore  passes  through  three  con- 
secutive points  on  the  curve,  and  therefore  there  are  three 
points,  and  which  is  the  same  thing,  two  consecutive  elements, 
common  to  the  circle  and  the  curve.  The  circle  is  for  an 
obvious  reason  called  tfie  circle  of  curvature.  This  result  is  in 
accordance  with  the  principle  of  Art.  281 ;  for  although  nothing 
was  said  as  to  a  circle  having  points  common  with  the  curve, 
yet  since  $  and  rj  refer  to  the  point  of  meeting  of  two  con- 
secutive normals,  and  each  normal  implies  a  tangent  passing 
through  two  points,  there  must  be  three  consecutive  points  in 
the  curve  for  which  f ,  rj,  and  p  do  not  vary.  It  is  also  to  be 
observed,  that  (36)  is  the  equation  to  the  normal,  if  {  and  tj  are 
its  current  coordinates ;  and  thus  the  centre  of  curvature  is  on 
the  normal. 

291.]  Again,  since  the  new  curve  is  the  locus  of  the  point 
of  intersection  of  any  two  consecutive  normals  of  the  original 
one,  if  the  new  curve  is  continuous,  each  normal  must  pass 
through  two  points  in  the  new  curve  which  are  infinitesimally 
near  to  one  another.  Hence,  in  the  expressions  (34),  (,  17, 
p,  <r,  y  may  all  vary  simultaneously,  and  we  have 

and  substituting  for  p  and  d^s  from  (5)  and  (11),  we  have 

dx 
and  similarly,  drf  =  —--r-  dp 


(38) 


Whence  it  appears  that  we  may  differentiate  (34)  on  the  sup- 
position that  p,  f,  and  ri  vary  independently  of  x  and  y ;  that  is, 
the  normal  passing  through  (<r,  y)  passses  through  (f,  rji)  and 
{i-\-d(y  rj  +  drj),  though  of  course,  as  is  plain  from  the  figure 
102,  the  length  of  p  varies. 

292.]  Squaring  and  adding  the  two  equations  (38)  we  have 

rff  2  4.  dri^  =  dpK  (39) 

Let  <r  be  the  length  of  the  arc  of  the  new  curve,  and  rf<r  an 
element  of  it,  then  by  (23),  Art.  218, 
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.-.      rfo-3  =  dp\ 

d(r  z=z    ±dp\  (40) 

And  taking  the  positive  sign,  that  the  analytical  expression  may 
be  accommodated  to  the  curve  in  fig.  102,  where  An  =  er^  and 
the  element  of  the  arc  at  n  =  da,  and  where  therefore  a  and  p 
are  increasing  simultaneously^  we  have 

dar  —  dp  =  0; 

.• .     o-  —  p  =  a  constant  =  c : 

and  therefore  the  difference  in  length  between  the  radius  of 
curvature  of  the  original  curve,  and  the  length  of  the  arc  of  the 
new  curve  is  the  same,  at  whatever  point  of  the  old  curve  the 
radios  of  curvature  is  drawn.  Imagine  then,  see  fig.  103>  a 
perfectly  flexible  and  inextensible  string  to  be  fixed  at  a  point 
(fi  l)  of  the  new  curve,  say  at  n,  and  of  length  equal  to  the 
radius  of  curvature  of  the  old  curve  which  abuts  there,  say 
equal  to  pn;  then,  if  the  string  is  wrapped  round  the  curve, 
say  towards  a,  just  so  much  will  be  taken  off  from  the  string 
by  the  wrapping  that  the  remainder  will  be  equal  to  the  radius 
of  the  old  curve^  corresponding  to  the  point  in  the  new  curve 
at  which  the  wrapping  ends ;  and  therefore  if  an  inextensible 
string  is  unwrapped  from  the  new  curve,  as  e.  g.  from  ao^  the 
length  of  which  is  exactly  equal  to  the  length  of  the  new  curve 
+A0,  which  is  constant  and  is  the  radius  of  curvature  of  op 
at  0,  the  extremity  of  it  will  generate  the  old  curve,  viz.  op. 
It  is  for  this  reason  that  the  new  curve  is  called  the  evolute*, 
as  being  that  from  which  the  string  is  unwrapped,  and  the 
original  curve  is  called  the  involute  with  respect  to  it. 

293.]  It  is  manifest  that  the  lengths  of  all  evolutes  can  be 
determined ;  that  is,  the  lengths  can  be  compared  with  straight 
lines,  whence  they  are  said  to  be  rectifiaUe;  for,  it  appears  from 
what  has  preceded,  that  the  length  of  the  evolute  is  equal  to  the 
difference  of  the  radii  of  curvature  of  the  involute  corresponding 
to  its  two  extremities. 

Of  this  we  subjoin  some  examples : 

*  By  French  writers  the  evolute  is  named  d4velopp4e^  and  the  Involute 
PRICE,  VOL.  I.  3  M 
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Ex.  1.    To  find  the  length  of  the  evolate  of  the  parabola,  in 
terms  of  the  coordinates  of  its  extremities. 

OM  =  0?,  MP  =  y;  ON  =  f,  NO  =  17;   see  fig.  103. 

Let  the  equation  to  the  parabola  be  y^  =  4aj7. 

Then  by  (9),  p  =  -^^ — 7—^ ;  therefore  by  what  has  preceded, 
a* 

The  length  of  An  =  rad.  of  curv.  at  p  —  rad.  of  cnrv.  at  o ; 
a* 

since  by  Ex.  1,  Art.  289,  x  =  ^^^^ . 

Ex.  2.    To  determine  the  length  of  the  fourth  part  of  the 
evolute  of  the  ellipse ;  see  fig.  104. 

The  length  of  eg  =  rad.  of  curv.  at  b'—  rad.  of  curv.  at  a, 
=  ^  -  — ,  by  Ex.  1,  Art.  283, 

-  IT''' 

a'— A* 
.• .     the  length  of  the  whole  evolute  =  4  — =— . 

ao 

Ex.  3.    To  determine  the  length  of  the  arc  on  of  the  cycloid ; 
see  fig.  105. 
The  length  of  on  =  pn, 

=  2 (2 ay)*,  by  Ex.8,  Art. 283, 
=  2(-2ai?)*,  by  Ex.4,  Art.  289; 
.•.     if  ly  =  —2a,  the  length  of  oc  =:  4a  =  rad.  of  curv.  at  b; 
.'.     the  length  of  the  whole  cycloid  =  8a. 

Ex.  4.    To  establish  a  relation  between  o-,  1;,  and  $  in  the 
catenary. 

In  fig.  106,  let  An  =  o- ; 
.-.     An*  =  np2, 

=   HN*  — NP*; 
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-  4  r         i ' 

Every  plane  curve  manifestly  has  an  evolute,  and  has  only 
one;  but  it  has  an  infinite  number  of  involutes^  because  in 
the  unwrapping  of  the  string  which  has  been  wound  round 
the  curve,  every  point  of  the  stretched  string  describes  a  curve 
which  is  the  involute  corresponding  to  that  point. 

294.3  ^S^™i  multiplying  the  former  of  (38)  by  dx^  and  the 
latter  by  dy^  and  adding,  we  have 

dwd(-\-dydri  =  0;  (41) 

drj  ^       dx 

'''   di--  ^d^' 

And  since  ^  and  -^  are  respectively  the  tangents  of  the  angles 

made  with  the  axis  of  x  by  the  tangents  to  the  evolute,  and  to 
the  involute,  it  follows  that  the  tangent  to  the  evolute  is  per- 
pendicular to  the  tangent  to  the  involute,  or  that  the  normal  to 
the  involute  is  a  tangent  to  the  evolute.  This  result  might  have 
been  anticipated  from  what  is  said  in  Art.  290. 

The  radius  of  curvature  at  any  point  of  the  evolute  may  be 
expressed  in  terms  of  the  radius  of  curvature  of  the  correspond- 
ing point  of  the  involute  by  the  following  process. 

Let  p  and  p  be  the  radii  of  curvature  at  corresponding  points 
of  the  involute  and  the  evolute :  the  angle  contained  between 
two  consecutive  normals  to  the  evolute  is  equal  to  that  contained 
between  two  consecutive  normals,  or  between  two  consecutive 
tangents  to  the  involute ;  that  is,  is  equal  to  +  dr  or  to  ±  dyff; 
see  Art.  218 :  and  if  d<r  is  the  length-element  of  the  evolute, 
da  :=  dp;  also  ds=  ±  pdr ;  therefore 


P 

(42) 

Hence  f>'= 

0, 

when 

dp: 

=  0, 

that  is,  if  the  radius  of  curvature  of 

3  M  2 
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a  curve  is  constant,  or  attains  to  a  maximum  or  minimum  value, 
that  of  the  evolute  at  the  corresponding  point  vanishes,  and  its 
curvature  is  infinite. 

Other  properties  of  the  involute  are  discussed  in  Vol.  II  of 
our  Treatise. 

295.]  Let  us  however  investigate  these  properties  of  curvature 
from  a  geometrical  point  of  view. 

The  equations  (35),  (86),  (37),  connecting  a?,  y,  p,  f  and  17, 
shew  that  the  centre  of  curvature  is  the  centre  of  a  circle 
passing  through  three  consecutive  points  in  the  curve.  These 
ihree  points  are  necessary  to  render  the  circle  definite.  If  it 
passes  through  only  two  points,  its  centre  may  be  any  where 
on  the  normal  which  is  perpendicular  to  the  tangent  passing 
through  the  two  points,  and  thus  there  may  be  an  infinite 
number  of  circles  satisfying  the  condition  :  but  if  the  circle  is 
to  pass  through  three  points,  its  centre  must  be  on  the  normal 
perpendicular  to  the  tangent  passing  through  the  second  and 
third  points,  as  well  as  on  the  normal  corresponding  to  the 
first  and  second  points ;  and  as  these  two  normals  will  intersect 
in  one  point,  this  point  must  be  the  centre  of  the  circle,  and 
the  circle  becomes  definite ;  in  other  words,  the  two  consecutive 
elements  of  the  curve  which  are  delineated  in  fig.  108,  viz.  pq 
and  QB,  will  form  two  sides  of  a  triangle,  and  by  joining  pr 
the  triangle  will  be  completed,  and  the  circle  described  about 
this  triangle  will  be  a  definite  circle,  and  pass  through  the 
points  p,  Q,  R,  which  are  three  consecutive  points  on  the  curve. 
We  may  on  this  conception  determine  the  radius  of  curvature 
as  follows : 

The  angle  of  contingence,  or  dr,  is  the  angle  between  the 
two  consecutive  elements  pq  and  qr«  whence  by  Art.  284, 

ds 

dr  =  +  — .  (43) 

^    P 

Complete  the  parallelogram,  of  which  pq,  qb  are  two  ad- 
joining sides,  and  draw  the  diagonal  sq,  and  the  other  lines  as 
in  the  fig.  108;  then 

PQ  =  ds,      QB  =  ds-^-d^s; 

PK  =  dx,      QT  =  rf^  +  d^x  =  PE,      •.•    sp  is  parallel  to  rq; 

.-.    EK  =  —  d^x; 
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QR  =  dy,      B,T  =:  dy  -^  d^y  =  se,       •.*    sp  is  parallel  to  rq  ; 
.-.    SY  =  d^y. 

Therefore  d^x  and  d^y  are  the  projections  of  sq  on  the  co- 
ordinate axes. 
Now  the  area  of  the  parallelogram  pqrs 

=  PQ  X  QR  X  sinpQR, 

=  ds  (ds  +  d^8)  sin  dr, 

ds^ 
=  +  -^,  (44) 

"■     P 

omitting  d^s  because  it  is  added  to  ds,  and  replacing  sine^r  by  dr 

in  terms  of  equation  (43). 

Again^  the  area  of  the  parallelogram  pqrs 

=  the  area  of  pquv, 

=   PK  X  UQ  =   PK  X  RW  =   PK  (RT  —  WT), 

=  dxd^y  —  dyd^x.  (45) 

Hence  equating  (44)  and  (45),  we  have 

1  d^xdy^d^ydx  ,.^^ 

p=± — hr^--  ^^^ 

Hence  if  three  points  of  a  curve  are  in  one  and  the  same 
straight  line,  pqrs  =  0,  and  the  radius  of  the  circle  of  curvature 
is  infinite.  Also  if  of  three  elements  the  first  and  third  are 
equally  inclined  to  the  second,  the  circle  of  curvature  passes 
through  four  consecutive  points. 

296.]   And  now  let  s  be  equicrescent ;   so  that  in  fig.  109 

PQ  =  QR  =  ds^    OM  =  X,    MP  =  y,    MN  =  dx,    NL  =  rfj?  -f  d^X, 

VQ  =  y-^dy^  IjH  =  y  +  2dy'\'d^y;  let  us  complete  as  before 
the  parallelogram  pqrs,  which  is  in  this  case  equilateral;  and 
therefore  the  radius  of  curvature  lies  along  the  line  nsQ,  which 
is  coincident  in  direction  with  the  diagonal  sq.  Join  pr,  which 
is,  as  is  plain  from  the  geometry,  perpendicular  to  sq  ;  then,  if 
p  is  the  radius  of  curvature,  by  the  property  of  the  circle, 

2p  :  RQ  ::  RQ  :  VQ; 
RQ*  ds^ 


p  = 


2.VQ  SQ 
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Draw  SY,  yq,  as  in  the  figure ;  then  it  may  be  proved,  as  in 
the  last  Article,  that 

SY  =  d^y   and   yq  =  —  rf^j? ; 

Hence  also  we  have  a  geometrical  proof  of  the  values  of  cos  r 
and  cos  yjf  determined  in  Art.  285^  equations  (23)  and  (24). 
As  SQ  is  coincident  in  direction  with  the  radius  of  curvature. 


YQ  d^x 

cos  ur  =  —  =  p  -j-^  9 
^        SQ       '^  ds^ 

8Y  d^y 

cos  r  =  —  =  p  3-^ . 
SQ  ds^ 


(47) 


297.]  Ere  we  conclude  this  part  of  our  subject,  we  must 
investigate  some  general  properties  of  evolutes ;  and  I  will 
assume  the  equation  to  the  base-curve  or  involute  to  be,  as 
heretofore,  an  algebraical  equation  of  the  nth  degree,  of  the 
form  (45),  Art.  207  :  although  the  geometrical  properties  which 
follow  are  generally  true  of  all  curves. 

Let  the  equation  to  the  curve  be  given  in  the  implicit  form 
F(^,y)  =  c.  {48) 

Now  if  we  express  f  and  77,  the  current  coordinates  of  the 
evolute,  in  terms  of  the  partial-derived  functions  of  this  equa- 
tion we  have, 

«-'>  I©  (|)'-'(s)  (^)  i£k) + (0)  0'\ 

each  of  which  expressions  is  evidently  of  3(n  — 1)  dimensions  in 
terms  of  x  and  y,  and  does  not  admit  of  further  reduction. 
And  as  the  equation  to  the  evolute  is  found  by  the  elimination 
of  X  and  y  between  these  equations  and  (48),  which  is  of  n  di- 
mensions, the  evolute  itself  is  of  3n(n  — 1)  dimensions. 
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Also  the  class  of  a  curve,  see  Art.  223,  is  the  same  as  that  of 
the  number  of  tangents  which  can  be  drawn  to  it  from  any 
given  point.  Now  the  number  of  normals  which  can  be  drawn 
to  the  involute  firom  a  given  point  is  n* ;  and  as  every  normal 
to  the  involute  is  a  tangent  to  the  evolute,  so  the  evolute  is  of 
the  n'  class,  so  far  as  tangents  can  be  drawn  in  the  plane  of 
reference ;  yet  this  does  not  affect  the  relation  which  has  here- 
tofore been  shewn  to  exist  between  the  order  and  class  of  a 
given  curve.  Thus  the  evolute  to  a  conic  is  of  the  sixth  degree, 
see  Ex.  3,  Art.  289,  and  of  the  fourth  class :  the  evolute  to  a 
general  curve  of  the  third  degree  is  of  the  18th  degree,  and 
of  the  ninth  class. 

As  a  normal  drawn  at  any  point  of  an  involute  is  a  tangent 
to  the  evolute,  so  if  there  is  any  peculiarity  at  a  point  of  the 
involute  a  corresponding  peculiarity  will  exist  in  the  tangent  of 
the  evolute :  the  two  curves  will  therefore  have  reciprocal  pro- 
perties.    Some  of  these  I  proceed  to  indicate. 

To  a  point  of  inflexion  on  the  involute,  an  infinite  branch  of 

the  evolute  corresponds ;  because  at  a  point  of  inflexion  -j-^  =  0, 

and  the  radius  of  curvature  is  infinite ;  and  the  normal  to  the 
involute  is  the  asymptote  to  this  infinite  branch  of  the  evolute ; 
and  as  the  direction,  in  which  the  radius  of  curvature  is  drawn, 
changes  at  a  point  of  inflexion,  so  does  the  infinite  branch  of 
the  evolute  return  on  the  side  opposite  to  that  in  which  it  went 
off;  that  is,  the  evolute  travels  round  the  sphere  of  infinite 
radius ;  see  Art.  186,  and  fig.  24 ;  and  has  at  infinity  a  point  of  in- 
flexion. Hence  it  appears  that  the  evolute  has  as  many  rectilinear 
asymptotes  as  the  involute  has  points  of  inflexion ;  and  thus  as 
the  involute  is  of  the  nth  degree,  it  may  have  8n(n^2)  points 
of  inflexion  within  a  finite  distance,  and  therefore  the  evolute 
may  have  that  number  of  different  rectilinear  asymptotes  within 
a  finite  distance.  The  evolute  of  a  conic  therefore  has  no 
rectilinear  asymptotes.  The  evolute  of  a  curve  of  the  third 
d^ree  may  have  nine  rectilinear  asymptotes. 

To  a  point  on  the  involute  at  which  the  curvature  is  a  maxi- 
mum or  a  minimum,  a  cusp  corresponds  on  the  evolute ;  the 
cusp  being  at  a  distance  from  the  involute  equal  to  the  maximum 
or  minimum  radius  of  curvature. 

If  two  branches  of  the  involute  pass  through  the  same  point. 
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and  have  a  common  tangent  and  different  curvatures,  the  normal 
at  that  point  is  a  double  normal,  and  it  is  consequently  a  double 
tangent  to  the  evolute. 

At  a  cusp,  the  radius  of  curvature  is  zero,  so  that  at  that 
point  the  evolute  meets  the  involute  and  cuts  it  at  right  angles. 
Hence  the  curvature  of  a  curve  at  a  cusp  is  infinite. 


Section  3. — On  curvature  of  plane  curves  referred  to  polar 
coordinates. 

298.]  To  determine  the  length  of  the  radius  of  curvature. 
Let  r  =f{6)  be  the  equation  to  the  curve;  see  fig.  110;  now 


=z  e  +  tan-i  - 


^o 


but  T  =  the  angle  pkx  =  psx-i-.spk, 

.rdO, 
dr 

(rdOy 

y^  dr ' 

.-.     dr  =  de+  > 

_  r^dfi-^rdrd^e'\-2dr^de^rdedh' 
""  dr^^r^dfi  ' 

and  since  from  equation  (12),  Art.  269, 

ds  =  (dr^-^r^de^)^; 

_    .   {dr^-{-r^de^)i 

^  "■  -  r^dfi-]-rdrd^e-^2dr^d0-rded^r  '  ^^^^ 

whence,  if  0  is  equicrescent,  d^O  =  0,  and  we  have 

_  (dr^-\-r*de^)i 

^  "■  ±  r^dfi^2dr^de-rd0dh''  ^^^^ 

and  if  r  is  equicrescent,  d^r  =  0,  and  we  have 

-  ^  (drg-fr»rfe»)> 

^  "  -  r^dfi-^rdrd^e+2dr^de''  ^^^^ 

The  general  value  (51)  may  also  be  deduced  from  that  of 
equation  (6),  Art. 282,  by  substituting  a?  =  r cos 0,  y  =zrninO, 
and  calculating  the  successive  differentials  of  x  and  y^  as  is 
done  in  Ex.  4,  Art.  77. 
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The  following  are  examples  of  the  formula  (52). 
Ex.  1.    To  find  the  length  of  the  radius  of  curvature  of  the 
cardioide,  r  =  a  (1  ~  cos  d). 

_  =  «sm(?,  _  =  acosd; 

{a*  (sin  Qf^-df'  (1  -  cos  QfY 

•' '     '^  ""  {a*  (1  -  cos  ef  -h 2a2  (sin  Q)^ - a^  cos  ^  (1  -  cos  6)]^ ' 
_  (2g^-2fl^coa^)» 

8 

=  —  CLT, 

9 

Ex.  2.  To  find  the  length  of  the  radius  of  curvature  of  the 
Spiral  of  Archimedes,  r  ^  aO. 

dr  _  ^^^  ^  o  -        (g'  +  r«)it 

Te""^'      de^~    '  '''   ^"±2fl2  +  r2' 

299.3  The  expression  for  the  radius  of  curvature  may  also  be 
put  under  an  elegant  and  simple  form^  as  follows : 

Let  the  equation  to  the  curve  be  changed  into  its  equivalent 
in  terms  of  r  and  j9,  by  means  of  either  (19)  or  (21)  of  Art.  270 ; 
80  that,  r=/(p). 

Since  t  =  ^  +  spy, 

=  (?  +  sin-i^;  .-.    dr=de+r±:^; 

and  since  by  equations  (23)  and  (24),  Art.  271, 

d0  ^  — £. ^  and      ds  = ; 

r(r«-j92)i  (^2_^2)i 

.-.     rfr  =  ^L;  (54) 

(r2-p2)*' 

ds  rdr  ^^^. 

3(X).3  Which  expression  may  also  thus  be  obtained ;  see 
fig.lll :  sp  =  r,  SY  =  p,  po  =  p,  the  radius  of  curvature,  o  being 
the  point  at  which  two  consecutive  normals  intersect.^  Draw 
sz  from  s  perpendicular  to  op;  then  pz  =  sy  =/?;  therefore 
from  the  geometry, 
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8o2  =s  sp*  +  po*  — 28P.PO.  sinspy, 

=  r«  +  p*-2/?p.  (56) 

Then,  since  o  and  p  remain  the  same  for  the  next  consecntive 
point  in  the  curve^  and  r  and  p  vary^  we  may  differentiate  on 
these  conditions^  and  we  have,  0  z^Zrdr—Zpdp; 

The  geometrical  meaning  of  which  expression  may  thus  be 
shewn  by  fig.  112.  Let  py,  py'  be  two  tangents  drawn  at  con- 
secntive points  on  the  curve^  sy,  sy'^  the  corresponding  per- 
pendiculars from  the  pole>  then  yp  y'  is  the  angle  of  contingence ; 

and  therefore  ,^  i««„^ 

as  =^  p  X  angle  ypy  ; 

but  the  angle  ypy'  is  subtended  by  the  small  arc  vy'^s  dp,  at 
the  distance  py',  which  is  equal  to  (r* —/?*)*;  therefore  the 
angle  ypy'  may  be  replaced  by 

dp 

(ra -;?«)*' 

and  replacing  ds  by  its  value  given  above,  there  results 

rdr 

'  =  -¥' 

301.]  A  comparison  of  the  preceding  results,  with  what  has 
been  said  in  Art.  290,  shews  that  o  is  the  centre  of  a  circle 
which  passes  through  three  consecutive  points  on  the  curve. 
Let  this  circle  be  drawn  as  in  fig. Ill ;  then  pv^  the  part  of  the 
radius  vector  bp  which  is  intercepted  by  the  circle,  is  called 
the  chord  of  the  circle  of  curvature.  Its  value  is  thus  de- 
termined ;  n  A 

'  pv  =  2pu  =  2p  cos  OPS, 

=  2psin8PY  =  2p-, 

=  2p|.  (58) 

302.3  E^utmples  illustrative  of  the  preceding  Articles. 

Ex.  1.  To  find  the  lengths  of  the  radius  and  of  the  chord 
of  curvature  of  the  logarithmic  spiral,  whose  equation  between  r 
and  /?  is  j9  =  mr.     See  equation  (25),  Art.  272 ; 
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.'.    -f^sztn;       and   p=  — :       the  chord  s=  2mr —  =  2r; 
dr  ^       m'  m 

,\     pv  =:  2p8. 

Ex.  2.    The  involute  of  the  circle. 

p^  =  r^  —  a\  p—  =  r; 

2»* 
.•.    p  =:  p;        the  chord  of  curvature  =  -^--  • 

Ex.  8.    The  Lemniscata  of  Bernoulli. 

The  polar  equation  is  r*  =  a*  cos  2^.    And  if  «  =  r-^  then 
fl*tt*  =  sec  2^. 

.-.     2«»«^  =  28ec20tan2«>,.         ^^„tan2fl; 


\0,\        du  _ 


=  2a2ti>tan20 

•'•     «*  +  ^=«Ml  +  (tan2(?)>}, 

la*  :.       dp       Sr^ 

pi        r®  ar         a* 

p  =  s-  ;        the  chord  of  curvature  =  -5-^-  =  h  ^« 


Section  4. — On  evolutes  of  curves  referred  to  polar  coordinates. 

3O8.3  The  foUowing  is  the  most  convenient  method  of  deter- 
mining the  equation  to  the  evolute  of  a  polar  curve. 

Let  the  original  equation  be  transformed  into  its  equivalent 
between  r  and  /?,  so  that^ 

r  =  /(;!);  (59) 

then,  bearing  in  mind  what  has  been  said  in  Section  2  of  the 
present  Chapter  on  the  properties  of  evolutes,  which  are  general 
and  independent  of  the  particular  system  of  determining  posi- 
tion, the  line  po  in  fig.  Ill,  which  is  a  normal  to  the  involute^ 
is  a  tangent  to  the  evolute ;  therefore,  referring  the  evolute  to 
polar  coordinates^  /  and  p\  if  we  take  s  to  be  the  pole  of  the 
evolute,  we  have  so  =  f^,  sz  =y ;  and  these  are  the  coordinates 
to  the  evolute ;  and  we  have  the  following  equations  : 

dr 
P=r^-;  (60) 

3  N  2 
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and  from  the  geometry,  p'  =  (r*— />*)*;  (61) 
and  from  equation  (56),  Art.  300, 

r'»  =  r2  +  ^-2p/>;  (62) 

from  which  four  equations  we  can,  theoretically  at  least,  elimi- 
nate r,  p,  and  p,  and  obtain  a  final  equation  involving  only  r' 
and  y,  which  will  be  the  polar  equation  to  the  evolute. 

The  several  properties  of  evolutes,  and  the  relation  they  bear 
to  their  respective  involutes,  might  be  deduced  from  a  discus- 
sion of  them  referred  to  polar  coordinates;  but  as  they  have 
been  fully  explained  in  the  former  part  of  this  Chapter,  it  is 
not  necessary  to  repeat  them. 

Ex.  1.    To  find  the  equation  to  the  evolute  of  the  logarithmic 

»P^-  ;,  =  mr. 

dp  r 

dr  m 

.-.    /=(l-w*)*r,  /2  =  r«-f -^-2r2; 

.-.    y  =  mr' ; 

which  represents  another  equal  logarithmic  spiral. 

The  same  result  also  follows  from  Ex.  1,  Art.  302 ;  for  since 
pv  =  2ps,  the  perpendicular  to  sp  from  s  meets  the  normal  in 
the  centre  of  curvature,  or  according  to  the  type-figure  89,  g  is 
the  centre  of  curvature ;  therefore  the  angle  sop,  which  is  equal 
to  SPT,  is  constant ;  and  therefore  as  pg  is  a  tangent  to  the  evo- 
lute, the  locus  of  G  is  a  logarithmic  spiral,  the  angle  between 
the  radius  vector  and  tangent  of  which  is  equal  to  the  cor- 
responding angle  of  the  original  curve ;  and  therefore  the  two 
curves  are  equal. 

Ex.  2.   To  determine  the  evolute  of  the  involute  of  the  circle. 
r^  =  p^  +  a^; 

dr       p 

^  =  -;  .-.     p=:p;  .-.    p^a. 

r'2  =  r«H-/?«-2/?* 
=  ««; 
.-.     /  =  /?'=  a. 

Hence  the  evolute  is  a  circle  whose  radius  is  a,  as  is  manifest 
from  the  figure  87. 
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CHAPTER  XIII. 

ON  CONTACT  OP  CURVES  AND  ON  ENVELOPES. 
Section  1. — On  the  tJieory  of  contact  of  plane  curves, 

304.3  In  Art.  214  a  tangent  is  defined  to  be  that  line  which 
passes  through  two  consecutive  points  on  a  curve ;  and  therefore 
it  follows  that  there  are  two  points  common  to  the  tangent  and 
to  the  curve ;  and  in  Art.  290,  it  is  shewn  that  three  points  are 
common  to  the  curve  and  to  the  circle  of  curvature.  This 
property  of  curves  having  consecutive  points  in  common,  or,  as 
it  is  called,  having  contact^  it  is  our  object  to  generalize,  and 
with  reference  to  it  we  define  as  follows : 

Curves  which  have  two  consecutive  points  in  common  are 
said  to  have  contact  of  the  first  order :  those  which  have  three 
consecutive  points  in  common  are  said  to  have  contact  of  the 
second  order ;  and  similarly  two  curves  have  contact  of  the  nth 
order,  if  they  have  (n-\-\)  consecutive  points  in  common. 

Thus  ordinarily,  a  tangent  line  has  contact  of  the  first  order 
with  a  curve ;  and  the  circle  of  curvature  has  contact  of  the 
second  order. 

Curves  which  possess  these  relative  properties  are  also  called 
osculating  curves^  and  curves  are  said  to  osculate  to  each  other. 

Nothing  is  said  as  to  curves  having  only  one  point  in  common, 
because  such  a  condition  implies  no  more  than  that  they  inter- 
sect, and  does  not  enable  us  to  determine  the  relative  direction 
of  the  curves. 

305.3  Hence  then  it  appears  that  if  for  two  curves  whose 
equations  are,         ^^^^^^^        ^  ^  ^^^^^  ^^^ 

we  have  the  series  of  common  points  indicated  in  the  following 
table, 


the  two  curves  intersect; 


(a?,y),  {x-\-dx^  y-\-dy))      the  two  curves  have  contact  of  the 
tf ,  l)y  (f  -f  rff ,  ^  -f  dri) )  '    first  order ; 
(^,y),  {sc-k-dx.y-^dy),  {x-\-2dx-^d^x,y  +  2dy-{-d^y)) 
((,V\  (l-hdi.ri  +  dri),  (f  +  2rff+fl?«f,7;  +  2rf7,  +  rf^)r 

the  two  curves  have  contact  of  the  second  order ; 
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and  similarly  as  to  contact  of  the  nth  order,  for  which  it  is  ne- 
cessary that  the  successive  differentials  of  the  variables  up  to 
the  nth  should  be  equal  in  both  curves. 

These  conditions  become  greatly  simplified  if  we  consider 
0?  and  f  to  be  equicrescent,  and  each  to  increase  by  the  same 
augment,  in  which  case  the  several  differentials  of  x  and  i, 
after  the  first,  vanish ;   and  we  have,  if 


intersection  of  the  curves ; 

'  "^      [  and  J?  =  -r^ ,  contact  of  the  first  order ; 
rj  =  y)  d(       da;' 

'  "~  [,  -^  =  -^,and  :7~  =  ^r-?,  contact  of  the  second  order; 
rj  =z  y)     di      dx  rfp       dx^ 

and  if,  besides,  all  the  several  successive  differential  coefficients, 
up  to  the  nth  inclusively,  are  equal  in  both  curves,  there  is 
contact  of  the  nth  order. 

Hence,  if  two  curves  have  contact  of  the  first  order,  they 
have  a  point  in  common,  and  the  same  tangent  at  the  point ; 
and  therefore  the  tangent  has  contact  of  the  first  order.  And 
if  two  curves  have  contact  of  the  second  order,  they  have  not 
only  a  common  tangent  at  the  common  point,  but  the  curva- 
ture is  the  same,  and  is  turned  in  the  same  direction;  that  is, 
they  have  the  same  circle  of  curvature. 

806.]  Hereby  then  the  criterion  of  the  order  of  contact 
assumes  a  new  form ;  it  depends  on  the  number  of  the  suc- 
cessively-derived functions  of  the  equations  to  the  curves  which 
are  equal ;  hence  we  are  led  to  the  following  mode  of  viewing 
the  subject,  from  which  many  important  properties  may  be 
deduced. 

Let  y=/(^),      7;  =  <^(a  (2) 

be  the  equations  to  the  two  curves,  which  have  a  common  point ; 
that  is,  let  07  =  £,  ^  =  t;  ;  and  let  y  and  r{  be  the  ordinates 
corresponding  to  the  abscissa  x-\-hi  then 

y' = /(^)  +  \f{x)  +  ^r(^)  +  -  +  ixi:^-^(^+''*^'  ^^^ 

V  =  4,(^)  +  y  ^\x)  +  ^  i,"{x)  +  ...  +  j-|J^  ^{x-^eh)*.  (4) 

'*''  B  is  used  as  the  general  symbol  of  a  proper  fraction,  and  does  not  neces- 
sarily represent  the  same  quantity  in  (3)  and  (4),  or  in  the  subsequent  equa- 
tions :  this  is  manifest  from  the  argument  of  Chapter  IV. 


Digitized  by 


Google 


3o6.]  CONTACT  OF  CURVES.  463 

Therefore  if  the  contact  is  of  the  first  order,  that  is,  if  ^  =  2, 
f(x)  =  <^(^),      f\w)  =  4!{x)i    and 

y'-V=  ^  {r(a?  +  ^A)-<^"(^+dA)};  (5) 

that  is,  if  h  is  infinitesimal,  the  difference  between  the  ordi- 
nates  corresponding  to  a?  +  A  is  an  infinitesimal  of  the  second 
order. 

And  no  other  line  can  pass  between  these  two  curves,  unless 
it  has  with  each  of  them  a  contact  of  at  least  the  first  order ; 
for  suppose  it  to  be  possible  that  the  ordinate  yi  corresponding 
to  the  abscissa  x^hot  the  curve  y  =  y{x)  should  be  such  that 
p'(a?)  is  not  equal  tof(x\  then 

y'-yi  =  *  {/(^  +  ^A)-p'(a?-f  ^A)}  :  (6) 

which  difference  is  obviously  greater  than  that  given  in  (5),  if 
h  is  infinitesimal ;  and  therefore  the  curve  y  =  r(x)  does  not 
come  between  the  curves  y  =f(x)  and  y  =  4>  {x). 

If  the  contact  is  of  the  second  order,  then,  besides  the 
former  conditions,  we  have 

r(x)  =  r{x); 

and,  if  «  =  3,  then  subtracting  (4)  from  (3),  we  have 

y'-  l'  =  1^  {f"'{af  +  0h)-<f>"'(a^  +  0h)}  ;  (7) 

that  is,  the  difference  between  the  ordinates  corresponding  to 
the  abscissa  ^  +  A  is  an  infinitesimal  of  the  third  order. 

And  if  there  is  another  curve,  y  =  v  (x),  such  that  p"(a?)  is 
not  equal  to/"(^),  although  p'(a?)  =f'(x) ;  then,  if  yi  is  the  or- 
dinate of  this  third  curve  corresponding  to  the  abscissa  ^4- A, 

y'-yi  =  ^  {/>  + ^A)-p>H-dA)}  ;  (8) 

which  difference,  being  an  infinitesimal  of  the  second  order,  is 
obviously  greater  than  that  given  by  equation  (7) ;  and  there- 
fore this  third  curve  does  not  come  between  the  first  two  curves. 
Similarly,  if  the  contact  between  two  curves  is  of  the  «th  order, 
the  difference  of  the  ordinates  corresponding  to  x-^-h,  when  A 
is  infinitesimal,  is  an  infinitesimal  of  the  (n  +  l)th  order.  Hence 
we  have  the  following  theorems : 

"  Two  curves  which  have  contact  of  the  nth  order  are  infi- 
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nitely  nearer  to  one  another  than  two  curves  which  have  con- 
tact of  an  order  lower  than  the  nth." 

"  A  curve  which  has  contact  of  the  nth  order  cannot  come 
between  two  curves  which  have  contact  of  an  order  higher 
than  the  nth." 

"Two  curves  which  have  contact  of  the  nth  order  with  a  third 
curve,  have  contact  of  at  least  that  order  with  each  other.'' 

307.3  ^^  inspection  of  the  equations  (5)  and  (7)  above^  and 
of  other  equations  formed  in  a  similar  manner^  and  giving  the 
difference  between  the  ordinates  y'  and  rf,  corresponding  to  the 
several  orders  of  contact,  leads  to  the  following  theorem : 

"  If  the  contact  of  two  curves  is  of  an  odd  order,  they  touch 
and  do  not  intersect ;  and  if  the  contact  is  of  an  even  order, 
they  touch  and  intersect." 

For  suppose  the  contact  to  be  of  the  nth  order, 

y'-'''=  1.2.3^.''.7n  +  l)  {/"■'' (^+0*)-*"^' («+<»*)}.       (9) 

Then,  if  n  is  even,  t/'—rf  changes  its  sign  as  h  changes  sign; 
and  therefore /(a?— A)— <^  (a?— A)  and /(d?-f  A)— <^(a?+A)  have 
different  signs,  and  therefore  the  curves  intersect  at  the  point 
of  contact.  But  if  the  contact  is  of  an  odd  order^  n  is  odd 
and  n  +1  is  even,  and  y*—  y{  does  not  change  sign  with  k  ;  that 
is,  the  curve  which  was  nearer  to  the  axis  of  ^  before  contact  is 
nearer  to  it  afterwards,  and  the  curves  do  not  intersect. 

808.]  Suppose  two  curves,  of  one  of  which  the  equation  is 
given,  and  contains  certain  fixed  constants  so  that  its  form  and 
position  are  completely  determined;  and  the  equation  to  the 
other  involves  arbitrary  constants,  in  the  determination  of  which 
we  may  make  the  curve  fulfil  certain  conditions ;  we  will  shew 
that  these  latter  may  be  satisfied  by  making  the  curve  have 
with  the  former  curve  a  contact,  the  order  of  which  depends  on 
the  number  of  undetermined  constants. 

Let  F(a?,y)  =  0,  (10) 

be  the  equation  to  the  former  curve ;  and 

f(i>ri,CuC2y Cn)  =  0,  (11) 

that  to  the  latter,  in  which  Ci,  C2, c»  are  n  arbitrary  con- 
stants, and  to  be  determined.  By  the  theory  of  algebraical 
elimination  it  is  plain  that  there  must  be  n  independent  equa- 
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tions  to  determine  the  n  unknown  quantities ;  let  n  equations 
be  formed  by  making  the  curve  pass  through  n  given  points^ 
that  is,  by  substituting  successively  the  coordinates  to  the  given 
points  for  the  current  coordinates  to  the  curve  in  its  equation ; 
and  let  us  suppose  these  n  points  to  be  on  the  curve  (10),  and^ 
which  is  allowable,  io  be  infinitesimally  consecutive  points; 
then  making  x  and  {  equicrescent,  and  variables  with  the  same 
augments,  in  the  two  curves,  by  the  latter  part  of  Art.  305, 
all  the  successively-derived  functions  up  to  the  (»  — l)th  of  the 
equations  of  the  two  curves  must  be  equal ;  up  to  the  (n^l)th, 
I  say,  for  thereby  will  n  consecutive  points  be  common,  and 
sufficient  conditions  will  have  been  introduced  for  the  determi- 
nation of  all  the  constants. 

And  if  the  latter  curve  has  with  the  former  a  contact  of  an 
order  lower  than  the  (7»  — l)th,  the  conditions  will  not  be  suffi- 
cient to  determine  all  the  n  constants ;  and  therefore  the  form 
and  position  of  the  latter  curve  may  vary ;  and  the  number  of 
curves  satisfying  the  conditions  is  infinite. 

809.j|  Suppose  the  equation  to  the  latter  curve  to  contain 
two  arbitrary  constants,  and  to  be  of  the  form, 

f(£,v.cuc^)  =  0;  (12) 

then,  differentiating, 

(f  "«+(!)'"='"         "»> 

by  means  of  which  equations,  when  <r  and  y  are  substituted  for 
(  and  f/,  in  combination  with  f  (<r,  y)  =  0,  we  may  determine 
Ci  and  c%^  and  find  a  curve  which  will  have  contact  of  the  first 
order  with  the  latter  curve. 

Ex.  1.  To  determine  the  values  of  the  constants  a  and  i,  so 
that  the  straight  line  whose  equation  is 

t^l  =  i.  (U) 

may  have  contact  of  the  first  order  with  the  curve 

F(^,y)  =  0.  (15) 

Since  (14)  is  to  pass  through  a  point  on  (15),  we  have 

£zf  +  i=y  =  o.  (16) 

a  0 

Also  differentiating  (14), 
PBicE,  VOL.  I.  30 
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'4^'i^o:  (17) 

and  from  (15),  (^)  dj^  +  (^)  rfy  =  0;  (18) 

and  since  dri  and  d(  are  to  be  equal  to  dy  and  dx,  we  have 
from  the  last  equations 

and  multiplying  (16)  by  the  terms  of  this  equality,  there  results 

which  is  the  equation  to  the  tangent  to  the  curve  at  the  point, 
and  which  has  therefore  contact  of  the  first  order  with  the 
curve. 

Also  from  (17)  -p^  =  0 ;  and  therefore  if  at  any  point  on 

rf*V 
the  curve  -i-y  =  0,  the  tangent  will  have  contact  of  the  second 

order';  hence  at  a  point  of  inflexion  such  is  the  case.  Similarly 
if  the  several  derived-functions  of  the  equation  to  a  curve  up  to 
the  nth  inclusive  vanish  at  a  certain  point,  the  tangent  at  the 
point  will  have  contact  of  the  nth  order  with  the  curve. 

Hence  it  appears  that  a  straight  line  can  generally  have 
contact  of  only  the  first  order  with  a  curve,  but  may  have  con- 
tact of  any  order  if  the  difierential  coefficients  of  the  equation 
to  the  curve  vanish  at  the  point ;  that  is,  if  many  points  of  the 
curve  are  at  that  point  in  one  and  the  same  straight  line. 

310.]  If  the  equation  to  the  latter  curve  involves  three  con- 
stants, and  is  of  the  form 

f{£>V^  Ci,  C2,  Cs)  =  0; 
then,  if  (  is  equicrescent,  we  have, 

\dt,*'  di*^    ^drfdii  d£  ^  \di*'  ^  \dt,l  rff»  ~ 

by  means  of  which  equations,  when  x  and  y  have  been  sub- 
stituted for  (  and  i;,  in  addition  to  f  {x,  y)  =  0,  the  constants 
may  be  eliminated;  and  the  curve  which  has  contact  of  the 
second  order  with  the  given  curve  may  be  determined. 
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Ex.  1.  To  determine  the  conditions  of  contact  of  a  circle  with 
a  given  curre. 

For  the  sake  of  simplicity  let  the  equation  to  the  given  carve 
be  in  the  explicit  form,        ^  _  ^^^^ .  ^^^^ 

and  let  the  equation  to  the  circle  be, 

(f-a)»  +  (iy-.^)2  =  p«;  (20) 

in  which  three  arbitrary  constants  are  involved;  hence  ordi- 
narily the  circle  may  have  contact  of  the  second  order  with  a 
given  curve.  Accordingly,  differentiating  twice,  and  taking 
neither  variable  to  be  equicrescent,  we  have 

(f-a)rff  +  (T,-)3)rfr,  =  0,  (21) 

(f-a)d»f +  (77-i3)rf2^4  df2_^rf7?2  =  0;  (22) 

whence,  by  elimination 

'^^^•'  dnd^^d^dW  ^^^ 

and  therefore  ,^  ^  ^^^^^^,  (25) 

and  replacing  17,  f,  and  their  differentials  by  y^  x,  and  their 
differentials;  and  putting  dx^-{-dy^  =  ds^,  we  have 

ds^  dv 
^-^^^dyd^x-LdV'  ^^^^ 

^^y-did^l^Ld^y'  ^^^^ 

ds^ 
^*  "^  {dyd^x-dxd^y)^ '  ^^^^ 

which  are  severally  the  coordinates  to  the  centre,  and  the  radius 
of  the  circle  which  has  contact  of  the  second  order  with  the 
curve. 

If  X  is  taken  to  be  equicrescent ;  and  if  the  above  expressions 
are  modified  accordingly,  it  will  be  seen  on  comparing  them 
with  (9)  and  (83)  of  the  last  Chapter,  that  they  are  the  same  as 
those  determined  for  the  coordinates  of  the  centre  of,  and  for 
the  radius  of  curvature ;  and  therefore  the  osculating  circle,  or 
that  circle  which  has  contact  of  the  second  order  with  a  curve, 

30a 
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is  identical  with  the  circle  of  curvature;  and  all  the  properties 
which  were  in  the  last  Chapter  proved  to  belong  to  the  circle  of 
curvature^  are  also  equally  true  of  the  osculating  circle. 

Hence,  and  from  Art.  307,  it  appears  that  a  circle^  which  has 
contact  of  the  second  order  with  a  curve  at  a  given  point,  cuts 
the  curve  as  well  as  touches  it ;  that  is,  as  at  such  a  point  the 
curvature  continuously  varies  without  a  singular  value,  the  os- 
culating circle  is  wholly  within  the  curve  on  the  side  towards 
which  the  curvature  decreases,  and  is  without  it  on  that  towards 
which  the  curvature  increases. 

811.]  Let  us  consider  whether  under  any,  and  if  so,  under 
what  circumstances  the  osculating  circle  determined  as  above 
has  contact  of  the  third  order  with  a  given  curve. 

In  (21)  and  (22),  replacing  (  and  17  by  d?  and  y,  we  have 

(a?-a)  dt  +  (y-^)  dy  =  0,  (29) 

(a?-a)rf*a?-f  (y-)8)d2y-f  dy«  +  rf^»  =  0;  (80) 

therefore,  differentiating  again,  since  the  contact  is  to  be  of  the 
third  order, 

{x-a)  d^x^iy-p)  d^y  -}-S  (dx  d^w-\-dy  d^y)  =  0;        (31) 

whence,  by  cross-multiplication,  from  (29),  (30)  and  (31),  we 

have, 

3  (dx  d^x  +  dy  d*y)  {dx  d*y — dy  d^x) 

-h  (d^xdy'-d^ydx)  (dx^-^dy^)  =  0;    (32) 
and  since  ds^  =  dx^-^dy^; 

.*.     dsd^s  =  dxd^x-^-dyd^y; 
therefore  (32)  becomes 

3  d^s  {dx  d^y — dy  d^x)  ^dsid^xdy— d^y  dx)  =  0,         (83) 

which  condition  must  be  satisfied,  so  that  the  circle  may  have 
contact  of  the  third  order. 

Also  since  p  =  _,    ,> .    ,.   , 

dxdy—dyd^x 

_  Zds^dh{dxd^y^dyd^x)—dffi(dxd^^dyd^x) 
•'•     ^^  "  (dxdh^-dyd^x)^  '  ^^> 

the  numerator  =  0,  by  virtue  of  equation  (33) ;  therefore  dp^O* 
and  p  is  a  maximum  or  a  minimum,  or  a  constant.  Therefore  if 
at  any  point  of  a  curve  the  radius  of  curvature  is  a  maximum 
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or  a  minimum  or  constant^  the  osculating  circle  at  that  point 
has  contact  of  the  third  order  at  least. 

Thus  in  an  ellipse  the  radius  of  curvature  has  singular  values 
at  the  extremities  of  the  principal  axes ;  at  these  points  there- 
fore the  circle  of  curvature  has  contact  of  the  third  order. 

And  if  at  any  point  on  a  curve  the  curvature  is  a  maximum 
or  a  minimum,  so  that  the  contact  is  of  an  odd  order,  the  oscu- 
lating circle  touches  but  does  not  intersect  the  curve :  falling 
entirely  within  it  when  the  curvature  is  a  maximum,  and  en- 
tirely without  it  when  the  curvature  is  a  minimum.  In  gene- 
ral too,  in  a  closed  curve  which  has  no  points  of  inflexion  or 
cusps,  such  as  an  ellipse,  the  curvature  has  at  least  one  maxi- 
mum and  one  minimum  value,  and  necessarily  has  the  same 
number  of  minima  as  of  maxima. 

312.j|  Hence  also  it  appears  that,  as  the  complete  equation 
of  the  second  degree  of  two  variables  is 

A^*  +  Bfl7-fCf»-f  D7J-l-Ef -l-F   =   0, 

which  involves  apparently  six  constants,  but  of  which  onljfive 
are  arbitrary,  because  one  fixes  the  standard  of  comparison,  a 
central  curve  of  the  second  degree,  with  all  its  terms  complete, 
may  have  generally  contact  of  the  fourth  order  with  a  given 
curve ;  but  as  in  the  case  of  the  parabola  one  relation  is  given 
amongst  the  constants,  only  four  are  arbitrary,  and  therefore  a 
parabola  can  have  contact  of  only  the  third  order.  Similarly 
with  regard  to  the  ellipse,  if  certain  conditions  are  given,  the 
number  of  disposable  constants  becomes  diminished,  and  the 
order  of  contact  is  lowered ;  as,  for  instance,  an  ellipse  with  its 
major  axis  parallel  to  the  axis  of  x  has  for  its  equation 

~^r^  ^    b^    -  ^' 

which  has  only  four  arbitrary  constants,  a,  fi^a,b\  and  there- 
fore there  can  be  contact  of  only  the  third  order.  Similarly,  if 
in  addition  the  ellipse  is  to  be  of  a  given  eccentricity,  a  relation 
is  given  between  a  aud  d,  and  we  have  only  three  arbitrary  con- 
stants, and  the  contact  can  be  of  only  the  second  order. 

Thus  again  suppose  the  problem  to  be,  to  determine  tlie  co- 
ordinates to  the  vertex  and  the  latus  rectum  of  a  parabola, 
whose  principal  axis  is  parallel  to  the  axis  of  <r,  and  which  has 
contact  of  the  second  order  with  the  curve  y  =  f{x). 
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Let  o  and  /3  be  the  coordinates  to  the  vertex  of  the  parabola^ 
and  4  m  the  latus  rectum ;  then 

('7-^)*  =  4m(f-a);  (35) 

whence,  replacing  f,  ri,  and  their  differentials  by  Xy  y,  and  their 
differentials,  we  have 

dy^  dy 

^  =  y+±L,  a  =  *--±-;  (36) 

dx*  dx^ 

>8 


Ml)' 


4m  =  ^     ;  (37) 


By  means  of  (36),  in  combination  with  the  equation  to  the 
curve  y  =/(ir),  we  may  find  the  locus  of  the  vertex  of  the  para- 
bola, as  the  point  of  contact  moves  along  the  given  curve. 

It  is  required  to  determine  the  system  of  conies  which  shall 
have  contact  of  the  third  order  at  the  origin  with  the  conic 
a?*  -f  2  bxy  +  cy*  4-  2  ey  =  0. 

Let  the  general  equation  to  the  required  conies  be 
a?2-|-2B^y  +  cy*  +  2Dar  +  2Ey-f  p  =  0. 
As  these  conies  are  to  pass  through  the  origin,  v  =  0 :  and  as 
they  are  to  have  the  same  tangent  at  the  origin,  ~  is  the  same 

d^y         d^y 
in  both,  when  a?  =  v  =  0 :  therefore  d  =  0.    And  as  -r-?  a^id  -j-^ 

'  ^        '  dx^  dx^ 

are  at  the  origin  to  be  the  same  in  both,  we  have  s  =  «,  b  =  6 ; 
so  that  the  equation  to  the  required  conic  is 

x^  -\-2bxy  +  cy*  +  2ey  =  0, 

wherein  c  is  undetermined ;  and  therefore  we  have  a  system  of 
conies  fulfilling  the  conditions  of  the  problem.  If  the  required 
curve  is  a  parabola,  then  c  =  d' ;  and  the  equation  to  the  para- 

^°'*»  (x+byf  +  2ey  =  Q, 

which  is  the  original  curve;  and  therefore  no  conic  except  itself  can 
have  contact  of  the  third  order  with  a  parabola  at  a  given  point. 
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Section  2. — The  theory  of  envelopes, 

313.3  ^^  ^^^  discussion  of  the  relative  properties  of  evolutes 
and  involutes,  in  Chapter  XII,  Arts.  294  and  303,  it  is  proved 
that  the  normal  to  the  involute  is  a  tangent  to  the  evolute; 
or,  in  other  words,  that  as  each  normal  to  the  involute  passes 
throngh  two  consecutive  points  of  the  evolute,  the  latter  curve 
may  be  imagined  to  be  made  up  of  an  infinite  number  of  in- 
finitesimal straight  lines,  each  of  which  is  a  part  of  a  normal 
to  the  involute ;  thus  we  say  that  the  evolute  is  formed  by  the 
intersection  of  consecutive  normals.  To  take  another  case :  let 
us  conceive  a  system  of  straight  lines  infinite  in  number,  and 
varying  in  position  infinitesimally  from  each  other,  such  that 
the  perpendicular  from  a  given  point  on  each  of  them  is  the 
same;  then  the  curve  formed  by  the  intersection  of  all  is  a 
circle.  Or  again,  suppose  that  an  infinite  number  of  equal  cir- 
cles Have  their  centres  along  a  straight  line,  and  infinitesimally 
near  to  each  other ;  then  they  all  intersect  in,  and  by  their  in- 
tersections form,  two  straight  lines  parallel  to  the  given  line. 
Curves  formed  in  this  manner,  by  the  ultimate  intersection  of 
straight  lines  or  curves  drawn  according  to  some  given  law,  are 
called  envelopes,  and  are  said  to  envelope  the  family  of  straight 
lines  or  curves.  We  proceed  to  discuss  the  general  theory 
of  them. 

It  is  plain  from  algebraical  as  well  as  geometrical  reasoning, 
that  if  an  equation  to  a  curve  is  given,  involving  one  or  more 
constants,  as  well  as  the  current  coordinates,  the  position  and 
dimensions  of  the  curve  will  be  changed  by  a  change  in  the 
constants,  and  yet  generally  the  kind  of  curve  will  remain  the 
same ;  that  is,  a  variation  of  a  constant  may  involve  a  specific 
though  not  a  generic  change  of  curve.  A  constant  that  enters 
into  an  equation,  and  varies  in  the  way  above  explained,  is 
called  a  variable  parameter.  Thus  in  the  equation  to  a  para- 
bola, y*  =  4}  ma:,  as  m  varies,  the  form  of  the  parabola  will  vary, 
because  its  latus  rectum  varies,  though  its  vertex  and  principal 
axis  are  unaltered.     In  the  equation  of  the  ellipse 

a^^  b^  "    ' 
a  and  i  may  be  variable  parameters;  in  which  case,  changes 
of  them  will  involve  a  change  of  an  individual  ellipse,  though 
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the  family  represented  by  the  equation  will  remain  that  of 
ellipses  still. 

81 4.3  Let  the  equation  to  the  family  of  curves,  of  which  it 
is  our  object  to  determine  the  envelope,  involve  only  one  para- 
meter, and  be  «/«,..     \       n  /Qft\ 
F  (a?,  y,  a)  =  0,  (58) 

in  which  a  is  the  variable  parameter;  so  that  for  every  value  of 
a  we  have  some  particular  curve^  but  if  we  make  a  to  vary  in- 
finitesimally  and  continuously,  we  have  a  series  of  curves,  the 
position  of  each  one  differing  infinitesimally  from  that  of  the 
next.  Suppose  a  to  receive  a  variation  da,  then  the  two  curves 
whose  equations  are  (38)  and 

p(j?,y,a  +  rfa)  =  0,  (39) 

are  in  position  infinitesimally  near  to  another;  but  owing  to 
the  variation  of  a  they  will  in  general  intersect  in  some  point, 
which  will  be  determined  by  x  and  y  being  the  same  in  both 

(38)  and  (39),  and  which  will  be  a  point  on  the  envelope.  If 
therefore  we  eliminate  a  between  (38)  and  (39),  the  resulting 
equation  will  involve  only  x  and  y,  and  will  be  the  equation  to 
the  envelope. 

Before  however  we  proceed  to  apply  the  method,  we  may  put 

(39)  under  a  more  convenient  form.     By  (21),  Art.  116, 
Y{x,y,a^da)  =  F(a?,y,a)  +  rfa  p'(a?,y,a-f  drfa)  =  0; 

and  therefore  by  reason  of  equation  (38) 

p'(j?,y,a  +  ddo)  =  0; 
and  therefore  in  the  limit,  when  da  is  infinitesimal, 

P'(j?,y,a)  =  0.  (40) 

To  determine  therefore  the  envelope  of  the  family  of  curves 
whose  general  equation  is  f  (j;,  y,  a)  =  0,  and  of  which  the 
several  individuals  are  formed  by  making  a  to  vary,  we  must 

eliminate  a  between  f  =  0,  and  -p-  =  0. 

da 

The  geometrical  conception  of  such  envelopes  evidently  re- 
quires that  the  particular  curve  and  the  envelope  should  have 
the  same  tangent  at  their  common  point.  And  this  truth  is 
also  manifest  from  the  following  considerations : 

Differentiate  (38),  making  ^,  y  and  a  to  vary,  then 

O^  +  O^  +  O^-O'  <«) 
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but  by  reason  of  (40),  3-  =  0 ;  therefore,  whether  a  varies  or 
not,  we  have  the  same  equation,  viz. 


o^^©*=». 


whereby  to  determine  ^;   and  therefore  the  tangent  is  the 
same  to  the  envelope  and  to  each  curve  at  their  common  point. 

315.]  Ex.  1.  To  determine  the  equation  to  the  curve  formed 

by  the  intersection  of  the   straight  lines  whose   equation  is 

m       - 

y  z:z  ax  -\ ,  where  a  vanes. 

a 

Differentiating  with  respect  to  a,  ^  and  y  being  constant,  we 

have  , 

0  =  a?--^;  .-.     a  =  ±  (— )  ' 

•••     y  =  ±  {  Vimx)  +  V{mx)]  ; 
y2  =  ^mx'y 
which  is  the  equation  to  a  parabola. 

Ex.  2.  To  determine  the  envelope  of  the  straight  lines,  of 
which  the  general  equation  is  y  =  aa?  +  {a^c?-\-l^)^,  wherein  a 
varies. 

Differentiating  with  respect  to  a,  we  have 

^  a^a  b         X 


substituting  which  in  the  general  given  equation,  and  reducing, 
we  have  f!      y!  _ 

On  examination  of  these  two  examples  it  will  be  seen,  that 
the  determination  of  envelopes  produced  by  straight  lines  is  the 
inverse  one  to  that  of  finding  the  equation  to  a  tangent  to  a 
curve ;  for  the  two  equations  to  the  straight  lines  given  in  the 
two  preceding  examples  are  those  known  by  the  name  of  the 
"magical"  equations  to  the  tangents  severally  of  the  parabola 
and  the  ellipse.  In  this  case  then  we  have  the  equation  to  the 
tangent  given,  and  the  problem  is,  to  determine  the  curve ;  in 
the  other  case  the  equation  to  the  curve  is  given,  and  we  have 
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to  detennine  that  to  the  tangent.  Hence  the  method  of  enve- 
lopes has  been  sometimes  called  '^the  inverse  method  of  tan- 
gents." 

The  geometrical  property  involved  in  Ex.  1  is,  "  From  a  point 
in  the  axis  of  a?,  at  a  distance  m  from  the  origin,  lines  are  drawn 
cutting  the  axis  ot  y;  at  the  points  of  intersection  other  lines 
are  drawn  perpendicular  to  these ;  to  find  the  envelope  of  these 
latter  lines.^'  And  that  involved  in  Ex.  2  is,  ''  To  find  the 
envelope  of  a  series  of  straight  lines  drawn,  so  that  the  product 
of  the  two  ordinates  at  distances  +  ^  from  the  origin  may  be 
equal  to  bK" 

Ex.  3.    To  determine  the  envelope  of  all  parabolas  expressed 

by  the  equation  y  =.  ax ^ —  ^*>  wherein  a  varies. 

Differentiating,  with  respect  to  a,  we  have 

0  =  J? x^\  .\     a  =  -; 

p  X 

The  envelope  therefore  is  another  parabola,  having  its  focus  at 
the  origin. 

Ex.  4.  It  is  required  to  find  the  envelope  of  normals  drawn 
to  a  given  curve. 

Let  the  equation  to  the  curve  be  y  ssf(x);  then  the  equa- 
tion to  the  normal  is 

(^-y)^+f-^  =  0.  (42) 

Differentiating,  considering  rj  and  $,  which  are  the  current 
coordinates  to  the  normal,  to  be  constant,  we  have 

-(''-y)S+i  +  ^  =  o-  (48) 

Prom  which,  and  from  (42), 

dy^  dyl 

dx*  ^  ^  dx^  dy 

"  =  ^+-15-'     ^  =  ^— ^i^     ^^) 

rfa?*  dx^ 

which  are  the  same  expressions  as  (33),  Art.  288 ;  and  therefore 
the  evolute  is  the  envelope  of  the  normals.    The  method  pur- 
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sued  above  is  manifestly  the  same  as  tbat  of  Chapter  XII,  but 
^pressed  in  different  language. 

81 6.3  If  the  equation  representing  the  family  of  curves  in- 
volve many,  say  n,  variable  parameters^  and  these  parameters 
are  related  by  (n— 1)  other  and  independent  equations,  which 
conditions  are  equivalent  to  there  being  only  one  variable  para- 
meter^ instead  of  eliminating  (n  — 1)  parameters,  and  then 
differentiating  with  respect  to  the  remaining  one,  and  proceed- 
ing as  in  the  last  Article^  the  following  method  is  more  elegant. 
Let  the  equation  to  the  family  of  curves  be 

F  (^,  y,  ai,  02,  OS, On)  =  0;  (45) 

and  let  the  (n^l)  equations  of  condition  be 

/i(ai,aa, On)  =  0, 

/2(ai,  02, On)  =  0, 


.. 


(46) 


/(»-!)  (Ol,  O2, On) 

Let  oi,  03,  OS, On  vary  by  infinitesimal  variations ;  then 


>  («) 


Now,  if  X  and  y  are  the  same  in  (45)  and  (47),  they  refer  to 
the  point  in  the  envelope  where  the  two  particular  curves  of  the 
family  intersect;  and  therefore  if  the  several  variable  para- 
meters and  their  differentials  can  be  eliminated,  the  resulting 
equation  between  x  and  y  will  represent  the  locus  of  the  points 
of  intersection,  which  will  be  the  envelope  required. 

By  equations  (45) (48)  we  have  2n  different  rela- 
tions, from  which  (29i  — 1)  quantities,  viz.  ai,  02,  03, On, 

-j-i ^"^ ,  are  to  be  eliminated;  which  is,  of  course,  a 

oo»  aon 

possible  problem.    To  solve  it,  multiply  the  (n  —  l)  equations 

in  (48)  by  (n—l)  indeterminate  multipliers  Ai,  A^,  A3, A^-i, 

and  add  all  and  (47)  together;  by  which  means  there  will  be  n 

conditions  involved  in  one  equation;  and  therefore  we  are  at 

3  p  3 
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liberty  to  make  n  new  conditions.     Let  these  be  that  the  co- 
efficients of  the  differentials^  viz.  dai,  da^ don,  be  equal 

to  zero ;  whence  we  have 


>    (4©) 


and  between  the  equations  (45),  (46),  and  (49),  which  are  2n 

in  number,  we  may  eliminate  the  (2n  — I)  quantities^  ai^  og^ 

o^n^  Ai,  A), An-i,  and  ultimately  arrive  at  an  equation  be- 
tween X  and  y  only,  which  will  be  the  required  envelope  to  the 
family  of  curves. 

In  the  particular  case  in  which  the  general  equation  contains 
only  two  variable  parameters,  and  one  equation  is  given  con- 
necting them,  the  result  assumes  a  form  identical  with  that 
considered  in  Art.  168;  and  therefore,  as  is  therein  shewn,  the 
ratio  of  the  coefficients  of  the  above  differentials  in  the  two 
differential  equations  is  constant. 

31 7.3  Ex.  1.  To  find  the  envelope  of  a  series  of  straight 
lines,  such  that  the  perpendiculars  from  the  origin  on  them  are 
equal  to  a  given  straight  line  c. 

Let  a  be  the  angle  which  the  perpendicular  on  any  one  of 
the  lines  makes  with  the  axis  of  w ;  then  the  equation  to  the 

^^^^^  07  cos  a  -f  y  sin  a  =  c;  (50) 

whence,  differentiating  with  respect  to  a, 

y  cos  a  —  0?  sin  a  =  0 ;  (51) 

whence,  squaring  and  adding  (50)  and  (51),  and  bearing  in 
mind  the  condition  (cos  a)*  4  (sin  a)*  =  1,  we  have 

the  equation  to  a  circle,  which  is  manifestly  correct. 

Ex.  2.  A  straight  line  of  given  length  slides  down  between 
two  rectangular  axes ;  to  find  the  envelope  of  the  line  in  all 
positions. 
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Let  c  be  the  length  of  the  line ;  a  and  b  the  intercepts  of  the 
axes  of  X  and  y  by  the  line :  then  the  equation  to  the  line  is 

^  +  1  =  1;  (52) 

wherein  a  and  b  are  connected  by  the  equation 

a«  +  A*  =  c«.  (58) 

Differentiating  therefore  (52)  and  (53)  by  making  a  and  b  to 
vary,  we  have 

ada  +  bdb  =  0; 

and  therefore,  by  reason  of  the  remark  at  the  end  of  the  last 

Article, 

—       ^       —       ^ 


X        y        X 

— - £ - i- 
a   ~   b    ~  a*  ~ 

y 

b 
b» 

a  =  «*c*. 

b 

b  =  y*c*; 
.-.     a*H-ft*  =  (^*H-y*)c*; 

Which  curve  is  drawn  in  fig.  45,  and  of  which  therefore  the 
length  of  the  tangent  intercepted  between  the  two  rectangular 
axes  is  constant. 

Ex.  3.    To  find  the  envelope  of  a  series  of  concentric  and  co- 
axal ellipses,  of  which  the  area  is  constant. 


X*                t/S 

da      db 

=  0; 

1 
=  2' 

.'.     a  =  Xa/2, 

b 

=  yV2; 

.-.     wy  = 

the  equation  to  a  hyperbola  referred  to  its  asymptotes  as  axes. 

Ex.  4.    To  find  the  envelope 

of  a 

system  of 

straight 

lines 

whose  equation  is            x      v 

«  +  *  = 

=  1, 

(54) 
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a  and  b  being  related  by  the  equation 

?  +  A  =  l.  (55) 

I  fit 

^  J        y    .»       r.  da      db       ^ 

••  T"T~7~7"   ■' 

I         m         I         m 

...  (f)\(^)*=i.        w 

The  equation  to  a  parabola^  referred  to  two  tangents  as  coordi- 
nate axes,  the  intercepts  of  which  by  the  curve  are  /  and  m. 

The  geometry  of  the  problem  is  represented  in  fig.  112: 
OA  =  a,  OB  =  6,  OL  =  /,  OM  =  m;  therefore  ml  is  the  fixed 
line  whose  equation  is  (55),  and  of  which  a  and  b  are  current 
coordinates;  and  ab  is  the  varying  line  whose  equation  is  (54). 
The  formation  of  the  curve  is  manifest  from  the  figure. 

Ex.  6.    The  centres  of  a  series  of  equal  circles  are  on  a  given 
straight  line ;  it  is  required  to  find  the  envelope. 
Let  the  equation  to  the  given  straight  line  be 
j;cosa  +  ysina=:p; 

and  d?,  y  being  the  coordinates  to  the  centre  of,  and  (,  17  the 
current  coordinates  to^  the  circles  of  radius  c ;  their  equation  is 

(f-^)»  +  (^-y)»  =  c»; 

whence^  difierentiating^  we  have 

cos  a  dlr  +  sin  a  cfy  =  0^ 
(f-a?)dr+(i;-.y)dy  =  0; 

f — a?  _  Ty—y ^  f  cos  g-hiy  sin  a— (a? cos  a -fy  sing) 

'  '    cos  a  ""  sin  a  ""  ""     ""  (cos  a)*  -f  (sin  a)* 

=  f  cos  a +  7;  sin  a—/?; 
.'.     f  cosa  +  Tjsina  =/?±c; 

the  equation  to  two  straight  lines  parallel  to  the  given  line^  and 
at  distances  +  c  from  it. 
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Ex.  6.  From  a  given  point  on  the  circumference  of  a  circle 
chords  are  drawn^  and  on  these,  as  diameters,  circles  are  de- 
scribed ;  it  is  required  to  find  their  envelope. 

In  fig.  124  let  s  be  the  given  point  in  the  circumference  of 
the  circle:  firom  which  let  the  chord  sq  be  drawn;  and  on  sq, 
as  a  diameter,  let  the  circle  sfq  be  described ;  it  is  required  to 
find  the  envelope  of  all  circles  described  similarly  to  sfq. 

Let  sp  =  r,     PSA.  =  ^,    sA  =  2a,    qsa  =  ^5 

.-.     SQ  =  2a  cos  tf\ 

and  since  sf  =  sqcospsq, 

r  =  2a  cos  ff  cos  (^— ^) ;  (57) 

differentiating  which  with  respect  to  ^,  since  sp  remains  the 
same  when  ff  varies,  we  have 

0  =  2a{cos^sin(d— (?')— sin^C08(^— ^)}; 
.-.     8in(fl-2^)  =  0,        and    ^=  J; 
whereby  (57)  becomes, 

r  =  2a  (cos  g)  , 

=  a(l+cos^); 
which  is  the  equation  to  the  cardioid. 

Ex.7.  Again,  suppose  that  on  the  radii  vectores  of  the 
cardioid,  as  diameters,  circles  are  described  as  in  the  last 
example ;  and  again,  on  the  radii  vectores  of  the  envelope,  as 
diameters,  circles  are  described,  and  so  on  continually ;  it  is  re- 
quired to  prove  that  the  envelope  ultimately  is  a  circle  whose 
radius  =  2  a. 

Suppose  in  fig.  124  sqa  to  be  a  cardioid,  and  the  circle  spq 
to  be  described  on  sq  as  a  diameter ;  then,  if  sp  =  r,  psa  =  ^, 

r  =  2a  (cos-^j  cos(fl— d'). 
Differentiating  which  with  respect  to  ^,  we  have 
0  =  2acos-^  ^sin(fl— ^)  cos-^  — cos(d— ^)  sin-^^  ; 

.-.     2acos-^sm(fl ^j  =  0,        and    .-.     (f  = -^; 

and  the  equation  to  the  envelope  is. 
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And  if  a  similar  process  is  continued  n  times, 

n' 

and  ifn=:oo,  r  =  2a;  that  is,  the  ultimate  envelope  is  a  circle 
whose  centre  is  s  and  radius  is  2  a,  and  which  is  dotted  in  the 
figure. 


=  2a  ( 


cos-y 


Section  S.— Reciprocal  curves  and  the  theory  of  reciprocation. 

818.]  We  are  now  able  to  complete,  so  far  as  the  scope  of  our 
work  requires,  the  inquiry  into  poles  and  polars  which  was 
opened  in  Articles  226  and  227 ;  and  we  shall  also  be  able  to 
investigate  some  matters  of  interest  connected  with  that  inquiry. 
I  shall  take  the  requisite  equations  in  a  homogeneous  and  sym- 
metrical form,  so  that  the  results  may  have  all  the  el^ance 
which  they  are  capable  of.  Let  us  suppose  the  curve,  which  in 
these  articles  is  called  the  base-curve,  to  be  an  algebraical  curve 
of  the  nth  degree,  and  of  the  form  (49),  Art.  208 ;  and  to  be 
represented  by  the  equation 

rix,y,z)  =  0.  (58) 

Let  the  pole  be  (f ,  ri,  C) ;  then  the  equation  of  the  first  polar 
of  this  pole  with  respect  to  the  curve  (58)  is 

which  we  may,  as  in  Art.  224,  express  by  the  equation  jpi  =  0 ; 
and  let  the  successive  polars  of  the  same  pole  be  /^  =  0, ... 
p^^i  =  0,  /In  =  0.  Let  us  for  the  present  confine  our  attention 
to  the  first  polar,  viz.  (59);  this  is  evidently  a  homogeneous 
equation  of  the  (n— l)th  order  with  respect  to  ^,  y,2r;  and  is 
the  equation  to  the  curve  which  passes  through  the  n{n  —  \) 
points,  real  or  imaginary,  at  which  tangents  drawn  from  the 
pole  (f ,  ?j,  {)  meet  the  base-curve. 

Let  the  pole  move  continuously  along  another  curve,  which  I 
shall,  as  before,  call  the  directrix ;  let  the  equation  of  this  curve 
also  be  homogeneous  and  of  the  rth  degree  in  terms  of  the 
coordinates  f^  t;,  f ;  and  let  its  equation  be 

*(f,,,,0  =  0;  (60) 
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then  (y  ff,  {;  in  (59)  are  subject  to  the  condition  (60.)  And  as 
the  pole  moves  along  the  directrix,  so  the  position  of  the  first 
polar  continuously  varies;  and  as  the  variation,  corresponding 
to  an  infinitesimal  variation  of  the  pole,  is  infinitesimal,  so  the 
several  and  consecutive  polars  intersect,  and  in  their  intersec- 
tions envelope  another  curve :  this  result  is  of  course  true  for 
each  system  of  polars,  but  at  present  we  are  considering  only 
the  first  polars,  and  are  inquiring  into  the  envelope  of  these. 
K  the  directrix  is  a  straight  line^  it  has  already,  in  Art.  227,  been 
shewn  that  the  envelope  is  (n  — 1)^  points. 

319.]  The  degree  of  the  first  polar  envelope  may  be  deter- 
mined as  follows.  Let  us  assume  the  degrees  of  the  base-curve 
and  of  the  directrix  to  be  respectively  n  and  r ;  then,  as  the 
position  of  the  pole  varies  continuously,  let  us  take  the  f-,  17-, 
and  {'-differentials  of  (59)  and  (60) :  so  that  we  have 


and  as  no  other  relation  is  given  between  rff,  drj,  d(,  we  have 
/rfp\         /rfp\         /rfp\ 
j£l  =   JS^  ==  1±1  (63) 

whence  we  have  two  equations  in  terms  of  x^  y,  xr,  f,  77,  f ;  which 
are  of  n— 1  dimensions  in  terms  of  ^,  y,  z,  and  of  r— 1  dimen- 
sions in  terms  of  (,  77,  f.  If  we  eliminate  f ,  77,  C  from  these  two 
equations  and  from  equation  (60),  the  resultant  is  of  the  order 
r  (r— 1)  (n— 1)  in  terms  of  a?,  y  and  z\  and  therefore  this  is  the 
degree  of  the  first  polar  envelope.  Thus  if  the  directrix  is  a 
straight  line,  r  r=  1,  and  the  degree  of  the  polar  envelope  is  zero : 
that  is,  as  we  have  shewn  in  Art.  227,  all  the  several  first  polars 
intersect  in  (n  — 1)*  points.  If  r  =  «  =  2,  that  is,  if  the  base- 
curve  and  the  directrix  are  conies,  the  first  polar  envelope  is 
also  a  conic.  Let  us  consider  one  or  two  examples  of  the  forma- 
tion of  these  first  polar  envelopes. 

In  the  first  place,  I  will  take  the  base-curve  to  be  the  central 
conic  whose  equation  is 

PRICE,  VOL.  I.  3  Q 

Digitized  by  VjOOQ  IC 


482  RECIPROCAL  CURVES.  [3^9- 

5  +  f;-$  =  0,  (64, 

and  I  will  assume  the  directrix  to  be  the  straight  line  whose 
equation  is  Af  +  B,  +  cf=0,  (65) 

the  pole  being  (f,  ri,  C).    Now  the  first  polar  of  (64)  is 

a*  +  i*  +  c«         '  ^     ' 

of  which  line  the  envelope  is  to  be  found,  the  pole  (£,  ri,  C)  being 
subject  to  the  condition  (65).    Therefore  from  (65)  and  (66)  we 

^^^  Ad(  +  BdT,  +  cd{  =  0, 

^d(  +  f,dr,  +  ±d(=Oi 

.•.     0?  =  Ao^,       y  =r  bA*,       z  =  cc*;  (67) 

which  are  the  equations  to  a  point ;  and  therefore  all  the  first 
polars  of  (64)  with  reference  to  a  pole  situated  on  the  straight 
line  whose  equation  is  (65)  pass  through  the  point  whose  coor- 
dinates are  given  in  (67). 

Again^  let  us  suppose  the  directrix  to  be  a  curve  of  the  second 
degree,  of  which  the  equation  is 

Af«  +  Bi,ncf»  +  2B7,f +  2Gff +  2Hfl7  =  0;  (68) 

and  let  us  suppose  the  base-curve  to  be  the  central  conic 
(64),  as  in  the  preceding  example;  then  the  equation  to  the 
pohirof(64)is 

^  +  g  +  ^  =  0;  (69) 

of  which  the  envelope  is  to  be  found,  (,  ri,  C  being  subject  to 
(68) ;  whence  we  have 

(Af  +  HlJ  +  oOrff +  (Hf  +  B»;  +  BOrfl7  +  (Gf  +  E»7  +  COrfC=  0, 


^"1* 

1^^"  + 

idC  =  0} 

whence  we  have 

a? 

z 

tPfCk 

Af  +  HT;  +  Gf  ■" 

Hf  +  BlJ  +  Bf" 

Of  +  E,  +  cC                 ^^^ 

^ 

^(•ay); 
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Af  +  HTI-fGf  =  ^ 
Hf  +  Biy  +  Bf  =  ^ 
Gf  +  ElJ  +  Cf  =   -^ 


(71) 


.*.      f  {aBC-|-2E0H  — AE*  — BG*  — CH*} 

=  *|^(bc-b8)  +  ^(eg-ch)  +  -J(bh-bg)J; 

and  similar  yalues  are  true  for  ly  and  f:  substituting  these  in 
(69)  we  have 


BC  — B*      .         CA  — O*      .        AB— H*     , 

^  GH  —  AB  rtHE  — BO  ^  EG  — CH  ^       ,-o\ 

+  2-3i^y^  +  2-?^^^  +  2-^^^y  =  0;   (72) 

which  18  an  equation  of  the  second  degree,  and  therefore  repre- 
sents a  conic.  Thus  the  envelope  of  all  the  first  polars  of  a  pole 
which  is  on  a  conic  with  respect  to  the  central  conic  (64)  is  the 
conic  (72) ;  that  is,  as  the  pole  moves  along  the  conic  (68)  the 
envelope  of  the  first  polars  with  respect  to  (64)  is  another  conic. 

820.]  The  mutual  relation  of  these  two  conies  to  each  other 
by  means  of  the  central  conic  requires  farther  investigation. 
In  the  first  place  it  is  evident  that  to  every  point  of  the  former 
conic  a  tangent  of  the  latter  corresponds :  also  let  us  take  two 
points  on  the  former  conic  infinitesimally  near  to  each  other ; 
then  the  straight  line  passing  through  those  two  points  is  the 
tangent  to  the  conic  at  the  point :  but  the  polars  corresponding 
to  all  poles  on  this  straight  line  pass,  as  we  have  shewn  in  the 
last  Article,  through  the  same  pointy  that  is^  through  the  point 
of  the  second  conic  at  which  the  two  polars  intersect  which 
correspond  to  the  poles  on  the  former  conic  which  are  taken 
infinitesimally  near  to  each  other;  and  therefore  this  point  is 
the  pole  of  the  tangent  of  the  former  conic.  And  a  similar 
result  is  true  of  all  points  on  this  second  conic ;  and  therefore 
the  former  conic  is  the  envelope  of  all  the  polars  which  cor- 
respond to  the  first  polars  of  the  points  on  the  latter  conic :  or, 
in  other  words,  the  director-conic  is  the  envelope  of  all  the 
polars' whose  poles  are  on  the  conic  envelope.     The  two  conies 
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therefore  have  reciprocal  properties ;  each  is  the  envelope  of  all 
the  polars  whose  poles  are  on  the  other;  and  whatever  pecu- 
liarities there  are  as  to  points  on  one  conic,  there  are  cor- 
responding peculiarities  as  to  the  corresponding  tangents  of 
the  other.  Two  conies  thus  related  are  called  reciprocal  polar 
conies. 

In  the  preceding  investigation  I  have  taken  the  base-curve  to 
be  a  central  conic.  The  process  will  be  simplified,  and  the  re^ 
suits  will  be  scarcely  less  general^  if  a  circle  is  the  base-curve ; 
and  this  is  usually  assumed  to  be  the  case  unless  it  is  expressly 
stated  to  the  contrary.    In  this  case,  a  =  6  ^  c. 

821.]  Now  properties  similar  to  these  are  capable  of  exten- 
sion to  other  curves ;  let  us  suppose  the  directrix  to  be  a  curve 
of  the  nth  degree  ;  and  let  us  suppose  the  first  polars  of  all  the 
poles^  which  are  points  on  it^  to  be  drawn,  with  respect  to  the 
base-curve ;  all  these  polars  will  envelope  another  curve^  which 
is  the  polar  envelope ;  and  all  points  on  this  are  also  manifestly 
the  poles  of  the  tangents  of  the  original  director.  Thus  these 
two  curves  are  reciprocal  to  each  other ;  and  are  called  reciprocal 
polars :  to  a  point  on  one  a  tangent  on  the  other  corresponds. 
And  in  these  reciprocal  relations  very  important  properties  have 
their  origin  :  all  properties  of  curves  become  double :  that  which 
is  true  of  certain  points  on  a  curve,  is  also  true^  mutatis 
mutandis,  of  the  corresponding  tangents  of  the  reciprocal  curve. 
Some  few  of  these  reciprocal  properties  are  indicated,  although 
it  is  beyond  the  scope  of  my  work  to  give  a  complete,  or  an  ap* 
proximately  complete  catalogue  of  them. 

If  the  director  curve  is  of  the  nth  order,  a  straight  line  may 
cut  it  in  n  points ;  and  as  there  is  a  different  polar  correspond- 
ing to  each  of  these  which  touches  the  reciprocal  curve,  and  as 
these  polars  will  meet  in  a  point  which  is  the  pole  of  the  cutting 
line  of  the  original  curve,  so  to  the  reciprocal,  from  a  given 
point,  may  n  tangents  be  drawn :  therefore  the  reciprocal  polar 
is  of  the  Tith  class ;  and  the  degree  of  a  curve  and  the  class  of 
the  reciprocal  curve  are  the  same.  And  since  «(»  — 1)  tangents 
may  be  drawn  from  a  given  point  to  a  curve  of  the  «th  degree, 
so  is  r*(w  — 1)  the  degree  of  the  polar  reciprocal  of  a  curve  of 
the  nth  degree. 

If  for  one  of  two  reciprocal  polars  a  polygon  is  inscribed  or 
circumscribed,  then  to  each  vertex  of  the  inscribed  polygon  the 
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side  of  another  polygon  circumscribing  the  reciprocal  corre- 
sponds ;  and  to  each  side  of  an  inscribed  polygon  the  vertex  of 
a  circumscribed  polygon  corresponds.  Thus^  a  vertex  of  an  in- 
scribed polygon  is  to  be  changed  into  the  side  of  another 
polygon  circumscribed  about  the  reciprocal  polar ;  and  a  side  of 
an  inscribed  polygon  into  the  vertex  of  a  polygon  circumscribed 
about  the  reciprocal  polar.  The  Theorems  of  Pascal  and  Bri- 
anchon  are  thus  reciprocally  involved. 

It  is  plain  also  that  the  two  reciprocal  polars  have  the  follow- 
ing corresponding  and  reciprocal  properties.  To  a  double  point 
on  one  curve  corresponds  a  double  tangent  on  the  other :  to  a 
multiple  point  of  the  kth  order  on  one^  a  multiple  tangent  of 
the  kth  order  on  the  other :  to  a  cusp  on  one,  a  point  of  in- 
flexion on  the  other.  If  many  points  on  one  curve  are  on  a 
conic^  the  corresponding  polars  are  tangents  to  another  conic. 

As  a  curve  of  the  nth  degree  is  determined  which  passes 

through  — ^ — '  points,  so  is  a  curve  of  the  nth  class  which 

touches  — ^-^ — '  different  lines.     And  as  all  curves  of  the  nth 

degree  which  pass  through 5 1  fixed  points  also  pass 

through -^ other  fixed  points,  so  all  curves  of  the 

49  fn  _L  ^\ 

nth  class  which  touch 1   fixed  straight  lines  also 

touch -^ other  fixed  lines. 

Again,  let  n  =  the  degree  of  a  given  curve,  m  =  its  class ; 
h  =  the  number  of  its  double  points ;  k  =  the  number  of  its 
cusps ;  r  =  the  number  of  its  double  tangents ;  i  =  the  number 
of  its  points  of  inflexion;  then,  from  (134),  Art.  252,  and  (142), 
Art.  253,  we  have 

m  =  n(n-l)-25-3ic,  (73) 

f  =  3n(n-2)-65-8K;  (74) 

and  in  the  reciprocal  polar  these  become 

n  =  w(»n-l)-2T-3i,  (75) 

K  =  3m(i»-2)-6T-8i.  (76) 

This  last  equation  however  is  not  independent,  but  is  involved 

in  the  otber  three.    Thus,  three  independent  equations  are 
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given  involving  six  unknown  quantities ;  of  these  if  three  are 
given  the  other  three  can  be  found ;  so  that  we  have  altogether 
60  different  formulae. 

For  other  properties  of  reciprocal  curves  I  must  refer  the 
reader  to  the  original  memoir  by  M.  Poncelet  in  Crelle's 
Journal,  Vol.  IV,  1839;  to  several  memoirs  by  Steiner  and 
others  in  the  same  Journal ;  to  Analytisch-Greometrische  Ent- 
wickelungen  of  Pliicker,  Zweiter  Band,  p.  259 ;  and  to  the 
Annales  des  Mathematiques  of  Terquem  and  Gerono^  Vol.  XII. 


Section  4. — On  caustics. 

322.]  A  particular  class  of  envelopes  formed  by  straight 
lines  exists  in  optics  which  is  of  too  great  importance  to  be 
passed  over  in  silence  in  the  present  Chapter ;  we  will  therefore 
first  give  some  general  notions  of  the  formation  of  such  en- 
velopes which  are  called  Caustics,  and  then  consider  some 
particular  examples  and  general  properties  of  them. 

In  fig.  118  suppose  s  to  be  a  source  of  light  from  which  rays 
proceed  and  fall  on  a  highly  polished  surface,  which  is  per- 
pendicular to  the  plane  of  the  paper,  and  of  which  ap  is  a 
section  made  by  the  paper;  and  let  sp  be  a  type-ray  of  such 
a  system  incident  on  the  surface  at  p.  Now  it  is  a  physical 
property  of  a  ray,  that  it  is  reflected  or  turned  back  in  the 
direction  pe;  so  that,  if  po  is  the  normal  to  the  curve  at  p, 
the  angle  of  incidence,  as  it  is  called,  spo  is  equal  to  the  angle 
of  reflexion  rpo.  The  envelope  of  the  lines  of  which  pr  is  the 
type,  is  called  the  caustic  by  reflexion  of  the  surfiace. 

And  again  in  fig.  122,  suppose  s  to  be  the  source  of  a  system 
of  rays,  of  which  let  sp  be  the  type- ray ;  and  suppose  the  rays 
to  fall  on  a  medium  different  to  that  in  which  s  is,  of  which  the 
bounding  surface  is  perpendicular  to  the  plane  of  the  paper :  and 
of  which  let  ap  be  the  section  made  by  the  paper ;  then  by  a 
physical  law  of  optics,  called  the  law  of  refraction^  the  ray  sp 
does  not  proceed  in  the  same  straight  line,  but  at  p  is  bent  or 
refracted  into  the  direction  pr,  which  is  so  related  to  sp  that, 
if  nPN  is  the  normal  to  the  surface  at  p,  sinsPN  =  /a  sinrpn, 
where  ^  is  constant  for  a  given  medium,  but  varies  for  different 
media ;  that  is,  the  sine  of  the  angle  of  incidence  bears  a  con- 
stant ratio  to  the  sine  of  the  angle  of  refraction.    The  envelope 
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of  all  the  refracted  rays  is  called  the  caustic  by  refraction  of 
the  given  surface'*^. 

323.]  To  determine  the  caustic  by  reflexion  of  a  system  of 
parallel  rays  falling  on  a  plane  curve. 

Suppose  the  source  of  light  to  be  at  an  infinite  distance,  such 
as  the  sun  is^  and  therefore  all  the  incident  rays  to  be  parallel ; 
and  fijrst  let  us  suppose  them  to  be  parallel  to  the  axis  of  x. 
In  fig.  114  let  QP  be  the  incident  type-ray,  and  pe  the  reflected 
type-ray:  ps  being  the  reflecting  curve,  and  po  its  normal  at 
the  point  p. 

Let  y  =  f{x)  be  the  equation  to  the  reflecting  curve,  and  r\ 

and  f  the  current  coordinates  of  the  reflected  ray;   then  the 

equation  to  pb  is  ^^      ♦•«  «„^  /^     «\ 

^  7j— y  =  tanPRO  (f— ^); 

of  which  straight  line  we  have  to  find  the  envelope. 

Since  the  angles  of  incidence  and  reflexion  are  equal, 
QPG  =  Rpo,  and  therefore  their  complements  are  equal,  viz. 

QPL  =  rpt;    but  QPL  =  PTO  =  tan"^^; 

.'.       PRO   =   RPT-f-  RTP, 

=  2.RTP  =  atan-^:^; 
ax 

2^ 

aw 
.-.     tanPRQ  = 


and  therefore  the  equation  to.  the  reflected  ray  is 

dx* 
Differentiating  with  respect  to  x, 

*  In  the  figure  the  line  a  p  is  straight,  but  the  matter  of  the  text  is  ex- 
pressed as  though  it  were  a  curve. 
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By  means  of  which  equations,  and  that  to  the  reflecting  corre, 
we  may  eliminate  x  and  y,  and  thereby  obtain  a  relation  be- 
tween f  and  17,  which  will  be  the  equation  to  the  caustic. 

Ex.  1.   Let  the  reflecting  curve  be  the  parabola. 

rfy  _  2a  rf*y  _       4a* , 

dx"  y  *  dx*  ~        y* 

4a*  y»  - 

1  iay^'-^a^   y* 

4aa?— 4a* 

= 4^—' 

=  —  d?4-a,  .-.     f  =  a. 

All  the  reflected  rays  therefore  pass  through  the  focus,  which  is 
their  envelope ;  the  caustic  therefore  is  a  point. 

Ex.  2.    Let  the  reflecting  curve  be  a  circle. 

a?*+y*  =  a*; 

dy  ^       X  rf*y  _       a*  , 

dx'^      y'  rfo?*  ""       y' ' 


^2     yS  j^»|. 

"    fl»  O*    * 


''-y  =    «.  «i  -    ^« 


2a*f 


or  = 


»«  +  2»j* 
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.'.     ij*a*+  —5 =-5-  =  a*, 

(o«+2,»)» 

f  =  ±  I  (a* +  M)  {«*-'»*}*; 
the  equation  to  an  epicycloid,  the  radios  of  whose  fixed  circle 
is  ^,  and  of  whose  generating  circle  is  2;  >  as  will  appear  on  eli- 
minating 0  between  the  two  equations  (37),  Art.  204^  having 
first  replaced  bhj  -r  and  a  by  ^ .     See  fig.  119. 

4  ^ 

The  above  examples  are  sufficient  for  illustration^  but  the 
difficulties  of  elimination  are  in  most  cases  insurmountable; 
the  semi-cubical  parabola  is  another  curve  admitting  of  solution. 

324.]  Again^  suppose  the  incident  rays  to  be  parallel  to  the 
axis  of  y,  see  fig.  115,  of  which  let  mf  be  the  incident  type-ray^ 
and  PR  the  reflected  type-ray;  let  y  =/(a?)  be  the  equation  to 
the  reflecting  curve ;  and  let  (,  ri  be  the  current  coordinates  of 
the  reflected  ray ;  then  the  equation  to  pb  is 

of  which  line  we  have  to  determine  the  envelope. 

Differentiating^  and  proceeding  as  in  the  last  Article,  it  will 

be  found  that 

dy  ^      dy^ 

dx  1         dx^  ^^ 

dx^  dx^ 

By  means  of  which,  and  the  equation  to  the  curve,  we  may 
eliminate  x  and  y,  and  determine  a  relation  between  £  and  17^ 
which  will  be  the  equation  to  the  caustic. 

Ex.  1.  y*  =  4aa?. 

dy  _2a  d^ 4aV 


dx       y  '             dx^             y* 

PBICE,  VOL.  I. 

3» 
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1  jf*— 4o*  y'    _  a—x 
__ 


"^     y  -       2       y»       4a»  ~    2o   *' 


•     *       9o-f 

which  represents  a  curve  symmetrical  with  respect  to  the  axia 
of  X,  passing  through  the  origin  where  it  touches  the  axis  of  y ; 
with  a  double  point  on  the  axis  of  a?  at  a  distance  9  a  from  the 
origin,  and  a  loop  between  the  origin  and  that  point;  and  ap- 
proaching to  the  semi-cubical  parabola  as  an  asymptotic  carve. 

Ex.  2.  Find  the  equation  to  the  caustic  of  the  cycloid^  the 
incident  rays  being  perpendicular  to  the  base. 

Take  the  starting  point  o  for  the  origin,  as  in  fig.  117;  then 
the  equation  to  the  curve  is 

a?  =  a  versin*^  -  —  (2tfy— y*)*; 


dy  _ 

dx  ~ 

(2ay-y»)i               rf»y  _         a 
y         '            dx^            y* 

•'■ 

"     ^-        2         y»          «' 

ay-y^  . 

.-.     y  s=  a  —  {ii?  —  ar\)^. 
f-j?  =  |(2ay-y»)*, 
.-.     a?=  f-(a#-Kaij-.;*)*; 
.-.    f-Ca"/)*  +  («•)-'/*)*  =  a  versin-i  1 1  -  (^p)  |  -  (o,)*, 
f  +  (oij— »j*)*  =  g  versin-i  — ; 

.-.    f  =  |versin-i^-(ai;-i;»)*;  (83) 

which  equation  is  that  to  a  cycloid,  of  which  the  starting  point 
is  the  origin,  and  the  radius  of  whose  generating  circle  is  one- 
half  of  that  of  the  generating  circle  of  the  original  cycloid. 
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Ex.  3.    The  logarithmic  curve,    y  =*  e*. 

d»~     '  da/*-"  ' 

•••    V  =  l{e'  +  e-'}, 

The  equation  to  the  catenary;  to  the  lowest  point  of  which  the 
abfldssa  =  —  1,  and  the  ordinate  =  1. 

825.]]  The  following  general  properties  of  caustics  by  reflexion, 
formed  by  a  system  of  parallel  rays,  deserve  consideration. 

(1)  The  distance  from  the  incident  point  in  the  reflecting  curve 
to  the  point  of  intersection  of  two  consecutive  reflected  rays,  is 
equal  to  one-fourth  of  the  chord  of  the  circle  of  curvature  at 
the  point  of  incidence  which  is  parallel  to  the  incident  ray. 

Let  QP,  fig.  116,  be  an  incident  ray  and  fb  be  the  reflected 
ray,  p'  being  the  point  where  the  next  consecutive  ray  cuts  it, 
and  which  is  therefore  a  point  in  the  caustic;  let  the  circle 
drawn  in  the  figure,  and  of  which  n  is  the  centre  and  pn  is  the 
radius,  be  the  circle  of  curvature  at  the  point  p ;  then  pf  and 
PS  are  the  chords  of  the  circle  through  p  which  are  parallel  to 
the  axes  of  x  and  y  respectively,  and  let  l  and  k  be  the  bisect- 
ing points  of  PF  and  6f  pe. 

Now,  according  to  the  notation  of  Art.  288,  pl  is  equal  to 
f— a:,  and  pk  to  y  — ly  of  that  Article; 

^rfg*  dy  +  dx>         ,„ ., 

d*y      dx  d'y 

dx*  die* 
Bat  from  the  formulse  (80),  Art.  823, 

(pp')«  =  (y-i?)' +  («-«», 


di]  -y-zi' 
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,         1 

Similarly,  if  the  incident  rays  are  parallel  to  the  axis  of  y, 
and  q'  is  the  point  of  the  caustic  on  the  reflected  ray,  it  may  be 
shewn  by  means  of  equations  (82)  that 

,       1 

PQ    =  -  PK. 

The  expressions  throughout  would  have  assumed  a  more  sym- 
metrical though  less  simple  form  if  we  had  not  considered  x  to 
be  equicrescent. 

(2)  If  the  radiating  point  is  such  that  a  normal  to  the  re- 
flecting curve  can  be  drawn  through  it,  the  caustic  correspond- 
ing to  the  point  where  the  normal  meets  the  curve  ultimately 
becomes  a  semi-cubical  parabola. 

For  if  the  part  of  the  reflecting  curve  which  receives  the 
rays  parallel  or  nearly  parallel  to  the  normal  through  the  source 
of  light  be  taken  very  small  compared  to  the  distance  of  the 
origin  of  light  from  the  curve,  the  system  may  be  supposed  to 
be  one  of  parallel  rays ;  and  also  whatever  is  the  reflecting 
curve  we  may  consider  it  to  be  identical  with  its  circle  of  cur- 
vature at  the  point,  so  that  the  problem  idtimately  becomes, 
for  the  small  distance,  that  solved  in  Ex.  2,  Art.  823,  wherein 
we  may  consider  77  to  be  small  compared  with  a, 

.-.     2f  =  (a»-h2»7»){a»-iy»}* 


=  a  +  H«*'?*4- 


and  neglecting  terms  involving  powers  of  77  higher  than  those 
retained,  we  have  « 

which  is  the  equation  to  a  semi-cubical  parabola ;  the  vertex  of 

which  is  at  a  distance  ^  from  the  origin.    An  examination  of 

figs.  117 — 120  at  the  point  c,  renders  plain  the  geometrical 
form  of  the  problem. 
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326.]  The  general  form  of  the  equation  to  a  caustic  of  a 
circle  by  reflexion  may  be  most  conveniently  determined  as 
follows : 

In  fig.  118  let  s  be  the  source  of  light,  and  sp  the  incident 
type-ray,  and  pr  the  reflected  type-ray,  o  being  the  centre  of 
the  circle.  Let  oa  =  a,  os  =  b,  spo  =  rpo  =  <^,  poa  =  B\ 
then  taking  o  as  the  origin,  and  os  as  the  axis  of  x,  the  equa- 
tion to  the  reflected  ray  pr  is 

^sin(d-f  ^) -|-yco8(d-i-^) -f-a  sin<^  =  0; 

or     X  (sin  0  cot  <^  +  cos  d)  +  y  (cos  d  cot  <f>— sin  ^)  +  a  =  0 ;    (85) 

and  from  the  geometry  of  the  figure 

A  sin  (^  —  <^)  =  fl  sin  <^, 

^^       a-l-Acosd  Q 

.• .     cot  <^  =      ,   .    ^    j  (86) 

so  that  (85)  becomes 

x(a sin^-i-d  sin 2^)  -f  y  (a cos^  +  b  cos 20)  +  ab sin 0  =  0.  (87) 

Differentiating  with  respect  to  0,  we  have 

5?(acos0-|-2Acos20)  — y(asinfl+248in20)  +  aAcos0  =  O;(88) 

whence,  eliminating  from  (87)  and  (88),  we  have 

flA  (2a  -f  8A  cos  ^  —  A  cos  80) ' 


X  = 


2(a2  4.3aAco8  0  +  2A2) 
oA»(3  8in0-sin30) 


>  ;  (89) 


*       2(a»  +  8aAcos0  +  2A2) 

which  are  the  equations  to  the  caustic  in  terms  of  a  subsidiary 
angle  0.  In  two  cases  they  reduce  themselves  to  the  equations 
of  an  epicycloid. 

(1)  Let  A  =  00  ;  so  that  the  source  of  light  is  at  an  infinite 
distance,  and  we  have  a  system  of  parallel  rays  incident  parallel 
to  the  axis  of  x.    Then 


0?  =  ^  (3  cos  0  —  cos 80) 
y  =  I  (3  sin 0  — sin 30) 


^;  (90) 


which  are  the  equations  to  an  epicycloid ;  see  equations  (37), 
Art.  204,  the  radii  of  the  fixed  and  rolling  circles  being  respect- 
ively 2  and  -r.     See  fig.  119. 
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(2)  Let  &  =  a ;  in  winch  case  the  aouioe  of  light  ia  at  the 
extremity  of  the  diameter  of  the  cifde,  see  fig.  120^  and  the 
equations  (69)  become. 


ar  =  ^  (2co8(9  — cos2^) 
y  =  ^  (2  sin 0  — sin 2(9) 


(91) 


which  are  the  equations  to  a  cardioid^  see  Art.  205,  the  radius 

of  the  fixed  and  generating  circles  being  each  ^ . 

o 

3^7.]  Caustics  by  reflexion  from  curves  expressed  in  terms 
of  polar  coordinates,  and  which  have  the  origin  of  light  at  the 
pole,  may  be  determined  in  the  following  manner ;  but  as  the 
general  formulae  are  complicated,  we  will  illustrate  the  method 
by  the  particular  case  of  the  logarithmic  spiraL 

In  fig.  121  let  8  be  the  pole  of  the  spiral  and  the  sonfoe  of 
light,  SF  the  incident,  p&  the  reflected  ny.  Let  s  be  the  point 
in  which  two  successive  rays  intersect,  wherefore  b  is  a  point 
on  the  caustic ;  and  it  is  also  to  be  observed  that  pb  is  a  tangent 
to  the  caustic.  Let  sp  =  r,  st  =  jp ;  sb  =  f^,  ss  =r  y ;  pax  =  6, 
Bsx  =  ff;  let  the  equation  to  the  reflecting  curve  be  r  =  a^; 
and  for  convenience  of  writing,  let  log.  a  =  a  ;  therefore  by 
Art. 272,  Ex.8,  ^^ 

t«^  «'N  =  j:^  =  A,  (92) 

and  r  =  (l  +  AVl^.  (93) 

From  the  geometry,  —  =  ainsps  =  sinSspir, 

=  sin(2tan-^A)  =  r ^; 

1  +  A* 

•••   P'=T^>'  (9*) 


Also  since  sbp  +  bps  +  psb  =  18(f  , 

...     8in-i4  +2tan-U  +  ^-^  =  180°; 


difierentiating  which,  p'  and  6  varying,  but  /  and  6*  being 
constant,  .  / 

therefore  from  (92)  and  (94), 
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2Adr  1  «  *;  _       2rfr 

1  +  a"  (/2 -./»)*  ""  Ar  ""  a-f  A»)p" 

.-.   /=  (i  +  A«)V; 

which  is  the  equation  to  a  logarithmic  spiral,  equal  to  the 
original  one. 

828.]  We  proceed  now  to  consider  some  of  the  more  general 
properties  of  caustics  by  refraction.  Let  (a,  b)  be  the  source  of 
light ;  {x^  y)  the  point  on  the  surface  at  which  the  ray  is  inci- 
dent; (,  17  the  current  coordinates  of  the  refracted  ray,  and 
therefore  of  a  point  on  the  caustic;  /u  =  the  refractire  index, 
that  is,  the  ratio  of  the  sine  of  the  angle  of  incidence  to  that  of 
the  angle  of  refraction.  Let  y  =f{x)  be  the  equation  to  the 
section  by  the  paper  of  the  bounding  surface  of  the  refractive 
medium,  the  surface  being  perpendicular  to  the  paper;  let  r 
and  /  be  the  distances  of  the  point  of  incidence  from  the  source 

of  light,  and  from  the  point  of  the  caustic  ;  then  ;7-  >  ^  <ure  the 

cosines  of  the  angles  between  the  tangent  to  the  curve  and  the 

coordinate  axes :   ,  ^ those  of  the  angles  between  the 

T  T 

incident  ray  and  the  coordinate  axes;  —T-^  ^—^  those  of 
the  angles  between  the  refracted  ray  and  the  coordinate  axes ; 

.* . -j-^^ —^  =  the  sine  of  the  angle  of  incidence, 

T^ — - — -  =  the  sine  of  the  angle  of  refraction ; 

therefore  by  law  of  refiiiction, 

Ws =  ^ 7ds '      (®^> 

which  is  the  equation  to  the  refracted  ray,  and  of  which  £  and  r\ 
are  the  current  coordinates;  the  envelope  therefore  may  be 
found  by  eliminating  x  and  y  between  the  equation  to  the  re- 
fracting curve,  the  equation  (95),  and  its  differential  formed 
by  making  x  and  y  to  vary. 

Also  since  r*  =  (^ — a)*  -f  (y — A)^  ^ 

(95)  becomes  rfr  +  >*rf/=  0;  (97) 
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therefore  r-j-^i/ is  a  constant,  or  a  maximum,  or  a  minimum; 
but  it  cannot  be  a  maximum,  for  such  a  value  would  be  in- 
consistent with  the  geometrical  possibility  of  the  problem: 
therefore  it  is  in  general  a  minimum,  and  may  sometimes  be 
constant ;  the  former  case  is  that  of  an  ordinary  caustic ;  in  the 
latter  the  refracted  rays  converge  to  a  single  focus. 

329.]  Hence  also  we  may  prove  that  all  caustics  are  rectifiable. 

Let  f ,  ri  be  the  current  coordinates,  and  da  the  length  of  the 

element  of  the  curve  of  the  caustic,  so  that  rf<r*  =  dri*-i-d£*; 

therefore  ^,  ^  are  the  cosines  of  the  angles  made  by  its 

tangent  with  the  coordinate  axes ; 

dri  _  rj  —  y  d(  __  j  —  X^ 

•'•     rfcr  ""     r'    '  rfcr  ""     /    ' 

therefore  from  (95),    rfr  =  ^  ^^j"-^'' ^? ;  (98) 

act 

and  differentiating  the  latter  of  (96), 

r'd/=  (f-a?)(rff-(fo)-h(t,-y)(rft,^rfy); 

.-.    rf/=g(rff-(te)  +  ^(rf,,-rfy), 

-       d$dx^dridy 
■=.  (Ut J , 

OCT 

=  dc ; 

.-.     ii,d<T  =  dr-^-^dr, 
.-,     jLio-  =  r-f  ^/-f  c.  (99) 

An  expression  exactly  analogous  to  that  of  Art.  292,  and  to 
which  therefore  a  similar  mode  of  explanation  is  applicable ;  and 
therefore  the  length  of  the  caustic  curve  is  equal  to  that  of  two 
straight  lines  increased  by  a  constant  which  is  to  be  determined 
by  the  data  of  the  particular  problem ;  but  in  all  cases,  if 
<^i  ^1  '"'if  <^2  ^2  ^2,  represent  two  sets  of  corresponding  values, 
fi(<ra  — o-i)  =  ra-ri+^(r2'— n'). 
The  law  of  refraction  becomes  that  of  reflexion,  if  /a  =  —  1 ; 
and  therefore  the  properties  of  caustics  by  refraction  proved 
above  arc  likewise  true  of  caustics  by  reflexion ;  attention  must 
however  be  paid  to  an  ambiguity  of  sign,  of  which  no  notice  has 
been  taken  in  the  preceding  investigation. 
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830.]  To  detennine  the  caustic  by  refraction  of  rays  refracted 
at  a  plane  snrfiice ;  see  fig.  122. 

Let  8  be  the  source  of  light;  sp  the  incident  ray;  BPr  the 

refiracted  ray ;  as  =  a^  ap  =  y ;  therefore  the  equation  to  the 

refimcted  ray  is  i.     .       a 

^  iy— y  =  — tanPTA.f, 

T  being  the  point  where  pb  intersects  asc. 
And  since    sinsPN  =  pi  sinrpn,       .*.  sinpsA  =:  pi  sinPTA> 

T  =  a  sin  PTA ; 


tan  PTA  = 


therefore  the  equation  to  pb  is 

{pt2a2+0A2-l)y«}* 
Differentiating  which  with  respect  to  y,  and  reducing 

whence  by  elimination,  and  from  (100), 

f*-(M'-l)*»;*  =  M*a*.  (102) 

which  is  the  equation  to  the  evolute  of  a  hyperbola  or  of  an 
ellipse  according  as  pi  is  greater  or  less  than  unity. 


PBICE,  VOL.  I.  3  * 
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CHAPTER  XIV. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO  PROPBRTLES 
OF  CURVED  SURFACES. 

331.]  An  explanation  of  the  mode  of  generation  and  of  the 
equations  of  such  curved  surfaces  and  curves  in  space  as  are 
needed  for  illustration  in  this  and  the  following  Chapters^  re- 
quires more  room  than  we  can  afford  to  give;  but  it  is  the 
less  necessary  to  introduce  it,  as  the  ordinary  text-books  con- 
tain sufficient  information.  It  is  however  desirable  to  explain 
the  equations  to  the  straight  line  and  the  plane,  in  the  forms 
which  we  shall  employ,  as  a  fiimiliar  knowledge  of  theih  is 
requisite  to  a  due  understauding  of  our, processes. 

(1)    To  find  the  equations  to  a  straight  line  in  space. 

Let  (f  rj,  C  be  the  current  coordinates  to  the  straight  line ; 
<r,  y,  z  the  coordinates  to  a  point  through  which  the  line  passes ; 
A,  [ky  V  the  direction-angles  of  the  line;  that  is,  the  angles  be- 
tween a  parallel  line  through  the  origin  and  the  coordinates  axes. 
And  let  r  be  the  distance  between  (a?,  y  z)  and  ((,  ti,  0 ;  then 
the  equations  to  the  line  are   ' 

Izf  =  !LJ?  =  £r£  =  r  (1) 

COS  A  cos  /X  COS  V  *  ^    ^ 

the  last  of  the  equalities  following  by  reason  of  Preliminary 
Theorem  I. 

If  therefore  the  equations  to  a  straight  line  are  given  under 
the  form  ^ 

each  of  these  equalities  is  by  reason  of  the  same  Preliminary 
Theorem  equal  to 

and  therefore  comparing  (1)  with  (2)  and  (3), 
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= 

r 

COSfA 

= 

r 

COS  V 

C-z 

(l»  +  m«  +  n2)* 

M 

(l^  +  m^h-n*)* 

N 
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(40 


r  (La-|-M«  +  N«)4 

and  therefore  l,  m,  n  in  (2)  are  proportional  to  the  direction- 
cosines  of  the  line^  that  is,  to  the  cosines  of  the  angles  between 
the  line  and  the  coordinate  axes. 

(2)    To  find  the  equation  to  a  plane. 

A  plane  is  a  surface  generated  by  a  straight  line  revolving 
vomid  another  straight  line  which  is  at  right  angles  to  it. 

Let  the  origin  be  at  the  point  o  in  the  straight  line  oq, 
fig.  128,  round  which  the  perpendicular  and  geaerating  line 
QF  tunu;  and  let  A,  /di,  v  be  the  direction-angles  of  oq;  let 
(» ^)  f  be  the  current  coordinates  to  any  point  p  in  the  line  qp 
which  is  in  any  position ;   and  let  op  =  p,  oq  =  6;  then  the 

P     n      t 

direction-cosines  of  op  are  ->  ->  -;  and  since  oqp  is  a  right 

P    P     P 
angle,  oq  =  op  cos  poq,  that  is, 

d  =  /}^-C09A+-  COS  a  +  -  cosi;  f  ; 

.-.     f  COSA  + lycos/n-f  f  cosi;  =  d;  (6) 

and  as  this  relation  is  true  for  every  point  in  qp,  and  in  every 
position  of  qp,  it  is  according  to  our  definition,  the  equation 
to  a  plane ;  A,  /a,  i;  being  the  direction-angles  of  the  normal  to 
the  plane^  and  h  the  length  of  the  perpendicular  from  the 
or^in  on  the  plane. 

Equation  (5)  is  evident  by  the  theory  of  projections,  the  left- 
hand  side  of  the  equation  being  the  sum  of  the  projections  of 
the  broken  Kne  om npq  on  the  line  oq. 

If  therefore  the  equation  to  a  plane  is  given  in  the  form 

Af-f  Bi;  +  cf  =  n;  (6) 

on  comparing  this  with  (5),  we  have, 

=  |-  =  (A*-HB«-f-cV:  (7) 


cos  A       cospi        cosi;        d 
,  whence  it  appears  that  a,  b,  c,  d  are  proportional  respectively 

3  8  2 
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to  the  direction-cosines  of  the  normal  to  the  plane,  and  to  the 
length  of  the  perpendicular  on  the  plane  from  the  origin. 

332]  To  find  the  equation  to  a  tangent  plane  to  a  curved 
surface  at  a  given  point. 
Let  the  equation  to  the  surfisice  be 

F(a?,y,2r)  =  0.  (8) 

Our  present  object  is  to  shew  that  if  a  straight  line  is  drawn 
through  a  point  on  the  surface  {x,  y,  z)j  and  through  a  second 
point  {x-^-dx^  y-^^Vi  Z'\-dz)  infinitesimally  near  to  it  and  also 
on  the  surface^  the  locus  of  such  tangent  lines  is  in  general  a 
{>lane ;  and  is  what  is  called  the  tangent  plane.  Of  course  it  is 
manifest  that  the  number  of  points  {x-\-dx,  y-i-dy,  z-i-dz) 
contiguous  to  the  first  point  is  infinite,  and  so  therefore  is  the 
number  of  tangent  lines. 

Let  f,  ri,  C  be  the  current  coordinates  to  one  of  the  tangent 
lines,  and  x,  y,  z  the  coordinates  to  the  point  of  contact  on  the 
surface ;  then  the  equations  to  the  line  are 

L  M  N 

as  the  line  passes  through  the  point  {X'\-dx,  y-\-dy,  z-i-dz), 
we  have  ..         .,        -^ 

^=^  =  ^;  (10) 

and  therefore  by  division, 

dx  dy  dz    ^  ds'  ^    ^ 

r  being  the  distance  of  (a?,  y,  z)  frpm  any  point  (f , »;,  ()  on  the 

Une,  and  rf,  =  {  Ap«  +  dy>  +  dz^}  * ;  (12) 

that  is,  ds  is  the  distance  between  the  two  points  on  the  sur- 
face through  which  the  line  passes ;  (11)  therefore  are  the  equa- 
tions to  any  straight  line  touching  a  surface  at  a  given  point. 

But  as  the  second  point  through  which  the  line  passes  is  on 
the  surface,  though  it  may  have  any  position  infinitesimally  near 
to  (a?,  y,  z) ;  so  dx^  dy,  dz,  must  be  consistent  with  the  equation 
to  the  surface.    If  therefore  at  the  point  under  consideration 
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multiplying  the  several  terms  of  which  by  the  terms  of  the 
eqaalities  (11)^  we  have 

«-')(£)  +  ('-^)(rP +  «-')(£)  =  <>■     <") 

Now  «r,  y,  Zy  being  the  coordinates  to  the  point  of  contact,  are 

constant  for  a  given  point,  and  so  are  (^)>  izr)'  (^)  which 

are  functions  of  x,y^z\  and  f  ^  -q,  C  being  the  current  coordinates 
of  the  locus,  it  follows  that  (14)  is  of  the  same  form  as  (6),  and 
therefore  represents  a  plane ;  and  being  the  locus  of  the  tan- 
gent lines  to  the  surface  represents  the  tangent  plane. 

Let  us  once  for  all  make  certain  substitutions  which  for  the 
purpose  of  abridging  the  notation  will  be  convenient  both  in 
the  sequel  of  the  present  volume,  and  in  future  parts  of  our 
Treatise.    Let 


X7*H-v2  +  W*  =r  Q*; 

80  that  vdx  H-  vrfy  -f  wrfxr  =  0. 

and  thus  (14)  becomes 

u(f-^)  +v(»7-y)  +w(f-xr)  =  0. 


(15) 

(16) 
(17) 

(18) 


333.]  On  comparing  (14)  with  (6),  and  with  equations  (7),  if 
a,  /3,  y  are  the  direction-angles  of  the  normal  to  the  plane,  and 
if  p  is  the  perpendicular  on  the  plane  from  the  origin,  we  have 


cosa  = 


cos/3  = 


cosy  =r 


{imumor 


o 


lo'-o'-m' 


V 


V 


Q 


(19) 
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P  =  — — -r ;  (20) 

and  \-T-))  {-j-)>  (j")  are  proportional  to  the  direction-cosines 
of  the  normal  to  the  tangent  plane. 

334.3  If  the  equation  to  the  surface  is  given  in  the  explicit 
form  jzr=/(a?,y);  then  p(a?,y,2r)  =/(a?,y)— xr  =  0; 

in  which  case  the  equation  to  the'  tangent  plane  becomes 

f-"«-')(£)+c-»)(|)'  <") 

and  (19)  and  20)  must  be  modified  accordingly. 

835.]  If  the  equation  to  the  surface  is  a  homogeneous  func- 
tion of  n  dimensions  of  the  form, 

p(a?,y,2r)  =  c; 

then,  since  by  the  property  of  such  functions  proved  in  Art.  82, 

/rfpx         /rfp\         /rfp\ 

the  equation  to  the  tangent  plane  becomes 
and  (20)  becomes 


{(tu^umx 


Also  if  the  surface  is  expressed  by  an  algebraical  equation 
of  the  form, 

p(a?,y,5r)  =  Un^Un-.\+ +tti-htto  =  0,  (23) 

where  u^  «»-.!>  •••  t«i>  tto  are  homogeneous  functions  of  n,  n  — 1, 
...  1,  0  dimensions;  then  by  a  process  exactly  similar  to  that 
of  Art.  222,  except  that  in  this  case  there  are  three  variables,  it 
may  be  shewn  that  the  equation  to  the  tangent  plane  is 
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=    -  {ttn-l  +  2tt„_2+ +  («-l)Wl  +  »tto},     (24) 

and  is  therefore  an  equation  of  only  (n  — 1)  dimensions  in  terms 
of  X,  y,  and  z. 

Iq  the  equation  to  the  tangent  plane,  considering  £,ri,C^  be 
constant,  and  the  coordinates  of  a  given  point  through  which 
a  series  of  tangent  planes  is  drawn,  a?,  y,  z  refer  to  the  points  of 
contact  on  the  surface ;  hence  we  have  the  following  theorems : 

If  through  a  given  point  planes  are  drawn,  touching  a  given 
surface  of  the  nth  order^  the  points  of  contact  lie  on  a  surface 
of  the  (n  — l)th  order;  and  therefore 

If  through  a  given  point  planes  are  drawn  touching  a  surface 
of  the  second  order,  all  the  points  of  contact  lie  in  one  plane. 

In  harmony  with  the  nomenclature  of  Art.  226^  the  point 
(if  1}  C)  whence  the  tangent  planes  are  drawn  is  called  the  pole : 
the  surface  whose  equation  is  (24)  is  called  the  first  polar  sur- 
face, and  the  sur&ce  ¥(af,  y^z)  =^  c  is  called  the  base-surface. 
Also  in  the  same  way  that  the  first  polar  surface  is  derived  from 
the  base-sur&oe  and  is  of  the  (n^l)th  order,  so  may  other  and 
SQceessive  polar  aurfaces  with  reference  to  the  same  pole  be  de- 
rived, and  these  will  be  of  the  («— 2)th,  («— 8)th, order. 

Want  of  space  however  precludes  me  from  entering  on  these 
subjects,  although  they  are  replete  with  interest. 

336  J  To  find  the  equations  to  a  normal  of  a  curved  surface. 

A  normal  is  a  straight  line  drawn  through  any  point  of  a 
curved  surface,  and  at  right  angles  to  the  tangent  plane  at  that 
point. 

I^^  if  If  {  be  ^^^  current  coordinates  of  the  normal,  and 
or,  y,  z  the  coordinates  to  the  point  where  it  meets  the  surface ; 
then,  by  Art.  333,  the  direction-cosines  of  the  normal  being 

proportional  to  ( j-)>  (^)*  (t")*  ^**  equations  are 

Vrfap/         ^dyl        ^dzf 

Also  the  form  of  the  equations  to  the  normal  shews  that  it  is 
the  longest  or  the  shortest  line  which  can  be  drawn  from  a 
point  on  it  to  the  surface. 
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If  the  equation  to  the  surface  is  given  in  the  explicit  form^ 
these  equations^  by  means  of  Art.  334,  become 


''-y=-(|)(f-^)J 


(26) 


In  these  equations,  if  (,  ri^  (  are  constant,  a?,  y,  z  refer  to  the 
points  on  a  surface  where  normals  drawn  through  a  given  point 
meet  it^  and  the  equations  (25)  or  (26)  are  those  to  a  curve 
in  space  which  is  the  locus  of  such  points  of  contact. 

337.3  From  (25)  it  follows,  that  the  equations  to  a  line  pass- 
ing through  the  origin,  and  at  right  angles  to  the  tangent 
plane,  are  >  > 

^  =  ^  =  ^.  (27) 

W         V^/         \dz^ 

By  means  of  which  equations^  combined  with  those  to  the 
tangent  plane  and  to  the  surface,  we  may  determine  the  equa- 
tion to  the  surface,  which  is  the  locus  of  the  point  of  inter- 
section of  a  tangent  plane,  with  the  perpendicular  drawn  to  it 
from  the  origin. 

338.]  Examples  illustrative  of  the  preceding  Artides. 
Ex.  1.    The  ellipsoid  whose  equation  is 

i'(^,y,^)  =  5  +  ^  +  ^  =  1.  (28) 

idt\  _  2x  /dif\  _  2y  /dv\  _  2z  ^ 

W  ~  ««'         ^dyi  ~  b*  '         \dz'  ~  e»  ' 

therefore  by  equation  (14)  the  equation  to  the  tangent  plane  is 

which  is  plainly  the  equation,  since  the  equation  to  the  sur&cc 
is  a  homogeneous  function  of  two  dimensions. 

Also  if  (^,  r),  C)  is  the  pole,  the  equation  to  the  first  polar  is 

which  is  the  equation  to  a  plane. 
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Hence  ako  we  have  by  (22), 

1  -  \^^y*^'V  ran 

And  the  equations  to  the  normal  are 

/z>  A*  r^ 

-(f-^)  =  -(.y-y)  =  ^  (f«;5).  (82) 

The  equations  therefore  to  a  line  through  the  origin,  and  per- 
pendicular to  the  tangent  plane,  are 

f[!f  =  *!^  =:.  f!L.  (83) 

iff  y  z 

Whence  may  be  found  the  equation  to  the  surface,  which  is 
the  locus  of  the  point  of  intersection  of  these  lines  with  the 
tangent  planes. 
For  (,  ri,  C  being  the  same  in  (29)  and  (88),  we  have 

4?  y  ^         JL       1^       — 

a         b         c 

f 

f5       5?       if 
a«       A»       c^ 

which  is  the  equation  to  the  surface  required. 

Ex.  2.   The  elliptic  paraboloid  whose  equation  is 

V*      z^ 
"     4a     4*-"- 

W~*'        ^dyl-      2a'        W~      26' 
therefore  tiie  equation  to  the  tangent  phme  is 

and  the  equations  to  the  line  through  the  origin,  and  perpen- 
dicular to  the  tangent  plane,  are 

f  =  .  2^  =  .  ^.  (36) 

y  z 
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The  equation  therefore  to  the  locus  of  the  point  of  intersectioii 
of  (36)  with  (85)  is 

a,^  +  Af2^.f  (f«  +  ^  +  f2)  =  0.  (37) 

Ex.  3.    If  the  equation  to  the  surface  is  xyz  =  k^j 

and  therefore  the  equation  to  the  tangent  plane  is 
k^  k^  k^ 

xyz 

^  +  ^  H-  ^  =  8.  (89) 

xyz 

And  the  intercepts  of  the  coordinate  axes  hj  the  tangent  plane 
are,  according  to  the  notation  of  Art.  219^ 

fo  =  8^,         i^)  =  3y,         fb  =  82r; 

.-.     foiyoib  =  i7xyz, 

=  27*», 

that  is,  the  volume  of  the  pyramid  contained  between  the  tan- 
gent plane  and  the  coordinate  planes  is  constant. 

The  equations  to  the  line  through  the  origin^  and  perpen- 
dicular to  the  tangent  plane,  are 

(j,^riy=:Cz  =  k((riO^;  (40) 

therefore  the  equation  to  the  locus  of  the  point  of  intersection 
of  (40)  with  (39)  is 

f24.^  +  f»  =  3*(f^f)*.  (41) 

889.3  If  at  the  point  on  the  surlbce  at  which  the  tangent 
lines  of  equation  (11)  are  drawn,   (^)>   (g")*  ^^^  (t")  ^ 

vanish,  equation  (18)  is  satisfied  independently  of  any  relation 
between  dx,  dy  and  dz^  and  therefore  does  not  give  an  equation 
whereby  to  eliminate  them ;  in  fact  the  direction-cosines  of  the 
normal  at  the  point  are  indeterminate,  and  the  tangent  plane 
has  no  definite  position.  At  such  a  point  there  will  be  a  locus 
of  tangent  planes,  to  determine  which  we  must  seek  for  some 
other  relation  between  dx^  dy  and  cb,  arising  out  of  the  equa- 
tion to  the  surface.     Such  we  have,  if  all  the  difierential-coeffi- 
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cients  of  the  second  order  do  not  vanish  at  the  point  in  ques- 
tion^ in  the  differential  of  (18)^  and  which  is  also  the  third  term 
of  the  expansion  of  f  {af-^dx,  y-i-dy,  z-^-dz)  in  Art.  142,  viz. 

and  mnltiplying  through  by  corresponding  terms  of  equality 
(11),  we  have 

+  2  (^)  (»»-»)  (f-*)  +  2  (^)  (C-z)  (f-^) 


+  *(CT)«-^><''-y)  =  o;  (^) 


^doffdy^ 

an  equation  of  a  cone  of  the  second  degree,  shewing  therefore 
that  the  locus  of  the  tangent  lines  is  not  a  plane,  but  a  cone  of 
the  second  order. 

Changing  the  origin  to  the  point  under  consideration,  the 
equation  assumes  the  form 

Af>+Bi;»+ci^  +  2pi;f+2Bff-h2Ffi,  =  0,  (4») 

and  the  vertex  of  the  cone  is  at  the  point  of  contact ;  and  it 
may  happen  that  the  coefficients  have  such  relations  that  the 
equation  is  decomposable  into  two  factors  of  the  first  degree^  in 
which  case  it  will  represent  two  planes. 

Ex.  1.   Determine  the  nature  of  the  point  at  the  origin  of  the 
surfiu^  whose  equation  is,  ay* + A;:;* + ^  (^  -f  y* + 5;*)  =  0. 


O  =  8^+y»+^  =  0, 


[fix' 
(dr\ 


>  at  the  origin ; 


(^)  =  2«y  +  2;ry    =0, 
(^)  =  2bz  +  2iez    =  0, 


3  T  a 
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therefore  equation  (43)  becomes 

ay»  +  ft««  =  0,  (44) 

which  is  satisfied  only  by  y  =  0,  2;  =  0 ;  therefore  (44)  repre- 
sents the  axis  of  Xy  or  the  surface  at  the  origin  degenerates  into 
a  cuspal  point  formed  round  the  axis  of  x. 

Ex.  2.  A  surface  is  formed  by  the  revolution  of  a  parabola 
about  an  ordinate  through  its  focus ;  it  is  required  to  find  the 
nature  of  the  points  where  it  meets  the  axis  of  z. 

The  equation  to  the  surface  is 

16m*(a^-|-y2)-(;8r»-4m»)«  =  0; 

whence  it  appears  that  a?  =  y  =  0,  when  z^  ±  2m ;   and  at 

such  a  point  {^)  =  (^-j  =  (-pj  =  0;   and  differentiating 

again,  and  substituting  in  equation  (42)^  we  shall  find 

f'  +  »?"-(f±2m)»  =  0; 

the  equation  to  two  right-angled  circular  cones,  whose  axis  is 
the  axis  of  xr  and  yertices  at  distances  +  2  m  from  the  origin. 

If  all  the  second  differential-coeflScients  vanish  at  the  point 
where  the  tangent  plane  is  to  be  drawn,  we  must  proceed  to  a 
third  differentiation,  or  to  the  fourth  term  of  the  expansion  in 
Art.  142 ;  and  thus  we  shall  arrive  at  a  cone  of  the  third  order. 
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CHAPTER  XV. 

APPLICATION  OP  THE  DIFFERENTIAL  CALCULUS  TO  PROPERTIES 
OP  CURVES  IN  SPACE. 

340.]  The  curves  whose  properties  have  been  inquired  into 
lie  wholly  in  one  plane ;  that  is^  all  their  elements  and  all  their 
consecutive  points  have  been  entirely  in  the  plane  of  xy ;  and 
we  have  considered  them  in  reference  to  two  fixed  lines  in  that 
plane.  It  is  manifest  however  that  all  curves  are  not  subject  to 
the  restriction  of  having  their  elements  in  the  same  plane; 
there  may  be  non-plane  as  well  as  plane  curves^  and  as  such 
they  exist  in  space,  and  are  conveniently  referred  to  three 
coordinate  axes  meeting  each  other  at  right-angles  and  in  one 
point ;  such  are  also  called  curves  of  double  curvature,  and  for 
a  reason  which  will  be  hereafter  assigned.  They  may  be  de- 
termined in  two  ways :  either  by  the  intersection  of  two 
surfaces  whose  equations  involving  a?,  y,  z  are  given,  and  there- 
fore by  the  combination  of  these  two  equations;  or,  what 
amounts  to  the  same  thing,  one  of  the  variables^  as  e.  g.  z,  may 
have  been  eliminated  between  these  two  equations,  and  an 
equation  obtained  involving  only  x  and  y,  which  will  be  the 
equation  to  the  projection  of  the  curve  on  the  plane  of  xy ;  and 
so  with  the  other  variables ;  whereby  three  equations  may  be 
formed^  each  containing  two  variables^  which  will  severally  re- 
present the  projections  of  the  curve  on  the  coordinate  planes^ 
and  any  two  of  which  equations  will  be  sufficient  to  define  the 
curve;  and  according  as  one  or  the  other  method  is  adopted 
the  formulae  will  assume  different,  though  equivalent,  shapes. 

841.]  To  find  the  equations  to  a  tangent  line  to  a  curve 
in  space. 

A  tangent  line  is  the  straight  line  passing  through  two  points 
on  the  curve  which  are  infinitesimally  near^to  each  other. 

Let  (,  rj,  (  be  the  current  coordinates  to  the  tangent  line, 
and  first  let  the  two  points  through  which  the  line  is  to 
pass  be  at  a  finite  distance  ^s  apart;  and  let  them  be  {x,  y, z), 
(a?  -f  Ao?,  y  +  Ay,  z-^-az);  then  the  equations  to  the  line  are 
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lzf  =  lLJ!  =  £z£  =  Jl,  (1) 

AX  Ay  AZ  A$ 

where  r  is  the  distance  between  the  two  points  (x^  y^  z)  and 
(f  9  n>  0*  When  these  two  points  become  infinitesimally  near 
to  one  another,  the  line  becomes  a  tangent,  and  its  equations 
^>®come  ^     ^  .,/'■•        ^ 

dx    "    dy    ^    dz    ^  ds'  ^^ 

where  ds  =  (dir*  +  dy^  +  dz*)^^ 

and  is  the  differential  of  the  arc,  or  the  length-dement  of 
the  curve. 

On  comparing  these  equations  with  those  of  (4)  in  Art.  331, 
if  Kj  lA,  V  are  the  direction-angles  of  the  tangent, 

dx  dy  dz 

cask  =  -^^   cosM  =  -J,    cosy  =  ^.  (8) 

ions  to  the  curve  are  two  equa^ 
f(x,z)  =  0,        *(y,^)  =  0, 


If  the  equations  to  the  curve  are  two  equations,  say  of  the 
forms 


dx  dti 

2"  and  -^  can  be  found  by  differentiation,  and  equations  (2) 

and  (3)  can  be  determined  for  the  particular  curve. 

If  the  curve  is  determined  by  means  of  the  equations  to  two 
surfaces  of  the  forms, 

Fi{a?,  y,  z)  =  0,        F,(a?,  y,  2?)  =  0;  (4) 

then,  since 


we  have  by  elimination  the  following  system  of  equations, 
dx  dv 


(5) 


\dyf\dzf      ^dzf^dyf        ^  dz  f  \  dx  f      ^  dx  f  v'rfF/ 


dz 

(6) 


/d¥i\  /rff^\  _  / rfpi \  /drt\  ' 
^  dxf^dy'      \dyf\dx' 

whence,  multiplying  the  several  terms  of  equality  (2)  by  the 
several  terms  of  this  equality,  dx,  dy,  dz  wiU  divide  out,  and 
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we  shall  have  the  equations  to  the  tangent  in  terms  of  the  par- 
tial differential-coefficients  of  the  intersecting  surfaces.  Simi- 
larly may  the  direction  cosines  in  (3)  be  determined. 

842.]  To  find  the  equation  to  the  normal  plane  to  a  curve 
in  space. 

The  plane  perpendicular  to  the  tangent  line,  and  passing 
through  the  point  of  contact^  is  called  the  normal  plane.  Let 
^,riyCheits  current  coordinates^  and  {x,  y,  z)  be  the  point  of  con- 
tact through  which  it  passes;  then,  since  it  is  to  be  perpen- 
dicular to  the  line  whose  direction  cosines  are  -z-,  -y-^  -j-, 

08     as    as 
its  equation  is 

(f-a?)£to-h  (ri-y)dy  +  {(^z)  dz  =  0.  (7) 

848.]  To  find  the  equation  to  the  osculating  plane  to  a  curve 
in  space. 

In  curves  such  as  we  have  discussed  in  previous  Chapters,  all 
the  points  lie  in  one  plane;  and  therefore  the  curves  are  called 
plane  curves.  This  property  however  does  not  hold  good  for  all 
curves  in  space ;  although  every  three  consecutive  points  must 
be  in  one  plane,  yet  the  fourth  may  be  out  of  it ;  or  in  other 
words,  every  two  consecutive  tangents  are  in  the  same  plane, 
bftt  the  n^ct  consecutive  tangent  is  in  general  in  a  different 
one ;  our  object  is  to  determine  the  equation  to  the  plane  which 
contains  two  consecutive  tangents,  and  which  is  called  the 
osculating  plane,  and  is  defined  as  follows: 

The  osculating  plane  is  the  plane  containing  three  consecu- 
tive points  on  a  curve. 

Let  the  equation  to  the  plane  be 

Af  +  Bi;  +  Cf  =  D,  (8) 

and  let  it  pass  through  the  three  points  on  the  curve  {s,  y,  z)^ 

(x-^dxyy-^dy.z+dz),  (^-f  2dir-f  d*a?,y-f  2rfy-|-rf*y,«  +  2ife+rf»«); 

whence  we  have  ^^+By  +  c;.  =  D,  (9) 

Adx-^Bdy  +  cdz  =i  0^  (10) 

Ad^x+Bdhf+cd*z  =  0;  (11) 

whence,  subtracting  (9)  firom  (8), 

A(f-a?)-hB(i;-y)  +  c(C-«)  =  0;  (12) 

and  from  (10)  and  (11)  we  have, 
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A __    B __  c ^       ,^g. 

dydH-dzd^y  ""  dzd^x-dxdH       dxd^-dyd^x' 

whence,  dividing  (12)  by  the  several  terms  of  equality  (13),  we 

have 

{dydh-dzd^y)  (('^x)-\~{dzd^a;-dxdh)  (rt-y) 

^{dwdhf^dyd^x)  iC-z)  =  0;       (14) 
which  is  the  equation  to  the  osculating  plane. 

844.]  The  method  by  which  we  have  deduced  this  equation 
is  the  same  as  if  we  had  defined  the  osculating  plane  to  be  that 
in  which  two  consecutive  tangents  lie,  as  will  be  apparent  from 
what  follows. 

Let  the  equation  to  the  plane  passing  through  (x,  y,  z)  be 

A(f-a?)+B(77-y)+c(C-«)  =  0; 

and  since  it  is  to  be  that  in  which  two  consecutive  tangents  lie, 
whose  direction  cosines  are  respectively 

dx      dy      dz      dx-^d^x      dy  +  d^y      dz  +  d!^z  ^ 
di'     Ts'    Ts'    dsJtd'^s'     ds-^d^s'     ds  +  d^s' 

we  have  the  conditions 

Adx-^-Bdy  -]-cdz  =  0, 

A(£fcp  +  d^x)  +  B(dy  +  rf2y)  -f  c(d8;  -f  rf««)  =  0 ; 

whence,  by  subtraction, 

Ad^x  +  Bdhf  +  cd*z  =  0; 

which  two  relations  between  a,  b,  c  are  the  same  as  those  above 
marked  (10)  and  (11),  whence  equality  (13)  follows,  and  there- 
fore the  equation  to  the  osculating  plane  is  the  same. 

345]  It  is  manifest  from  (7)  that  all  straight  lines  passing 
through  a  point  of  contact,  and  perpendicular  to  the  tangent 
line,  lie  in  the  normal  plane ;  two  of  these  normal  lines  have 
peculiar  properties  in  relation  to  the  osculating  plane,  viz.  that 
which  is  perpendicular  to  it,  and  that  which  lies  in  it,  and  is 
therefore  the  line  of  intersection  of  it  by  the  normal  plane. 
The  latter  is  called  the  principal  normal,  and  the  former  has 
the  distinctive  name  of  binormal^  being,  as  it  is,  perpendicular 
to  two  consecutive  elements  of  the  curve,  while  all  other  normals 
are  perpendicular  to  only  one. 
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To  find  the  equations  to  the  binormal. 
Let  l,m,nhe  its  direction-angles ;  then,  as  it  is  perpendicular 
to  the  oscukkting  plane, 

cos  /  cos  m  cos  n 


dyd^  —  dzd^y       dzd^x—dxdH       dxdhf^dyd^x 

1 


{(dydH''dzdhif-^{dzd^x^dxdHf'\-{dxdh/-dyd^xf}^ 

The  denominator  of  which  last  expression  may  be  modified  as 
follows : 

(dy  d^Z'-dzdh/)^^{dz  d^x-dxdH)^  +  {dx  dh/-dy  d*x)* 

=  idx^-{-dy^'hdz^){{d^x)^-{-{dhf)^  +  (dh)^ 
-  {dx  d^x  4-  rfy  rf«y  +  dS»  d^z)^ ;     (16) 
but  smce  A »  =  rfar'  +  dy^  +  cfo^  (1 7) 

.-.     d8d*$  =  dxd^X'\-dydhf-^dzdH;  (18) 

and  therefore  the  right-hand  member  of  (16)  becomes 

AM(rf'«^)'+(rfV)*+(^'^)'-(rfV} ;  (19) 

and  if  «  is  equicrescent, 

rf*«  { (rf«;p)» + (rfV)' + (rf  V} ;  (20) 

whence  the  equations  of  the  binormal  are 

f-^^  =  ^-y  ^  <^^^  .       (21) 

dydH—dzdhf       dzd^x—dxd^z       dxd^y—dyd*x 

846.]  To  find  the  equations  to  the  principal  normal. 
Let  its  equations  be 

tll^nizy^tll,  (22) 

L  M  N 

then,  by  reason  of  its  being  perpendicular  to  the  tangent  line, 
and  of  its  lying  in  the  osculating  plane,  we  have 

hdx-^udy-\-vdz=  0,  (23) 

i.idydH-^dzdh/)  +  u{dzd^x-dxd*z)  +  vidxdhf-dyd^x)=0;  (24) 

whence  we  have 

L 


;(15) 


(25) 

or. 


dy  (dxdhf-'dyd^x)  —  dz  (dzd*x—dxdh) 
h 


dx(dxd^x-{-dyd*y-j-dzd*z)-'d*x{da^  +  dy^-^ds?)  ""  ' 

and  smce  ds^  =  da^-i-dy^-j-ds?,  (26) 

dsd^s  —  dxd^x  +  dyd^-^dzd%  (27) 
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dxdsdU-'dt^d^x 


o'.  -^=-T^  =  -4r-J  (as) 


(29) 


-Q    '(S)    O 

and  therefore  the  equations  to  the  principal  normal  are 

and  if  «  is  equicrescent, 

i-x       rf-y        ("Z 


(30) 


d^x  d^y  d^z 

Therefore^  if  X,  fA^  v  are  the  direction-angles  of  the  principal 
normal^  we  have 

cos  A  cosfA  cosy  ds 


d(^)      d(^]      d(-)      {(^•^)'  +  (rf«y)»+ (rf»^)»-  (rf»*)*}* 
^ds^  \ds'  ^ds' 

as  will  be  found  on  reduction. 


,(31) 


347.]  Examples  on  the  preceding. 

Ex.  1.    The  curve  formed  by  the  intersection  of  an  eUipsoid 
by  a  central  plane. 

^2  +  If  +  ^  =  1'  ^^+»y+c^  =  0; 

•^dx-^^dy-^  -^dz  =  0,  Adr-|-Bdy  +  c<fe  =  0; 

a"  0*  c 

dx  dy  dz 


y  z  z  X  X  y 

c^-»7?        ^^-c^        ""^"^ft* 

therefore  the  equations  to  the  tangent  line  are 

y  z  z  X  X  y  ' 

C-^-B^I  ^7?-C^  8^-^42 

and  the  equation  to  the  normal  plane  is 
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Ex.  2.    The  helix ;  see  fig.  125. 

Let  OA  =  OB  =r  a  be  the  radius  of  the  base-cylinder  of  the 
helix,  and  ^  =  aon  be  the  angle  between  the  plane  of  wz 
and  the  radius  of  the  cylinder  drawn  to  the  point  {x^  y,  z),  and 
whose  projection  on  the  plane  of  wy  i&  on  ;  and  let  om  =  x^ 
MN  =  ^,  NP  =  2;;  and  let  k  be  the  tangent  of  the  angle  at  which 
the  thread  of  the  helix  is  inclined  to  the  plane  of  xy ;  so  that 
NP  =  A:  X  the  arc  an  ;  whereby  the  equations  to  the  curve  are 
or  =  a  cos  ip^        y  =  a  sin  <^,        z  =:  ka<l> ;  (32) 

.*.    d!^  =  —  asin<^6{^,       dy  =  a  cos  (l>d<t>,     dz  =  ka€hp^\ 
d*x  =  —  a  cos  0  rf^*,    d^y  =  --  a  sin  ^  rf<^,     d^z 

the  differentiations  being  performed  on  the  supposition  that  ^ 
is  equicrescent ;  therefore  the  equations  to  the  tangent  are 

f-^      =     ^-y     =  til  (84) 

—  a  sin  <^        a  cos  <^  ka   ' 

The  equation  to  the  normal  plane  is 

—  a  (f —a?)  sin  <^  +  a  (t?— y)  cos  <^  +  *a  (f— «)  =  0, 

rix-(y-j-ka(C-z)  =  0;  (85) 

when  f=i;  =  0,  f=«;  the  normal  plane  therefore  cuts  the 
axis  of  2;  at  a  distance  from  the  origin,  equal  to  the  z  of  the 
helix  at  which  it  is  drawn. 

Also  ds^  =  dx^  +  dy^-j-dz^, 

=  (l  +  *»)a»d<^;  (86) 

therefore  if  A,  /J^  1^  are  the  direction-angles  of  the  tangent 
dx         —  sin<^ 


cos  A  = 


ds        {!  +  *»}*' 


dy  cosd) 

COSfi  =  -5^  =  ^,   >. 

ds        {lH-Jt»}*     [ 

dz  k 

cos  V  = 


(37) 


ds        {I4.**}*   J 

The  tangent  therefore  is  always  inclined  at  the  same  angle  to 
the  axis  of  z. 

Hence  also  the  equation  to  the  osculating  plane  is 
*a>sin</>(f— a?)-*a»cos</>(>/-y)-fa»(f-«)  =  0, 
or  k  (iy-7ix)  +  a  (C-z)  =  0.  (88) 

Also  from  (87)  and  (86),  taking  «  to  be  equicrescent, 

3  u  a 
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5?"    (l  +  *i)irf#  "  ""a(l+**)' 

therefore  the  direction-cosiiieB  of  the  principal  normal  are,  by 
reason  of  (81),  cos^,  sin^^  and  0.  The  principal  normal  is 
therefore  perpendicular  to  the  axis  of  z^  and  coincident  with 
the  radius  of  the  base^^linder  drawn  to  the  point  {x^  y^  z). 

848.]  In  connexion  with  the  subject  of  the  osculating  plane^  it 
is  convenient  to  determine  the  analytical  ccmdition,  that  a  curve 
in  space  may  be  wholly  in  one  plane;  or  in  other  words,  that 
every  four  consecutive  points  on  the  curve  may  be  in  one  plane. 

Let  the  equation  to  the  plane  be  Ax-^sy  -\-cz  =  n ;  then 

Arf«^+BrfV  +  crf*«  =  0,   I  (40) 

A  dflx  +  B  rf'y  -f  c  rf'«  =  0 ;  J 
whence  by  cross-multiplication, 
dx(<PyiPz-d*zd^y)  +  dy^dHd^x—d^xdH)  +  dz(d^xd^^d^d^x)  =  0;  (41) 
which  condition  becomes,  if  ;;  is  taken  to  be  an  equicrescent 
variable,  d^x  d^^  ^  d^y  d^  ^ 

d^  dz^      di^dz^^^'  ^^^ 

the  geometrical  meaning  of  which  condition  will  be  explained 
hereafter. 

849.]  Of  lines  which  can  be  drawn  on  a  surface,  and  which 
are  therefore  generally  curves  of  double  curvature,  two  classes 
require  notice  in  this  place ;  although  they  will  be  discussed  at 
greater  length  in  future  parts  of  our  Treatise ;  and  when  we 
have  more  means  at  our  command. 

The  first  are  geodesic  lines,  or  geodesies  as  they  are  often 

called ;  they  are  those  lines  on  a  surface  at  all  points  of  which 

the  principal  normal  is  coincident  with  the  normal  to  the 

sur£EUBe.    And  therefore  their  differential  equations  are 

.  dx        J  dy         ,  dz 

'  ds  '  ds  '  ds 


dt      dt      rfp\  ^^^ 

\dxi         \^/         ydz' 
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Hereafter  it  will  be  seen  that  they  are  the  shortest  or  the  longest 
lines  which  can  be  drawn  from  one  point  on  a  surface  to  an- 
other. And  as  they  are  manifestly  of  great  importance^  from 
this  point  of  view,  in  geodesy^  so  have  they  therefrom  derived 
their  name. 

The  second  lines  are  lines  of  greatest  slope,  {lignes  de  pha 
grande  pente  of  M.  Monge) ;  that  is,  if  a  suriace  is  referred  to 
three  coordinate  planes,  one  of  which^  say  that  of  wy,  is 
horizontal,  the  line  of  greatest  slope  starting  from  a  given  point 
on  the  surface  is  that  curve  each  element  of  which  makes  with 
the  plane  of  xy  s,  greater  angle  than  any  other  element  on  the 
surface  abutting  at  the  same  point:  and  thus^  since  all  the 
tangent  lines  at  any  point  of  a  surface  lie  in  the  tangent  plane 
at  that  point,  that  line  which  is  perpendicular  to  the  intersec- 
tion of  the  tangent  plane  with  the  plane  of  wy  makes  the  greatest 
angle  with  the  plane  of  ipy,  and  is  therefore  the  line  of  greatest 
slope. 

Let  F  (w,  y,z)  =:iO  be  the  equation  to  the  surface ;  then  the 
equation  to  the  tangent  plane  is 

„_„(g)^„-,)(g)  +  ,f-„(g)  =  0;        (44, 

the  intersection  of  this  with  the  plane  of  ay  is  the  line 

and  if  da?,  dy^  dz  are  the  projections  on  the  axes  of  an  element, 
common  to  both  the  surface  and  the  line  of  greatest  slope,  then 
as  the  projection  of  this  on  the  plane  of  xy  is  perpendicular  to 
(45)  we  have  .  , 

and  this  differential  equation  combined  with  the  equation  to  the 
surface  will  give  the  equations  to  the  line  of  greatest  slope. 
Let  the  surface  be  a  sphere  of  radius  a ;  then 

F(^>y»«)  =  ^*+y*+^^— fl^  =  0; 

80  that  (46)  becomes      xdy—ydw  =  0 ; 

X       c 

if  the  initial  values  of  x  and  ^  are  c  and  b ;  that  is,  the  line  of 
greatest  slope  is  a  meridianal  arc. 
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CHAPTER  XVI. 

THE  GENERAL  AND  PARTIAL -DIFFERENTIAL  EQUATIONS  OF 
SURFACES,  GENERATED  BY  LINES  MOVING  ACCORDING  TO 
GIVEN   LAWS. 

850.]*  In  the  present  Chapter  I  propose  to  consider  a  few 
simple  properties  of  surfiaces,  which  are  generated  by  straight 
lines  and  circles  moving  according  to  given  laws ;  which  Unes, 
as  they  produce  the  surface^  are  called  geMraiorn.  The  general 
theory  is  as  follows : 

Suppose  that  we  have  two  equations  involving  or,  y^  z  and  two 
constants  Ci  and  c^^  and  that  they  are  of  the  forms, 

Fi  {X,  y,  z)  =  ci,        Fa  {x,  y,  z)  —  c^i  (1) 

each  of  which  represents  a  surface ;  and  they,  when  taken  con- 
jointly, represent  the  line  of  intersection  of  the  two  surfaces. 
But  if  Ci  and  c^  are  variable  parameters^  and  dependent  on  each 
other  by  means  of  another  equation, 

/(ci,  ca)  =  0,  (2) 

then,  as  Ci  and  c%  vary,  the  line  of  intersection  of  the  two  sur- 
faces (1)  varies,  and  by  a  continuous  variation  generates  a 
surface,  the  equation  of  such  a  surface  being  found  by  the 
substitution  of  (1)  in  (2),  whereby  we  have 

/(Pi,  Y^)  =  0.  (8) 

The  form  however  which  such  problems  actually  assume  is 
generally  somewhat  different :  a  geometrical  condition  is  given 
which  is  equivalent  to  the  equation  (2) ;  thus,  for  instance,  the 
generator  may  be  a  straight  line  which  is  to  pass  through  a  given 
curve,  and  move  parallel  to  itself,  or  be  parallel  to  a  given  plane 
and  pass  through  two  given  lines,  in  which  cases  the  curves 
through  which  the  generator  passes  are  called  directors.  The 
process  of  elimination  is  as  follows : 

*  To  those  who  desire  further  information  on  subjects  connected  with  the 
discussions  of  the  present  Chapter  I  must  recommend  "Application  d' Analyse 
a  la  Geom^trie,  par  G.  Monge ;  5°^^  edition,  par  M.  Liouville,  Paiis,  1850." 
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Let  (1)  be  the  equations  to  the  generator  involving  two  inde- 
pendent variable  parameters,  Ci  and  C2 ;  and  let  the  equations 
to  the  director  be, 

♦i(j?,y,^)  =  0,  ♦a(^,y,«)  =  0;  (4) 

then,  as  the  generator  is  to  pass  through  the  director,  Xy  y,  z 
are  at  that  common  point  the  same  in  (1)  and  (4) ;  eliminating 
therefore  x,  y,  Zy  which  refer  to  that  common  point,  between 
these  four  equations,  there  will  result  a  relation  between  c^  and 
c%  of  the  same  form  as  (2),  in  which  they  must  be  replaced  by 
their  values  in  (1),  and  the  resulting  equation  between  x,  y,  z 
is  that  to  the  surface. 

Again,  the  condition  to  which  the  generator  is  subject  fre- 
quently is  that  it  should  circumscribe  a  given  surface:  the 
generator  therefore  must  touch  the  given  surface  at  their  com- 
mon point.     Let  the  equation  to  the  surface  which  is  to  be 

circumscribed  be  ^  .*.. 

tt  =  0;  (5) 

the  direction-cosines  of  its  normal  at  any  point  are  proportional 

(£)•  (!)■  0-- 

and  the  direction-cosines  of  the  tangent  of  the  generator  are, 
Art.  841,  equation  (6),  proportional  to 

/rfPi\  /rfPa\  _  /dvi\  /rfFgX 
\dyf\dzJ      \dzf\dyr 

^dxf\dyf      \dy  f^dx>  \ 

which  we  will  symbolize  respectively  by  p,  Q,  a ;  and  as  these 
lines  are  to  be  perpendicular  to  each  other  at  the  point  of  con- 
tact, so  that  the  generator  may  touch  the  director-surface,  we 
have  the  condition 

at  their  common  points,  which  is  the  equation  to  the  curve 
of  contact ;  and  its  intersection  with  (5)  gives  us  a  director 
through  which  the  generator  is  to  pass.  Between  therefore 
(1),  (5)  and  (8),  we  may  eliminate  the  coordinates  which  refer 
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to  their  common  points  of  contact^  and  get  a  relation  between 
Ci  and  c^  for  which  we  may  substitute  the  general  values  of 
the  coordinates  given  by  (1).  I  propose  now  to  consider  those 
properties  of  the  surfaces  thus  generated  which  the  Differential 
Calculus  enables  us  to  elucidate. 


Section  1. — On  surfaces  generated  by  the  motion  of  straight 

lines. 

85 1.]  Surfaces  generated  by  the  motion  of  straight  lines  are 
generally  termed  ruled  surfaces  (surfaces  riglies)^  and  of  them 
there  are  two  distinct  classes:  according  as  two  consecutive 
generating  lines  do  or  do  not  intersect  each  other;  or  in  other 
wordsj  according  as  two  consecutive  generators  are  in  the  same 
or  in  different  planes.  Surfaces  of  the  former  class  are  termed 
developable,  and  those  of  the  latter  skew  surfaces  {surfaces 
gauches.). 

The  equations  to  a  straight  line  being 
jv-x'  _y-y'  _  z-sf 

six  constants  are  apparently  involved;  of  which  however  only 
four  are  indeterminate,  because  the  equations  can  be  put  into 
the  forms  ^       «^  .  ^   n 

y  =  fiz  +  b;) 
and  of  these  four  variable  parameters,  two  fix  the  direction  of 
the  line  and  two  fix  its  position.  To  eliminate  these  and  to 
find  the  equation  to  the  surfisu^^  five  conditions  are  required, 
two  of  which  are  of  necessity  the  equations  (10)  of  the  gene- 
rator, and  the  other  three  are  indeterminate,  and  may  be  given 
by  means  of  the  equations  of  three  directors.  Hence  no  ruled 
surface  can  in  general  have  more  than  three  directors ;  and  to 
determine  the  surface  from  the  equations  to  the  generator,  such 
conditions^  or  others  equivalent  to  them  in  number,  must  be 
given.  In  general  the  directors  may  be  such  that  two  con- 
secutive generators  do  not  intersect,  in  which  case  the  surface 
generated  is  skew;  when  however  two  successive  generators 
intersect,  the  analytical  condition  of  this  being  the  case  satis- 
fies one  of  the  relations  which  are  required  amongst  the  para- 
meters, and  leaves  only  two  to  be  satisfied  by  the  equations  of 


Digitized  by 


Google 


353-]  THE  GENERATION  OF  SURFACES.  521 

the  fixed  directors.     Developable  surfaces  cannot  therefore  in 
general  have  more  than  two  directors. 

852.]  On  developable  surfaces. 

Since  in  developable  surfaces  every  generating  line  and  its 
consecutive  line  are  in  the  same  plane,  this  plane  is  the  tangent 
plane  to  the  surface  at  every  point  along  the  first  line :  for  con* 
sider  any  point  on  the  first  generating  line;  the  tangent  plane 
at  that  point  passes  through  the  next  consecutive  point  on  the 
line,  and  therefore  contains  the  line ;  and  as  the  tangent  plane 
also  passes  through  an  indefinite  number  of  points  infinitesi- 
mally  near  to  the  point  at  which  it  is  drawn,  it  also  passes 
through  a  point  on  the  consecutive  generating  line ;  and  this 
line  is  in  the  same  plane  with  the  first  generating  line ;  there- 
fore the  tangent  plane  which  contains  the  first  line  also  con- 
tains this  latter  line;  the  tangent  plane  therefore  touches  the 
surface  along  the  whole  length  of  the  generating  line.  Hence 
also  we  have  the  following  property  of  such  surfaces : 

Let  any  number  of  generating  lines  be  represented  by  Oi, 

G],  Os, ;  then  the  surface  is  made  up  of  the  infinitesimal 

plane  areas  contained  between  Oi  and  G2,  between  02  and  Os, 

Now  the  plane  area  lying  between  Oi  and  Og  may  be  brought 
into  the  same  plane  with  that  lying  between  02  and  Og,  by  being 
turned  through  a  small  angle  about  g^  ;  and  similarly^  by  turn- 
ing this  last  area  about  Oz,  may  all  the  areas  between  Oi  and  Os 
be  brought  into  the  same  plane  without  any  discontinuity.  Let 
these  operations  be  performed  for  all  the  elements^  then  all  will 
be  brought  into  the  same  plane ;  and  if  we  suppose  any  thin 
flexible  and  inextensible  film  to  be  laid  on  such  a  surface,  it  . 
will  be  unfolded  into  a  plane  without  tearing,  rumpling,  or 
doubling.  For  this  reason  such  surfaces  have  obtained  the 
expressive  title  of  Developable  Surfaces. 

If  all  the  generating  lines  of  such  surfaces  meet  in  one  point 
the  surface  is  called  conical^  and  the  point  is  called  the  vertex 
of  the  cone ;  and  if  that  point  is  at  an  infinite  distance,  so  that 
all  the  generators  are  parallel,  the  surface  is  called  cylindrical. 
Of  these  surfaces  also  independent  definitions  are  given  in  the 
following  Articles. 

858.]  On  conical  surfaces. 

A  conical  surface  is  generated  by  a  straight  line  which  passes 
through  a  given  point,  and  through  a  given  director  curve. 
PBiCE,  VOL.  I.  3  X 
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Let  a,  b,  c  be  the  coordinates  to  the  giTen  point,  which  is 
the  vertex  of  the  cone;  then  the  equations  to  the  generating 

L  M  N 

in  which  a,  b,  c  are  constant ;  and  l^  m  n,  which  are  constant 
for  any  one  position  of  the  generator,  vary  as  the  generator 
passes  from  one  position  to  another. 
Let  the  equations  to  the  director  be 

Fi  (y,  y',  /)  =  0,         Pa  {x\  y',  /)  =  0 ;  (12) 

and  therefore,  as  the  generator  has  to  pass  through  {afj  y%  /), 
its  equations  become^ 

a?  — a       y  —  b       z  —  c 


(13) 


(14) 


a/— a       y'  — A       s^—c^ 

whence  j?'—  a  = (^--  c), 

z  —  c 

between  which  equations  and  (12),  eliminating  x\y\z\  we  have 
a  fimction  of  the  form^ 

^Z  —  C     z  —  c' 

which  is  the  general  functional  equation  of  conical  surfaces. 

Equation  (15)  may  also  be  written  in  the  explicit  form 

-fV" — );  (15) 

and  may  also  be  put  into  the  symmetrical  form, 

/y— A    z  —  c    x—a\       ^  .  ,^^ 

p  1^^^ >  ,  t)  =  0.  (16) 

If  the  origin  is  taken  at  the  vertex  of  the  cone,  a  =  &  =  c  ==  0, 
and  the  last  three  equations  severally  become 

which  are  homogeneous  functions  of  0  dimensions;  such  func- 
tions therefore  represent  conical  surfaces. 
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Two  particular  forms  which  the  director  takes  require  notice, 
firstly,  if  the  director  is  a  curve  in  the  plane  of  xy^  let  na 
suppose  its  equation  to  be 

I'  (a?o,  yo)  =  0 ; 

but  from  (14),     aro  =  -— — -  ,      yo  =     ^     /  J 
z — c  z — c 

80  that  the  equation  to  the  conical  surface  is 

^    Z  —  C  Z  —  C    ' 

Again^  suppose  the  cone  to  be  circumscribed  about  a  given 
surface;  then  each  generating  line  touches  the  surface;  and  if 
the  equation  to  the  surface  is  r  {x'y  y\  J)  =  0,  we  have 

and  this  and  the  equation  to  the  surface  are  the  equations  to 
the  director  curve  of  the  conical  surface. 

Equation  (17)  is  that  of  the  first  polar  of  the  sur£Etce  with 
reference  to  (a,  h^  0)  the  pole,  and  gives  the  line  of  contact  of  all 
the  generating  lines  of  the  cone  with  the  surface.  So  if  an  eye 
is  placed  at  the  point  (a^  ft,  c),  the  visible  part  of  the  surface  is 
separated  from  the  unseen  part  by  this  line  of  contact.  In 
surfaces  of  the  second  order  the  line  of  contact  is  a  plane  curve. 

854.]  Equations  (15)  and  (16)  are  the  general  equations  to  all 
conical  surfaces.  They  contain  an  undetermined  functional 
symbol  because  the  director  curve  is  undetermined;  and  the 
variables  enter  under  the  functional  symbol  in  a  particular 
combination.  Now  that  function  may  be  continuous  or  discon- 
tinuous. If  it  is  continuous,  partial  derived  functions  may  be 
founds  and  by  means  of  them,  as  in  Article  53^  the  functional 
symbol  may  be  eliminated^  and  a  differential  expression  will 
arise,  which  gives  a  general  property  of  all  conical  surfaces. 
Thus,  from  (15)  we  have,  see  Art.  53,  Ex.  2, 

and  from  (16)^  see  Art.  53^ 


),  see  Art.  53, 
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which  is  indeed  identical  with  the  preceding,  as  the  theory  of 
Art.  50  shews.  Now  the  geometrical  property  which  this  equa^ 
tion  expresses  is  this :  all  tangent  planes  of  a  conical  surfaoe 
pass  through  the  vertex  of  the  cone,  and  also  contain  a  gene- 
rating line  of  the  cone.  Sometimes  this  geometrical  property  is 
assumed  to  be  (see  Monge,  Application  de  TAnalyse  &c.)  the 
defining  property  of  conical  surfaces ;  in  which  case  the  mathe- 
matical translation  is  the  preceding  differential  equation  (19),  and 
from  it  by  integration  the  integiral  equation  of  the  surfiice  is 
found.    This  question  is  considered  in  Vol.  II  of  our  treatise. 

355.]  Examples  of  conical  surfaces. 

Ex.1.    To  find  the  equation  to  a  cone  whose  director  is  a 
circle  in  the  plane  of  a^. 
Let  the  equations  to  the  circle  and  to  the  generator  be 

iro»  +  yo*  =  **,  (20) 

and  __  =  ?!_  =  __;  (21) 

therefore,  when  ;8  =  0,      Xq  —  a c,  yo  =  * c; 

squaring  and  adding  which,  by  means  of  (20),  and  replacing  the 
variable  parameters  by  their  values  &om  (21),  we  have 

{ex  —  azf  -f  {cy  —  bz)^  =  k^iz  —  c)* ; 

which  is  the  general  equation  to  a  cone  of  which  the  director  is 
a  circle  in  the  plane  of  xy. 

If  the  line  joining  the  centre  of  the  circular  director  and  the 
vertex  is  at  right  angles  to  the  circle,  the  cone  is  called  right ; 
in  which  case  a  =  £  =  0,  and  the  equation  is 

k 

where  -  is  the  tangent  of  the  semi-vertical-angle. 

Ex.  2.  To  find  the  equation  to  a  cone  circumscribing  a  given 
ellipsoid. 

Let  the  vertex  of  the  cone  be  (xq,  yo,  zq),  and  the  equation  to 
the  ellipsoid  be  ^^         «       ^^ 

^  +  ff  +  73  =  l.  (22) 

Let  the  equations  to  the  generator  be 
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L  M  N       ' 

and  as  the  generators  are  to  touch  the  ellipsoid^  their  equations 
take  the  form, 

i— ^   =r    .^LJL    =    i_^  ;  (28) 

and  as  the  points  ((,  ri,  O9  (^(h  Vch  ^0)  are  in  the  tangent  plane  to 


theeUipsoid,  ^^     ^y      ^^ 


whence,  operating  on  the  equality  (28),  and  reducing  by  means 
of  (22),  (24)  and  (25),  we  have 

f^o       Wo       C^       , 
f-j?  ly-y        f-«  a»    "^    A'   "^    c^ 


So—a        Va—y       Zo—z        Xj?    ,    yo»    ,    ^tq^       I* 


a»  ^   ft*  ^   c» 
o.   +   J.   +    c» 


(26) 


which  is  the  equation  to  the  circumscribing  cone. 

As  («,  y,  2;)  is  the  point  on  the  ellipsoid  common  to  it  and  to 
the  cone,  (25)  is  the  equation  to  the  plane  of  contact ;  and  it, 
and  equation  (22),  are  those  to  the  director- curve. 

Ex.  8.  As  another  example  let  us  investigate  the  relations 
between  the  coefficients  of  the  equation  of  the  second  degree 
when  it  represents  a  cone.  The  equations  to  all  conical  sur- 
faces are  subject  to  the  condition  (19).  Let  the  general  equa- 
tion of  the  second  degree  be 

A^r^-f  By'  +  c;2?*  +  2Aiy;?4-2Bi«a7  +  2ciJ?y 

+  2AaJr+'2B2y  +  2ca«  +  K  =  0; 

.-.     (g)  =  2(Aa7  +  Ciy  +  B,^-hA,),      (g)=...,     0=...; 
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So  that  (19)  becomes^  after  redaction^ 

(aA  +  *Ci  +  CBi4-A,)a?  +  (aci  +  *B  +  CAi  +  Ba)y 

+  (aBi-|-iAi+cc  +  Ca)«  +  aAa  +  AB,  +  cc,  +  K  =  0; 

and  as  this  relation  is  true  independently  of  «,  y,  z,  the  coeffi- 
cients of  the  several  terms  must  be  equal  to  zero :  whence  we 

havfi 

Aa-f  C16  +  B1C+A,  =  0, 

Cia  +  B^  +  AiC  +  Bs  =  0, 

Bia+Ai6  +  cc+Cs  =  0, 

Aga-l-Btft  +  CsC  +  K  =  0. 

Of  these  four  conditions  the  first  three  shew  that  the  surface 
has  a  centre,  and  that  the  vertex  of  the  cone,  viz.  the  point 
(a,  by  c),  is  at  the  centre ;  and  from  them  the  coordinates  of  the 
centre  may  be  determined.  And  the  last  shews  that  in  the 
transformation  of  the  equation  to  the  centre  as  origin  the  con- 
stant term  disappears.  Thus  the  equation  to  the  surface  be- 
comes after  transformation  a  homogeneous  equation  of  two 
dimensions  in  terms  of  x,  y,  z. 

356.]  To  find  the  equation  to  cylindrical  surfaces. 

A  cylindrical  surface  is  generated  by  a  straight  line  which 
moves  parallel  to  itself^  and  always  passes  through  a  given 
director  curve. 

Let  w,  yy  z  be  the  current  coordinates  to  the  surface ;  y,  y',  J 
the  coordinates  to  a  point  on  the  director ;  l,  m,  n  proportional 
to  the  direction  cosines  of  the  generating  line ;  then  the  equa- 
tions to  the  generating  line  are 

X — x'       v— v'       z  —  7I 

-ir  =  ^  =  — •  (^) 

Let  the  equations  to  the  director  be 

Fi  (x',  yf,  /)  =  0,        Fi  (a/,  y', «')  =  0 ;  (29) 

from  (28)  we  have 

y  =  J?  -  i-  («-«'),  y'  =  y  -  ^  («-«')  ;  (30) 

N  N 

from  which  four  equations  eliminating  x\  y\  2^,  we  have  a  result 
of  the  form  p(n^-l^,  Ny-M;^)  =  0,  (81) 

which  is  the  general  equation  to  cylindrical  surfaces. 
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Equation  (31)  may  also  be  put  in  the  form 

ar-/2r=:/(y-»i2r),  (32) 

which  is  the  explicit  form  of  the  general  equation  to  cylindrical 
surfaces. 
Also  (31)  may  be  written  in  the  following  form, 

p(Ny— M«,  JjZ—sx,  Ma?--Ly)  =  0.  (38) 

Two  particular  cases  require  notice.  Firstly,  let  the  director 
be  a  plane  curve  in  the  plane  xy,  and  let  its  equation  be 

^0  =  /(yo) ;  (34) 

then,  firom  (28), 

aro  =  ^-— «  =  ar-/«,  yo  =  y— —  z  =  y-mz;     (35) 

and  if  these  are  substituted  in  (34),  we  have 
ar  — /z  ==/(y  — m^r). 

Again,  let  us  suppose  the  cylinder  to  circumscribe  a  surface 
whose  equation  is  Fi(^,  t/^sf)  =  0;  then,  as  the  generator  is  to 
be  perpendicular  to  the  normal  at  the  point  of  contact, 

firom  which,  the  equation  to  the  surface,  and  the  equations  to 
the  generators,  a/,  y\  /  are  to  be  eliminated ;  and  the  resulting 
equation  in  terms  of  a?,  y,  z  is  that  to  the  cylindrical  surface. 

857.]  Now  (32)  and  (83)  are  the  general  equations  to  aU 
cylindrical  surfaces.  They  contain  an  undetermined  functional 
symbol,  under  which  the  coordinates  enter  as  subject-variables 
in  a  particular  combination,  and  which  is  itself  determined  when 
the  law  of  the  director  curve  is  given :  but  whatever  that  law 
is,  the  general  form  of  the  function  in  reference  to  the  subject- 
variables  is  the  same.  These  forms  also  hold  good,  whether  the 
function  is  continuous  or  discontinuous.  If  the  function  is  con- 
tinuous, two  partial  derived  functions,  say  the  z  and  x,  and  the 
z  and  y,  may  be  formed  from  (32),  and  the  undetermined  func- 
tion may  be  eliminated ;  whereby  we  shall  have 

'©+»(g)=>-       (»') 

Or  we  may  operate  on  (38)  as  in  Article  58,  and  we  shaU  have 
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which  is  in  fact  identical  with  (87) ;  see  Art.  50.  Now  these 
equations  express  properties  which  are  true  of  all  cylindrical 
surfaces  whose  directors  are  continuous  curves ;  and  what  is  the 
geometrical  interpretation  of  them  ?  Let  us  take  (38) ;  l,  m,  n 
are  proportional  to  the  direction-cosines  of  the  generating  line, 
and  the  partial  derived  functions  are  proportional  to  the  direc- 
tion-cosines of  the  normal  at  (x,  y,  z) :  and  (38)  shews  that  these 
lines  are  perpendicular  to  each  other :  or,  in  other  words,  the 
tangent  plane  at  every  point  contains  the  generating  line  of  the 
cylinder  which  passes  through  that  point. 

358.]  Examples  of  cylindrical  surfieuses. 
Ex.  1.  To  find  the  equation  to  the  cylinder  whose  director  is 
the  ellipse,  ,  , 

If  ve  substitute  for  Xo  and  yo  from  (35),  we  have 

which  is  the  general  equation  to  an  oblique  elliptical  cylinder. 
If  the  generator  ib  perpendicular  to  the  plane  of  ay,  the  cylinder 
is  called  right ;  and  as  in  that  case  l  =  0,  m  =  0^  the  equation  is 

^  +  1^  =  1 

Hence  the  equation  to  an  oblique  circular  cylinder  is 

(Na?  —  hz)^  +  (Ny  —  M^)"  =  N>  aK  (41) 

Ex.  2.    To  find  the  equation  to  a  cylinder  circumscribing  a 
given  ellipsoid. 

Let  the  equations  to  the  generator  and  to  the  ellipsoid  be 

X^       t/'       z* 

"»'*  ^  +  h  +  ^  =  ^-  ^«) 

Now  as  (42)  is  to  touch  (48),  the  point  {(,  17,  ()  is  in  the  tan- 
gent plane  of  (43) ;  and  therefore  we  have 

a»  "^  *«  "*■  c«  "  ^  ' 
whence,  operating  on  the  members  of  the  equality  (42), 
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t-x  _  n-y  _  Cz:±  _  ii»  ^  &»  ^  c» 

L       ""       M        ~       N        ""        L(        M?7        Nf 


U«  ^  *«  ^  c*      M 


U*  "^  *»  "^  cM 

'  '     Va»  "^  4«  ■*"■?/■"  V^  "^  *»  "^  ■?/  V^  "^  42  +  ^3      V 

From  this  equation  it  appears  that  if  ((,  ?;,  0  is  a  point  on 
the  cylindrical  surface  which  is  also  on  the  ellipsoid^  then 

^  +  ^  +  i!--l  ==0,    and    therefore   ^  +  ^  +  ^  =  0; 

which  is  the  eqnation  to  a  central  plane  section  of  the  ellipsoid ; 
and  is  the  polar  plane  of  a  pole  on  the  line  (42)  at  an  infinite 
distance. 

Ex.  8.  To  determine  the  conditions  that  the  general  equation 
of  the  second  degree  of  three  variables  may  represent  a  cylinder. 

Let  the  general  equation  be 
'(*>y>^)  =  Ajr"+By*+c^-|-2Aiy2r+2Bi;?47+2cia?y 

+  2A,a?+2B2y  +  2ca5r  +  K  =  0;  (44) 

©  =  2(A^  +  Ciy +Bi2r+A,),      (g)  = ,     (g)  = ; 

and  therefore  equation  (88)  becomes 

L(A«  +  Ciy  +  Bi;8r  +  Aj)  +  M(Cia?-fBy  +  Ai;8:  +  B,) 

+  N(Bi«  +  Aiy  +  C2r  +  c,)  =  0; 

and  as  this  condition  is  to  be  satisfied  for  all  values  of  a?,  y,  z, 

we  have  r^ 

AL  +  CiM  -f  BiN  =  0, 

CiL-f  BM  +AiN  ==  0, 

B1L  +  A1M+  CN    =  0, 

A2L  +  BtM+CsN  =  0; 

therefore  from  the  first  three^ 

ABC— AAi*  — BBi"--CCi*  +  2AiBiCi  =  0;  (45) 

and  from  the  first  three  combined  with  the  fourth 

(BC  — Al*)A,4-(CA  — Bi*)B2  +  (AB  — Ci*)C2  =   0; 

pbice^  vol.  1.  3  Y 
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and  taking  the  first  three  two  and  two  together^  we  have 


Ai* 

—  BC 

L 

CCi' 

-AiBi 

L 

BBi 

—  AiCi 

L 

CCx 

-AiBt 

M 

Bi^ 

—  CA 

M 

AAi 

-BiCi 

M 

N 

BBi 

—  CiAi 

N 

AAi 

-CiBi 

N 

Ci« 

—  AB 

N 

(Ai*-BC)*  (Bi^-CA)*  (Ci^-AB)* 

and  substituting  these  values  in  the  last,  we  have 

(Ai*-BC)*A2  -h  (Bi«-CA)*B2  +  (Ci»— AB)*C2  =  0.  (46) 

Now  (45)  is  the  well-known  condition  that  the  first  six  terms 
of  (44)  are  resoluble  into  two  linear  homogeneous  factors ;  and 
(46)  is  the  additional  condition  requisite  that  (44)  should  be 
of  the  form 

(aa?  +  fty4-C2r  +  rf)(«ia?  +  Aiy  +  Ci^  +  di)-*  =  0;        (47) 

and  therefore  (47)  is  the  equation  to  a  cylindrical  surface  of  the 
second  degree.  Now  (47)  may  be  resolved  into  two  factors  of 
the  form  . 

ajff -\- by -^  cz -{- d =  0, 

171 

aiJ?-fAiy-f  Ci-8f-f  rfi  +  mH  =  0, 

where  m  is  an  undetermined  constant :  because  if  m  is  elimi- 
nated, we  obtain  the  equation  (47).  Each  of  these  equations  is 
that  of  a  plane,  and  the  generating  line  is  the  line  of  intersec- 
tion of  them ;  and  the  surface  is  generated  by  the  line  whose 
varying  position  is  due  to  the  variation  of  m.  From  these  two 
equations  it  is  evident  that  the  direction  cosines  of  the  gene- 
rating line  are  proportional  to  4iC  — CiA,  CiU  —  aiC,  Uib^bia; 
and  these  are  proportional  to  l,  m,  n.  Although  at  first  sight 
it  may  appear  that  (47)  is  not  of  the  forms  (31)  or  (33),  yet  it 
will  be  found  that  with  these  values  of  l,  m  and  n  it  satisfies 
(38)^  and  is  therefore  the  equation  of  a  cylindrical  surface. 

The  surface  in  its  most  general  form  represents  an  elliptical 
or  a  hyperbolic  cylinder.  If  however  (46)  is  satisfied  identi- 
cally, so  that  Ai*  =  BC,  Bi*  =  CA,  Ci*  =  AB,  then  (47)  is  the  equa- 
tion to  a  parabolic  cylinder. 
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359.]  On  the  equation  of  developable  surfaces. 

As  any  and  every  two  consecutive  generators  of  a  developable 
surface  intersect,  and  as  these  two^  as  shewn  in  Art.  352^  lie  in 
one  plane^  it  is  convenient  to  consider  such  a  surface  as  formed 
by  the  continual  intersection  of  planes  drawn  according  to  a 
given  law.  Now  the  general  equation  to  a  plane  involves  only 
three  independent  constants^  and  may  be  put  in  the  form^ 
Aa?  +  By +  C;8r  =  1. 

Suppose  each  of  these  constants  to  be  a  function  of  a  variable 
parameter  a,  viz.  let  a  =f(a),  b  =  <^(a),  c  =  \/r(a);  then,  as  a 
continuously  varies,  the  plane  will  have  different  positions^  any 
two  consecutive  ones  of  which  will  intersect  in  a  straight  line ; 
and  will^  as  its  position  varies^  generate  a  developable  surface, 
of  which  the  straight  line  of  intersection  of  two  consecutive 
planes  will  be  the  generator ;  thus  the  equation  to  one  of  the 
planes  will  be 

^/(a)  +  y<^(a)-h;2rV^(a)  =  1.  (48) 

And  if  we  differentiate  it  in  reference  to  a,  we  have 

^/'(a)  +  y  <t!{a)  +  z  Vr'(a)  =  0,  (49) 

which  is  the  equation  to  another  plane ;  and  the  line  of  inter- 
section of  the  two  is  the  generator  of  the  developable  surface. 
From  these  two  eliminating  a,  we  shall  obtain  an  equation  in 
terms  of  x^  y,  z  which  will  be  that  to  the  required  surface : 
but  this  cannot  be  determined  in  the  general  case^  that  is^ 
so  long  as  the  functions  involved  in  (48)  and  (49)  are  unde- 
termined. If  however  we  eliminate  the  functions  by  differen- 
tiation, we  shall  get  a  differential  equation  which  will  give  a 
property  common  to  all  developable  surfaces. 

360.3  ^^  ^^^  ^^^  differential  equation  to  developable  sur- 
faces. 

In  (48)  and  (49),  a  is  a  function  of  x^  y,  z.  Taking  then  the 
partial  differentials  of  (48)^  we  have 

{^/(a)+y<^'(a)  +  ^V^'(o)}  (J)  +/(«)  +V^(a)  (g)  =  0, 

{^/(a)+y<^'(a)  +  ^V^'(a)}  (^)  +  *(a)  +  V'(a)  (^)  =  0; 
whence,  by  means  of  (49),  we  have 

/(a)  +  ylr  (a)  (g)  =  0,  <^(a)  +  >/r  (a)  (g)  =  0.      (50) 

3  va 
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From  these  last  equations^  eliminating  a,  we  have  a  relation  of 
the  form,  ,  id) 

whence,  eliminating  f,  there  results 

(£)($) -(^)"=»^ 

and  this  is  the  general  differential  equation  to  developable 
surfaces. 

Another  differential  equation  equivalent  to  (51)  may  be  found 
as  follows : 

Suppose  the  equation  to  the  surface  to  be 

F(^,y,^)  =  0; 
and  u,  V,  w  to  be  its  partial  derived-functions ;   then,  as  in 
Art.382,  vdx  +  ydy  +  wdz  =zO;  (52) 

and  suppose  the  equation  to  the  plane  by  the  consecutive  in- 
tersection of  which  the  surface  is  formed  to  be 

A^r  -f  By  +  C2r  =  1 ;  (53) 

and  as  this  is  a  tangent  plane,  see  Art.  352, 

Acbff-^Bdff-i-cdz  =  0;  (54) 

therefore  by  comparing  (52)  and  (54), 

?=  !=!!:=  A.  (55) 

ABC 

Differentiating  again  (52)  and  (54),  since  the  tangent  plane 
touches  the  surface  along  the  generating  line, 

u  rf*ar  +  v  dh^  +  vr  d^z  -^  dv  dof  -i-  dY  dy  -{-  dyr  dz  =  0,     (56) 
Ad*af-{-Bd^  +  cdh  =  0;  (57) 

whence  replacing  u,  v,  w  from  (55)  in  terms  of  a,  b,  c, 

\{xd^jP'\-Bdh^-^cd^z}+dvdx-^dydy-\-dyrdz  =  0; 

.-.     dvdx'\-dvdy-\^dyfdz  =  0,  (58) 

which  is  in  fact  identical  with  equation  (49). 
Comparing  this  with  (52),  we  have 

—  =—  =  —  =  -  (59) 

rfU  rfv         rfw  jUl  '  ' 

Let  Uy  V,  Wf  u\  V,  w'  represent  the  several  second  partial 
derived-functions  of  r  (a?,  y,  z),  viz. 
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-  =  (£). 


so  that 


\dydzr 


(60) 


^dzdx' ' 

fjLV  =1  dv  =  udX'\-wdy-\-v'dz, 

jut V  =  dv  =  w'dx-^  V  dy  4  u'dz,    y  (61) 

jutw  =  rfw  =  v'dx-\-u'dy  -^-wdz', 

from  which,  and  from  (52)^  eliminating  /x^  do?,  rfy,  (/r,  we  have 

u*  (rir— w'*)  +  v'  (WM— r'*)  +  w*  (tii;— w'*) 

+  2vw(t?V-  i<tt')H-2wu(wV- t;t;')H-2uv(MV— wm;')  =  0;  (62) 

which  result  may  easily  be  shewn  to  be  identical  with  (51)  by 
writing  the  equations  in  the  form 

F  {X,  y,z)  =z  z  -f{x,  y)  =  0. 
and  (51)  takes  the  form  (62),  when  (g),  (^),  (^) 

are  replaced  by  their  values  given  in  Art.  83.  These  equations 
are  of  course  satisfied  by  the  equations  to  the  cylinder  and  to 
the  cone. 

361.]  Since  every  two  consecutive  generating  lines  of  a  de- 
velopable surface  intersect,  a  curve  is  formed,  after  the  manner 
of  an  envelope,  see  Chapter  XIII,  Section  2,  by  the  continual 
intersection  of  all  these ;  and  this  must  be  a  curve  of  double 
curvature,  otherwise  all  the  lines  would  be  in  one  plane,  and 
the  developable  surface  would  be  only  a  plane.  This  curve 
bears  the  name  of  Edge  of  Regression  (ArSte  de  Rebroussement), 
and  the  generator  of  the  surface  is  plainly  always  a  tangent  to 
it.    Its  equations  may  be  found  as  follows : 

Equations  (48)  and  (49),  if  a  is  considered  constant,  are, 
taken  together,  the  equations  to  a  generating  line  of  the  de- 
velopable surface,  and  therefore,  from  what  has  just  been  said, 
to  the  line  whose  envelope  has  to  be  determined :  and  the  equa- 
tions to  which  may  therefore  be  found  by  making  a  to  vary. 
Differentiating  therefore  (49)  with  respect  to  a,  we  have 

^/"(a)  +y  <^"(a)  +^V^"(a)  =  0 ;  (63) 

and  eliminating  (a)  between  this  (48)  and  (49),  we  shall  get 
two  equations  in  t^rms  of  x,  y,  and  z  which  are  those  to  the 
edge  of  regression.    This  line,  as  is  plain  from  its  mode  of 
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generation,  bounds  the  developable  surface  towards  one  side  of 
space ;  and  on  the  other  side  the  surface  is  continued. 

362.]  Hence  also  we  arrive  at  a  new  conception  of  a  de- 
velopable surface ;  it  is  generated  hj  a  tangent  of  a  curve  of 
double  curvature  which  moves  continuously  along  the  curve. 
Also  since  the  osculating  plane  is  that  which  contains  two  con- 
secutive tangents,  it  may  be  conceived  of  as  formed  by  the  con- 
tinuous intersection  of  such  osculating  planes.  Suppose  then 
that  the  equations  to  a  curve  of  double  curvature  are  given  in 
the  forms,  see  Ex.  2,  Art.  347, 

^  =  /(a)i         y  =  <^  (a).         ^  =  >^  (a),  (64) 

a  being  a  variable  parameter ;  and  so  that 

da;  =  /'(a)  da,  dy  =  <^'(a)  da,  dz  =  y^'{a)  da ;  (65) 
then,  by  equations  (2),  Art.  341,  the  equations  to  the  generating 
line  are  f-/(a)  _  r,-<t>(a)  _  C-^(«).  .^. 

f\a)     -      4>'(a)     -     V'(«)    '  ^^ 

from  which  the  equation  to  the  surface  will  be  found  by  the 
elimination  of  a. 

Similarly  also  will  developable  surfaces  be  formed  by  the 
intersection  of  normal  planes  of  a  curve  of  double  curvature ; 
for  suppose  the  equations  to  the  curve  to  be  of  the  form  (64), 
then  the  equation  to  the  normal  plane  is, 

{f-/(a)}/'(a)  +  {i,-<^(a)}*'(a)  +  {C-^(a)}Vr'(a)  =  0;  (67) 

an  equation  of  the  form  (48),  and  therefore  manifestly  that  of 
a  developable  surface.  Fig.  129  indicates  the  mode  of  gene- 
ration of  such  surfaces  and  edges  of  regression. 

363.]  Ex.  1.  To  find  the  equation  to  the  surface  generated 
by  tangents  to  the  helix ;  or,  which  is  the  same  thing,  formed 
by  the  continuous  intersection  of  osculating  planes. 

By  Ex.  2,  Art.  847,  the  equation  to  the  osculating  plane  is 

ijcos<^— f  sin^  =  ^  — a^;  (68) 

therefore  taking  the  <^-differential, 

i;sin^  +  foos<^  =  a;  (69) 

whence,  squaring  and  adding. 


♦  =  :-'<Ptf-"''  :  (70) 


ka 
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whereby  (69)  becomes 
"■^  ^^ +  fcos*— ^f-^-^^— -^  =«;   (71) 

which  is  the  equation  to  the  developable  helicoid,  or  screw- 
surface  ;  the  edge  of  regression  of  which  is  the  helix  itself. 

Similarly  will  the  equation  to  the  surface  formed  by  the 
intersection  of  consecutive  normal  planes  to  the  helix  be  found 
to  be 

''"^  k^a '^^^'^  k^a "^  *  "*  "=  ^*  ^'^^ 

Ex.  2.   If  the  equations  to  a  curve  of  double  curvature  are 

ar*  4-  y*  +  >*  =  **,  1 

^2   +    ^2    +    ^2    -   ^  i    J 

the  student  will  without  difficulty  find  the  following  equation 
to  the  surface  formed  by  the  intersection  of  normal  planes ; 

$'±(|)'-(f)'=0'  <") 

which  is  manifestly  the  equation  to  a  cone ;  the  ambiguity  of 
sign  in  the  second  term  depending  on  K^  being  greater  or  less 
than  b^. 

A  further  inquiry  into  the  properties  of  developable  surfaces 
is  beyond  the  scope  of  the  present  treatise  ^  but  I  cannot  refrain 
firom  recommending  the  reader  to  study  the  works  of  Monge 
and  Dupin  on  these  subjects :  works  as  they  are  of  such  intrinsic 
merit  that  I  cannot  venture  to  characterize  them^  for  it  may  be 
that  my  praise  would  be  below  their  due,  and  thus  only  tend 
towards  disparagement. 

864.]  On  skew  surfaces. 

Skew  surfaces,  see  Art.  351,  are  those  ruled  surfaces,  any  two 
consecutive  generating  lines  of  which  do  not  intersect ;  in  the 
complete  equations  of  such  generators,  (9)  and  (10)  Art.  351, 
three  conditions  are  left  undetermined,  and  these  may  be,  that 
the  generator  shall  meet  three  directors.  It  is  also  manifest 
geometrically  that  such  conditions  fix  the  generator ;  for  take  a 
point  chosen  arbitrarily  on  any  one  to  be  the  vertex  of  a  cone, 
from  which  conceive  two  conical  surfaces  to  be  described  with 
the  other  two  generators  as  their  directors;  then  these  cones 
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will  intersect  in  one  or  more  straight  lines,  which  will  be  the 
generators  of  the  skew  surface. 

Now  in  developable  surfaces  we  shewed  that  a  tangent  plane 
at  any  point  of  the  surface  not  only  contained  a  generator,  but 
touched  the  surface  through  the  whole  length  of  the  generator. 
In  skew  surfaces  however  it  is  not  so ;  the  tangent  plane  con- 
tains the  generator,  but  cuts  the  surface  at  every  other  point 
along  it  save  at  that  of  contact.  For  suppose  p  and  p'  to  be 
any  two  points  at  a  finite  distance  apart  on  the  generator  of  a 
skew  surface,  and  q  and  q'  to  be  two  other  points  respectively 
near  to  them ;  then  the  tangent  plane  at  p  contains  the  line  pq, 
and  that  at  v'  contains  pV;  but  these  tangent  planes  cannot 
be  identical  in  position,  for  were  they  so,  the  line  joining  q  and 
q'  would  be  in  the  same  plane  with  that  joining  p  and  p',  and 
two  consecutive  straight  lines  would  intersect ;  and  this  is  in- 
consistent with  the  fact  of  the  surface  being  skew.  Hence  the 
tangent  plane  of  a  skew  surface  cuts  that  surface  along  the 
length  of  the  generator,  save  at  the  point  of  contact. 

The  equations  therefore  to  the  generator  of  a  skew  surface 
are  the  following : 

Let  a  be  a  variable  parameter,  and  let  the  arbitrary  functions 
introduced  into  the  equations  be  so  determined  that  the  gene- 
rator may  pass  through  three  directors ;  accordingly  we  have 

y(a)  ♦(a)  ^(a)     "  ^'   ^ 

365.]  The  differential  equation  to  skew  surfaces  may  be  found 
as  follows : 

Let  F  (^,  y,  z)  be  the  equation  to  the  surface ;  and  let  u,  v,  w 
be  its  partial  derived-functions  ;  so  that 

udir  +  vrfy  +  wd?  =  0.  (76) 

Now  take  three  consecutive  points  along  the  generating  line 
of  such  a  surface ;  then  by  the  last  Article,  the  tangent  plane 
changes  its  position  at  those  three  points;  u,  v,  w  therefore, 
which  are  proportional  to  the  direction-cosines  of  the  normal, 
change  as  we  pass  along  the  line,  but  the  ratios  dx  \  dy  \  dz 
remain  constant,  because  they  are  the  same  for  aU  points  of  the 
line.     Hence  we  have 

Mdx^vdy  -I-    wife  =  0,  (77) 

dvdxJtdydy  -^  dwdz  ^  0,  (78) 

d^vdx-\-d^vdy^d^y9dz  =  0;  (79) 
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and  replacing  dVj  rfv,  dvf  by  their  values  given  in  (61),  and 
rf*u,  rf*v,  rf*w  by  their  similar  values,  (78)  and  (79)  become  re- 
spectively a  quadratic  and  a  cubic  in  terms  of  dx,  dy,  dz ;  and 
from  them  and  (77),  dx,  dy,  dz  are  to  be  eliminated ;  and  the 
resulting  equation,  in  terms  of  partial  differential  coefficients, 
wiU  be  that  to  the  skew  surface. 

Of  this  class  of  surfaces  two  kinds  require  special  mention ; 
viz.  conoidal  surfaces,  and  those  surfaces  which  are  generated 
by  a  straight  line  moving  on  two  directors,  and  always  parallel 
to  a  given  plane. 

866.]  Conoidal  mrfaces  are  those  skew  ones,  the  generating 
line  of  which  always  passes  through  and  is  perpendicular  to 
some  straight  line,  say  to  the  axis  of  jr,  and  meets  some 
director. 

Let  X,  y,  Zy  ^ ,  y\  /  be  severally  the  coordinates  of  the  gene- 
rator and  of  the  director;  and  let  the  equations  to  the  director 

^®  Fi(a/,y',/)  =  0,        F,(a?',y',/)  =  0;  (80) 

then  the  equations  to  the  generator  being 

5  =  ^,.  =  /.  (81) 

(80)  become 

Fi  (^,|^',  z)  =  0,        F,  (j?',|a?',  z)  =  0;  (82) 

and  if  we  eliminate  ^',  we  have  a  result  of  the  form, 

p(f.r)  =  0;  (88) 

which  is  the  general  equation  to  conoidal  surfaces. 
(88)  may  also  be  put  into  the  explicit  form, 


=/(!)• 


(84) 


867.]  The  differential  eqoation  to  such  surfiioes  may  be  thus 
found ;  taking  the  partial  differentials  of  (84),  as  in  Art.  103, 
we  have  ultimately  .  .  . 

-(£)+»(|)  =  <'-  (») 

Or  taking  the  implicit  form,  viz.  equation  (88),  and  writing  Fi 
and  Fj  for  the  derived  functions  of  f,  according  as  the  first  or 
second  subject-variable  varies,  we  have 

FRICE,  VOL.  I.  3  z 
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The  geometrical  meaning  of  which  is,  that  the  normal  to  the 
surfiBM^  is  perpendicular  to  the  line  drawn  firom  the  point  of 
intersection  perpendicular  to  the  axis  of  z* 

Ex.  1 .  To  find  the  equation  to  the  conoid  whose  director  is 
the  helix. 

y=  acos<^,    y'=  asin^,    a^=  ha^\  (87) 

...     a/=acosj^,     y'^asinj^;         |=tan^; 

ycos^-.a?sin-^  =  0;  (88) 

which  surface  is  called  the  Skew  HeUcoid,  and  is  that  of  the 
under  surface  of  spiral  staircases. 

Ex.  2.  Let  the  director  be  a  circle  whose  plane  is  parallel  to 
that  of  xz  at  a  distance  c  firom  it,  and  whose  centre  is  in  the 
axis  of  y ;  see  fig.  126. 

Let  the  radius  of  the  circle  =  a ;  and  let  the  generator  pass 
through  and  be  perpendicular  to  the  axis  oix\  ou^x,  m n  =  y. 

Let 


OA  =  CB  =  CB  =  a; 

OC  =  AB  =:  C; 

«'«  +  *'«  =  a«,- 

a^  =  s.^ 

y=c;' 

»'_y.  ■ 
7-z'J 

,-.     af^  =  a*  — a?",  ;i 

c»«*  =  y«  (a»-«*).  (89) 

which  surface  is  known  by  the  name  of  :the  Cono-Cuneus  of 
Wallis;  the  figure  contains  but  one-fourth  of  it,  the  remainder 
being  in  three  other  octants. 

866.]  To  find  the  equation  to  a  surfiioe  generated  by  «t 
straight  line  moyii^  on  two  directoi^  and  alwiaya  paralld  to  a 
given  plane. 
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It  is  maiiifQat  from  the  mode  of  generation^  that  a  section  of 
the  Burface  made  by  a  plane  parallel  to  the  given  plane  is  a 
straight  line. 

Let  AX-^By-^cz^  a  be  the  equation  to  the  plane  cutting 
the  surface  and  parallel  to  the  given  plane^  and  therefore  having 
A,  B,  c  constant,  and  a  a  variable  parameter;  and  let  the  equa- 
tion to  another  plane  passing  through  the  generating  straight 
line  of  the  surface  be 

Aia?4-Biy  +  Ci«  =  0;  (90) 

that  is^  let  us  conceive  it  to  pass  through  the  origin ;  then  Ai^  Bi^ 
and  Ci  are  variable  and  may  be  considered  to  be  functions  of  a; 

sothat  Ai=/(a),    Bi  =  <>(«),    Ci  =  ^(a); 

and  therefore  the  general  equation  to  the  surface  is 

d?/(Aaf4-By  +  ca;)  +  y^(A^  +  By  +  c;8f)+«>/r(Aar4.By  +  c«)  =  0.  (91) 

To  find  its  differential  equation:  to  simplify  the  process, 
suppose  the  director  plane  to  be  parallel  to  that  of  xy :  then 
A  35  B  =  Qy  and  c  =  1 ;  and  the  equation  becomes 

«/(«)  +  y*(«)  +  «^(«)  =  0;  (92) 

which  may  be  put  into  the  form 

«  =  a?p(«)  +  y*(;»);  (98) 

whence 


Section  2. — On  nnfaces  generated  by  the  motion  ofcirclee. 

809.]   Surfaces  of  revolution. 

A  surface  of  revolution  is  generated  by  a  curve  which  revolves 
about  a  straight  line  called  the  axis^  and  pvery  point  of  which 
describes  a  circle  about  the  axis. 

BeBoe^  if  such  a  surface  is  cut  by  a  plane  perpendicular  to 
the  axis  of  revolution,  the  section  is  the  circumference  of  a 
circle  whose  centre  is  on  the  axis»  and  all  points  of  which  are 
consequently  at  equal  distances  from  the  axis. 

Let  the  equations  to  the  axis  be 

i^^rrzl^illE,  (95) 


m 
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(a,  b,  c)  being  a  given  point  through  which  it  passes,  vis.  the 
point  A  in  fig.  127,  and  /,  m,  n  being  its  direction^cosines. 

Let  X,  y,  z  be  the  current  coordinates  of  the  surface ;  then  the 
equation  to  the  plane  passing  through  {x,  y,  z),  and  perpen- 
dicDlar  to  (95),  is       i^  +  ^y^„,^  ^.  (96) 

Let  BAQ  be  the  axis  of  revolution,  ob  the  perpendicular  from 
the  origin  on  it,  rp  the  generating  curve;  and  suppose  the 
equation  of  it  to  be  given  in  the  form 

AP«=/(BQ).  (97) 

then        (a?-a)a+(y-ft)»  +  (;K-c)«  =/(/af+»iy  +  na?);         (98) 

and  this  is  the  general  equation  to  surfaces  of  revolution. 

If  the  axis  of  revolution  is  that  of  z,  then  a  =  6  =  c  =  0, 
/=  fit  =  0,  n  =  1,  and 

or,  which  is  equivalent,    ^^j.^^^^,^  ^99) 

370.]  To  find  the  differential  equation  to  surfaces  of  revo- 
lution. 

Eliminating/ from  (98)  according  to  the  method  of  Art.  104» 
we  have 

m(a?-tf)-/(y-A)  +  {n(a?-a)-/(;2r-c)}  (j) 

+  (i„(^-c)-n(y-ft)}(g)  =  0.    (100) 

Or  putting  (98)  in  the  form 

F(ar,y,«)  =  p{(«-fl)«  +  (y-ft)«  +  (2r-c)«,&  +  my  +  »Mr}=0,(101) 

let  us  suppose,  as  in  Art.  53,  Fi  and  F2  to  be  the  derived-func- 
tions of  F,  according  as  the  first  or  second  subject-variable  varies, 
then  J 

(^)   =  2(X-«)F.  +  /F, 


i  +  mrt 


(102) 


(|)  =  2(y-*),. 
(3^)  =  2(^— c)Fi  +  nF, 
{m(z-c)-n(y-b)}  (g)  +  {n(x-a)-l(z-c)}(^) 

+  {ny-b)-m(x-a)}(^)  =  0.  (108) 
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The  geometrical  meaning  of  this  condition  is,  that  the  normal 
to  the  surface  always  meets  the  axis  of  revolution  whose  equa- 
tibns  are  (95). 

A  plane  which  passes  through  the  axis  of  revolution  is  called 
a  Meridian  plane ;  and  its  line  of  intersection  with  the  surface 
of  revolution  is  called  a  Meridian  curve. 

371.3  Ex.  1.  To  find  the  equation  to  a  surface  described  by 
a  straight  line  revolving  about  the  axis  of  z,  which  it  does  not 
meet. 

Let  the  equations  to  the  revolving  line  in  a  given  position  of 

L         "~        M        ""        N       ' 

then,  if  x  and  y  are  the  current  coordinates  of  the  required  sur- 
face, when  af^  +  y^  =  a?*  +  y*,  «'=  z\  but 

of  =r  a^^{z-y),  y'=:  ^-f  ^(^r-y); 

si  si 

.-.     {a+^(z-y)}«+{/3+ J(z-y)}«  =  a^+y«.    (104) 

N  N 

which  is  the  equation  to  a  hyperboloid  of  revolution  of  one 
sheet,  the  centre  of  which  is  on  the  axis  of  z, 

Ex.  2.  To  determine  the  conditions  that  the  general  equation 
of  the  second  degree, 
A**4-By'  +  c;8?*  +  2Aiy;?  +  2Bi5?a?+2ci^y 

+  2A2a?  +  2B2y  +  2c2«  +  K  =  0,  (105) 
should  express  a  surface  of  revolution. 

The  most  general  form  that  (98)  admits  of,  so  as  to  be  an 
expression  of  the  second  degree  is 

(-!.-.«)«+ (y-A)»-f(^-c)»  =  *«(/^4-w»y+n^)*;  (106) 
expanding  which  and  equating  coefficients  of  the  same  powers 
of  the  variables  with  those  of  (105),  we  have 

A  =  1  — *2/^,  ^  Ai  =  —  **W»," 

B 

C 


=  1  — *2/^,    ^  Ai  =   —  **W»,T 

=  l-*»»»,  J  Ci  =  -P/i»  J 


-*»/»  = 


BiCi 

Ai      ' 

Bl 

Cl 

4         BlCl 

=   B         ^^^^=C- 
Bl 

.  ^^''^  .            (107) 

Cl 
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872.3  On  tubular  surfaces. 

Tubular  surfaces  are  the  envelopes  of  spheres  of  constant 
radii,  whose  centres  are  situated  in  a  given  curve,  which  is 
called  the  axis  of  the  tube  or  canal. 

The  general  theory  of  envelopes  having  been  explained  in 
Chapter  XIII,  it  is  unnecessary  to  enter  on  the  subject  at  any 
great  length,  but  one  or  two  points  require  further  duddatioii. 

Let  F  {x^  y  z,a)  z=zO  be  the  equation  to  the  surface,  involv- 
ing ^i  y-^  ^  its  current  coordinates  and  a  a  variable  parameter ; 
and  therefore  representing  a  family  of  surfaces  as  a  varies,  and 
a  particular  individual  of  it  for  a  particular  value  of  a.  Then 
the  equation  to  the  envelope  is  found  by  eliminating  a  between 

r  =  0,    and    ^  =  0,  (108) 

whence  will  generally  arise  an  equation  in  terms  of  x^  y,  z. 

Now  although  (108)  thus  give  the  equation  to  a  surface,  yet^ 
if  a  is  considered  a  constant  in  them,  each  when  taken  sepa- 
rately represents  a  surface,  and  when  taken  together  they  re- 
present the  line  of  intersection  of  two  surfaces,  and  which  is  in 
general  a  curve  of  double  curvature.  To  this  line  Monge  has 
given  the  name  of  the  characterUtic.  Thus  if  we  conceive  de- 
velopable surfaces  as  formed  by  the  intersection  of  consecutive 
planes,  since  two  planes  intersect  in  a  straight  line,  a  straight 
line  is  the  characteristic,  and  is  the  generator  of  the  developable 
surface. 

Further,  let  us  suppose,  after  the  characteristic  has  been 
found,  the  variable  a  to  vary  again;  hereby  another  charao- 
teristic  will  be  formed,  and  will  be  determined  by  those  two 
different  equations,  which  will  in  general  be  different  in  form 
and  position,  and  will  cut  the  former  one;  thus  an  envelope 
wiU  be  formed  of  such  characteristies,  which  will  be  an  edge 
of  regression,  see  Art.  361,  and  of  course  generally  a  curve  of 
double  curvature.     Thus  we  shall  have  three  equations, 

dr  d^v 

'  =  «'         5i  =  °'         5?  =  ^'  <!<») 

from  which  eliminating  a,  we  shall  have  two  equations  in  terms 
of  x^  y^  z,  which  will  by  their  intersection  give  the  edge  of  re- 
gression, and  such  as  w0  have  before  met  with  in  the  case  of 
developable  surfaces.  Fig.  129  will  perhaps  give  a  better  notion 
of  the  formation  of  such  a  curve;  but  we  shall  return  to  the 
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subject  in  Chapter  XVIII,  and  discuss  it  in  a  particular  case  at 
a  length  which  will  remove  many  difficulties. 

The  complete  investigation  of  tubular  surfaces  requires  three 
equations  to  be  found:  (1)  that  of  the  envelope  of  all  the 
spheres :  (2)  that  of  the  characteristic :  (3)  that  of  the  edge 
of  regression. 

Let  a  =  the  constant  radius  of  the  sphere.  And  let  the 
equations  to  the  axis  be  expressed  in  terms  of  a  single  variable 
parameter  a,  so  that  the  equation  to  a  sphere  may  be 

{«-/(a)}"+  {y-*(a)}»-h  {^-^(a)}»  =  «».         (110) 

The  a-differential  of  this  is 

{4r-/(a)}/'(a)-f  {y-*(a)}  *'(a)  +  {^r-^^Ca)}  Vr'(a)  =  0;  (111) 

which^  taken  in  combination  with  (110)  when  a  is  constant^ 
represents  the  characteristic;  and  as  (111)  represents  a  plane^ 
the  characteristic  is  manifestly  a  great  circle  of  the  sphere. 

Differentiating  (111)  again,  we  have 

{^-/(a)}r(a)  +  {y-*(a)}  *»  +  {2r-^(a)}  fM 

-{(/»)»  +  (*'(«))» +(^'(a))«}  =0.   (112) 

By  means  of  which  and  (110)  and  (111)  if  a  is  eliminated^ 
there  wiU  be  two  equations  in  terms  of  w,  y,  z,  which,  taken  in 
combination,  are  those  to  the  edge  of  regression  formed  by  the 
characteristics. 

878.3  Now  all  tubular  surfaces  have  a  common  property, 
which  may  be  expressed  as  a  differential  equation.  This  we 
proceed  to  find. 

Let  the  equation  to  the  surface  be  f  {w,  y,  z)  =  0,  of  which 
V,  y,  w  are  the  partial  derived-functions ;  and  let  the  equation 
to  the  generating  sphere  be 

(^-a)»  +  (y-)3)>  +  iz^y)^  =  a\  (118) 

Now  (a,  /3,  y)  being  the  centre  of  the  sphere,  and  the  ceatte 
being  on  a  given  curve,  these  quantities  are  connected  by  two 
equations  of  the  form 

Fi(a,  Ay)  =  0,         Fa(a,/3,y)  =  0;  (114) 

and  for  the  envelope  of  the  spheres 

(a?-a)  da  +  (y-p)  dp  +  («-y)  rfy  =  0,  (116) 

dttf  dp,  dy  having  two  other  relations  given  by  (114),  into 
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which  however  it  is  of  no  use  generally  to  inquire  farther. 
Now  differentiating  (113)  we  have 

{x-a)  {dx-da)  +  (y-)3)  (dy-dfi)  +  (z-y)  (dz-dy)  =  0;  (116) 

and  therefore  by  (115), 

(x-a)  dx  -h  (y-/3)  dy  +  (z-y)  dz  =  0;  (117) 

which  shews  that  a  tangent  to  the  sphere  at  the  points  of  it 
which  are  common  to  the  sphere  and  the  envelope  is  perpen- 
dicular to  the  line  drawn  from  that  point  to  the  centre  of  the 
sphere.  This  latter  line  therefore  is  the  normal  to  the  tubular 
surface ;  and  as  the  direction-cosines  of  the  normal  of  a  surface 
are  proportional  to  u,  v,  and  w,  we  have 

x—a  _  y—P  __  z—y  _  a 
u     ~     V     ""     w     ""  q' 


(118) 


Now  as  the  envelope  touches  each  of  the  enveloped  spheres^ 
and  as  the  envelope  and  enveloped  sphere  have  one  and  the 
same  tangent  plane,  so  for  a  point  common  to  the  two  surfsu^ea 
^>  y,  ^>  u,  V,  w^  are  the  same,  whether  we  consider  the  point  as 
belonging  to  the  sphere  or  to  the  envelope.  And  therefore  we 
may  differentiate  the  equations  (118)  under  this  condition; 
whence  we  have 


qdx  =  adv  —  a  —  dQ 


Qdy  =  ady- 


a-dti^i 


Qdz  z=  adw  —  a  —  dQ 
Q 


(119) 


and  using  the  notation  of  Art.  361,  equations  (61)^ 

dv  =  udx  -k-v/dy  +  v'dz 

dx 

rfw  =  v'dx  -f  u'dy 

therefore  the  group  (119)  becomes 
{au^q)dx-{'     aw'dy     -f 


z=  udx -k-v/dy  +  v'dz  ^ 
=  w'dx-^-  vdy  -^  u'dz  y  ; 
=  v'dx  -f  u'dy  +  wdz  J 


av'dz      z=.  a—  do, 
Q 


awdx  +  [av—Q)dy  + 

av'dx  -f      audy 
Whence,  by  cross-multiplication^ 


au'dz     :sz  a  —  do, 


-f  (fltt^  — Q)ife  =  a  —  H^Q 


(120) 
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dip  {(ail -^ Q)  (at?  —  q)  (aw  —  q) 

— a*t^*  (au  —  q)— «*»'*  (at;  —  q)— a^w?'*  (aw  —  q)  +  2a^uVw'} 

=  tf  —  {u  (av  —  q)  (aw  —  q) — a««;'v  (aw  —  q) 

-av'w  (at;  -Q)  +  a««<Vu  +  v'v  +  w'w)'-2a^u'^u}  ;     (121) 

and  similarly  may  the  values  of  dy  and  dz  be  found.  Multi- 
plying through  therefore  by  u,  v,  w,  adding,  and  by  means 
of  (17),  Art.  882, 

v^(av  —  q)  (aw  —  q) + v*(aM;  —  q)  (at*  —  q) + w*(a«<  —  q)  (at?  —  q) 

—2a  {tc'vw  (au  —  q) + t/wu  (at?  —  q)  +  ti?'uv  (aw  —  q)} 

+  <^{(t<'u  +  t?'v+tc?'w)2-2(t<'2ua+t?'av2  +  tc/«w»)}  =  0.  (122) 

If  a  =:  00 ,  this  condition  becomes  identical  with  that  given 
in  equation  (62)  for  developable  surfaces. 

If  the  director  curve  of  the  centre  of  the  sphere  is  a  plane 
curve  in  the  plane  of  sy ;  then  the  equation  to  the  sphere  is 

(a?-^«  +  (y-i?)>+2r»  =  a«.  (128) 

As  the  tubular  surface  is  an  envelope  we  may  take  partial 
diffSerentials  of  this  equation  on  the  supposition  that  the  terms 
involving  the  differentials  of  f  and  ri  vanish;  so  that 

which  is  the  differential  equation  of  such  tubular  surfaces :  and 
if  it  is  expressed  in  terms  of  u,  v,  w,  q,  it  becomes 

Q«  =  flw.  (125) 

The  geometrical  meaning  of  (124)  and  (125)  is,  the  part  of  the 
normal  between  the  surface  and  the  plane  of  xy  is  equal  to  the 
radius  of  the  generating  sphere. 

PRICE,  VOL.  I.  4  A 
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874.]  Examples  of  tubnlar  surfaces. 

Ex.  1.    Let  the  axis  of  the  tube  be  a  straight  line  whose 
equations  are  .  ^ 

L    "    M    "~    N  ' 
then  the  equation  to  the  sphere  is 

and  therefore  ,^        ,  ,  * 

L  M  N  ' 

.-.     (^-f)L+(y-i7)M  +  («-0N  =0; 

^  _  _5_  _  J^  _  Lf +  Miy-i-Nf  _  LJg+My  +  Ng, 
L     "■    M  N     "■     L*  +  M"  +  N*     "     L*  +  M»-f  n"   ' 

whence  (,  ri,  (  may  be  found  in  terms  of  af,y,z;  and  thence, 
substituting  in  the  equation  to  the  sphere, 

+  {n  (La?  +  My)  — ^(L»  +  M«)}*  =  a2(L«  +  m*  +  n*)«. 

Ex.  2.  To  find  the  equation  to  the  surfiace  of  a  circular  ring. 
Let  the  director  curve   of  the  centre  of  the  generating 
sphere  be  «  .    2       -.2. 

so  that  the  equation  of  the  sphere  is 

(^-f)*+(y->7)'4-«*  =  a*, 
frff +  i,rfiy  =  0,  (^-f)rff +  (y-t7)rfi?  =  0; 

•       f    _    ^    __       g      . 

.-.     f{c  +  (i»»-«»)*}  =  CO?,  T?{c  +  (a« -«•)*}  =  cy; 

.-.    {c  + (««-.««)*}»  =  ^  +  y>; 
which  is  the  equation  to  the  required  surface. 
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CHAPTER  XVII. 

ON  CURVATURE  OP  CURVES  IN  SPACE,  AND   ON 
CERTAIN  KINDRED  AFFECTIONS. 

875.]*  Certain  principles,  names,  and  modes  of  estimation 
which  were  discussed  in  Chapter  XII,  as  to  the  corvature  of 
carves,  are  stated  with  breadth  sufficient  to  include  kindred 
properties  of  curves  in  space;  a  difference  however  of  great 
importance  exists  between  the  two  classes,  and  which  it  is  ne- 
cessary at  once  to  bring  out  into  greater  prominence.  In  the 
former  case  the  whole  of  the  curve  lies  in  one  plane,  and  the 
curve  is  therefore  called  a  plane  curve ;  in  the  present,  although 
every  two  consecutive  elements,  or  every  three  consecutive 
points,  must  be  in  one  plane,  viz.  the  osculating  plane,  yet  the 
third  element,  or  the  fourth  point,  may  be,  and  generally  will 
he,  in  a  different  plane.  For  this  reason  such  curves  are  called 
non-plane  curves,  and  from  this  general  property  arise  other 
affections  of  a  more  complex  character,  and  which  we  proceed 
to  inquire  into. 

Consider  a  portion  of  a  curve  in  space,  at  no  point  of  the  part 
of  which  under  investigation  is  there  a  point  of  abrupt  termi- 
nation, or  of  discontinuity,  and  at  which  the  derived-functions 
of  the  equations  to  the  curve  are  not  indeterminate.  Now  as 
every  three  consecutive  points  must  be  in  one  plane,  and  as  the 
mode  of  estimating  curvature  as  explained  in  Art.  290  requires 
only  three  points  in  the  curve's  plane,  the  principles  therein 
investigated  are  immediately  applicable,  and  we  propose  to 
apply  them  by  a  similar  process,  viz.  by  drawing  in  the  oscu- 
lating plane,  which  is  the  plane  containing  three  consecutive 
points,  two  consecutiye  normals,  which  will  generally  meet  at 
a  finite  distance  from  the  curve ;  the  ratio  of  the  infinitesimal 

*  For  a  most  masterly  ezpositioii  of  the  properties  considered  in  tfaia 
Chapter,  and  for  geometrical  proofs  of  them  by  the  infinitesimal  method, 
the  reader  is  requested  to  consult  a  Memoir  hy  M.  de  Saint  Venant  in 
"Trentitoe  Cahier  du  Journal  de  I'^cole  Royal  Polytechnique."— Bachelier, 
Paris,  1845. 
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angle  contained  between  which  to  the  element  of  the  curve  is 
curvature,  as  we  heretofore  defined  it ;  see  Art.  280 ;  but  which^ 
for  the  sake  of  greater  distinctness,  we  shall  now  call  abwhtie 
curvature ;  and  in  accordance  with  the  expression  we  shall  use 
the  following  terms :  the  radius  of  absolute  curvature  is  the  dis- 
tance from  the  curve  of  the  intersection  of  two  consecutive 
normals  drawn  in  the  osculating  plane;  the  centre  of  absolute 
curvature  is  the  point  of  intersection  of  two  such  normals ;  the 
angk  of  curvature  is  the  angle  contained  between  them ;  and 
since  two  such  normals  are  perpendicular  to  two  consecutive 
tangents,  it  is  equal  to  the  angle  between  them,  and  is  accord- 
ingly called  the  angle  of  contingence ;  see  Art.  284.   .  ^,.1 

Suppose  {af,y,z)^  {op+d^^y-^-dy,  z-^-dz)  to  be  two  consecu- 
tive points  on  a  curve,  and  ds  to  be  the  distance  between  them^ 
or  to  be  the  length-element  of  the  curve ;  and  suppose  two  con- 
secutive normals  to  be  drawn  in  the  osculating  plane,  and  to 
contain  between  them  the  angle  dr ;  then,  if  p  =:  the  radius  of 
absolute  curvature,  and  dr  s  the  angle  of  curvature, 

*  =  ±  pdr,  (1) 

The  radius  of  absolute  curvature,  which  is  mathematically  de- 
fined by  equation  (2),  is  therefore  the  distance  from  the  curve 
at  which  two  consecutive  normals  drawn  in  the  osculating  plane 
intersect,  or  is  the  ratio  of  the  length-element  of  the  curve  to 
the  angle  of  curvature. 

376.3  lu  a  curve  however  of  the  most  general  nature,  as  we 
pass  continuously  along  it,  the, third  element  will  be  in  a;  plane 
difTerent  to  that  of  the  two  preceding  ones ;  that  is,  two  con- 
secutive osculating  planes  will  be  inclined  to  each  other ;  or^ 
what  is  the  same  thing,  two  consecutive  binormals  are  not 
parallel.  This  then  is  an  affection  different  to  any  of  those  of 
plane  curves,  and  which  has  been  called  by  various  names  *^ 
"second  curvature,"  "torsion,"  "flexure,"  "cambrure;"  we 
shall  call  it  torsion,  and  curves  which  are  affected  with  it  we 
shall  call  non-plane  curves.  In  plane  curves  it  vanishes,  and 
is  of  greater  or  less  amount  according  to  the  deviation  of  the 

*   On  the  use  of  these  terms,  consult  Note  I.  of  M.  de  Saint  Vetoant*8 
Memoir  in  the  Journal  de  I'j^cole  Polytechnique. 
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carve  from  a  plane  curve ;  we  propose  to  measure  it  according 
to  the  principles  of  Art.  281.  If  therefore  £b  is  a  length-element 
of  the  curve,  and  c/o)  is  the  angle  contained  between  two  con- 
secutive binormalSy  the  torsion  will  vary  directly  as  d^,  and 
inversely  as  ds.    Let  us  therefore  define  as  follows : 

torsion  =  -j-*  (3) 

Let  us  imagine  a  circle  whose  radius  is  b,  of  which  let  two  radii 
be  drawn  parallel  to  two  consecutive  binormals,  so  that  d<»  is 
the  angle  between  them,  and  ds  is  the  intercepted  arc ;  then 

ds 

and  the  torsion  =  - ;  calling  then  b  the  radius  of  torsion,  and 

dm  the  angle  of  torsion,  we  have  the  following  definition  of  r  : 

The  radius  of  torsion  is  the  ratio  of  the  length-element  of  a 
curve  to  the  angle  of  inclination  of  two  consecutive  binormals. 

It  is  of  course  manifest  that  two  consecutive  binormals  do 
not  of  necessity  intersect ;  but  this  will  appear  more  distinctly 
hereaftw. 

It  is  also  to  be  observed,  that  the  torsion  vanishes  in  the  case 
of  plane  curves,  but  that  the  absolute  curvature  vanishes  only 
in  the  case  of  straight  lines ;  .hence  we  shall  derive  analytical 
conditions  of  lines  in  space  being  plane  and  being  straight. 

On  account  of  these  two  afiections,  curves  in  space  have  been 
called  curves  of  double  curvature. 

377.]  On  the  radius  of  absolute  curvature. 

Let  (07,  y,  z)  be  the  point  on  the  curve  at  which  the  radius  of 
absolute  curvature  is  drawn ;  p  its  length ;  ds  a  length-element 
of  the  curve ;  (f ,  ?;,  f )  the  centre  of  curvature  which  lies  in  the 
osculating  plane ;  then 

p*  =  (f-a7)3+(i7-y)^  +  (f-^)^  (5) 

To  abbreviate  the  notation,  let 

dydh  —  dzd^y  =  x,  ^ 

dzd^x-^dxdhi  =  y,  I  (6) 

dxdhf^dyd^w  =  z,  J 

X«  +  Y»  +  z»  =  P»;  (7) 

so  that  we  have  by  reason  of  equation  (14),  Art.  343, 
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(f-4?)  X  +  (1,-y)  Y  +  iC-z)  z  =  0.  (8) 

And  as  the  centre  of  absolute  curvature  is  at  the  point  of  inter- 
section of  two  consecutive  normals  which  are  in  the  osculating 
plane,  it  is  on  the  line  of  intersection  of  two  consecutive  normal 
planes ;  whence  we  have 

(f  -^)  rfr  +  (»?  -y)  rfy  +  (C-z)  dz  =  0,  (9) 

(f-^)rf«a?+(i,-y)rfV  +  (f-^)rf*'2^  =  ds^l  (10) 

and  therefore  by  cross-multiplication  from  (8)^  (9)  and  (10), 


f  ""^  -  Ji ' 

ds^izdx—xdz) 
1-y=  ^2 '' 

ds^ixdy-Ydx) . 
^"  p« \ 


(11) 


/7^a 
P=  ±-^{(v£fe-zrfy)«-f(«*p-xd»)«  +  (xrfy-Yda?)«}*.    (12) 

Which  expressions  may  be  simplified  as  follows : 
Ydz—zdy  =  dz(dz  d^w  —  dx  d^z)  —  dy  {dx  d^—dy  d^s), 

=  {dx^'k-dy^'\^d3?)d^X'-dx{dxd^x^dydh/'\'dzdH), 
=  &«  d^x-dx  ds  d^s,  (18) 

=  *.rf.g.  •  (14) 

Similarly, 

zdX'-xdz  =  ds^  dhf —dy  d$  dH,  (15) 

=  *3rf.|;  (16) 

xdy-Ydx  t=  ds^d^z-dzdsd^  (17) 

=  *»rf.g;  (18) 

P*  =  X»  +  Y*  +  Z», 

=  rf»»  {(rf>a?)«  +  (rf»y)*  +  (rf**)* -  (<*»»)»}.   (19) 
Therefore  from  (13),  (15),  (17)  and  (19), 

—  =    +  {(rf»4.)»+  (dly)«+  (rfV-(rf»*)»}*;        20) 

da' 
and  from  (19),  p»  =  ^ ;  (21) 
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and  therefore  from  (14),  16),  (18),  and  (21), 

a»     d» 


whence,  squaring  and  adding,  and  by  means  of  (5), 
=  +  —  -iio.  — I  +  \a.-r-\  +  lo. 


551 


(22) 


I'^-hmj^i-tf^i-m'  <^' 


(20)  and  (28)  being  the  same  values  of  -^  though  in  different 

p 

forms. 


lis  is  equicrescent,  (23)  may  be  put  in  the  form 


(24) 


878.]  Let  \,  Ik,  V  be  the  direction-angles  of  the  radius  of 
absolute  curvature;  then 


cosX  =  = =   3-0.  j-i 

d8     ds 


COS/Dl  = 


cos  V  = 


P 

vy 

P 


^«      *£/« 


(25) 


and  if  «  is  equicrescent, 


cosX  =  p^, 


d^y 

C08M=P-^, 


COS  i;  =  p  ^  J    (26) 


on  comparing  which  results  with  Art.  346,  it  appears  that  the 
radius  of  absolute  curvature  coincides  in  direction  with  the 
principal  normal. 

S79.3  To  determine  the  angle  of  curvature. 

Since  by  equation  (2),  Art.  875,  rfr  =  ±  — ;  therefore  from 
equation  (28),  ^ 
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if  8  is  equicrescent. 
Now  equation  (27)  is  remarkable  and  deserves  attention ; 

-j-3  ^f  T-  sre  the  direction-cosines  of  the  tangent,  and  dr 
as     as     as 

is  the  infinitesimal  angle  between  it  and  the  consecutive  tan- 
gent. This  result  therefore  may  be  generalized.  Let  cos  a, 
cos/3,  cosy,  cosa  +  tf*cosa,  co8/3  +  i/.cos/9,  cos  y  +  if  .cos  y  be 
the  direction-cosines  of  two  lines  inclined  to  each  other  at  an 
infinitesimal  angle ;  then  that  infinitesimal  angle  is  equal  to 

{(d.cos  a)«  +  (rf.cos  /3)«  +  (rf.cos  y)»}*  *.  (29) 

38O.3  We  may  also,  as  follows,  immediately  obtain  the  value 
of  p,  and  as  the  process  exhibits  the  power  of  the  infinitesimal 
method  in  its  greatest  simplicity,  we  recommend  the  reader  to 
study  it  attentively. 

Let  p,  Q,  B,  fig.  128,  be  three  consecutive  points  in  the  curve^ 
all  three  lying  in  the  plane  of  the  paper  which  is  the  osculating 
plane.  Then  pq  =  £b,  qr  =  ds-^d*s ;  produce  pq  to  s,  making 
qs  =  pq;  complete  the  parallelograms  pqrv,  vqsb,  so  that 
Qs  =  VB  =  PQ  =  £b,  then  the  angle  bqs  =  dr ;  and  from  q  as  a 
centre,  and  with  qs  as  a  radius,  describe  a  small  arc  st,  which 
is  therefore  perpendicular  to  qb;  hence  QT  =  Q8  =  iab;  and 
therefore  bt  =  d^s,  and  st  =i  dsx  dr. 

Now  the  projections  on  the  coordinate  axes  of  pq  are  dx,  dy^ 
dz\  and  of  qr,  or  of  pv,  dx-{-d^x^  dy-^-dh/^  dz-^d^z;  therefore 
the  projections  of  vq  are  d^x,  d^y^  dh;  and  therefore 

VQ»  =  (rf«dr)»  +  (dh,)*  +  (d^zy ; 

but  VQ*  =   SB*, 

=  ST*-f  TB*, 

=  ds^dr*-{-(dU)^; 

*  Or  thus :  suppose  oos  a,  &c.  oos  a  +  d .  cos  a,  &c.  to  be  the  direction-coeioee 
of  two  lines  making  an  infinitesimal  angle  dr  with  each  other;  take  along  the 
lines  .two  distances  each  equal  to  unity,  and  commencing  from  the  point  of 
intersection  of  the  lines.  Then  the  projections  of  these  distances  on  the  co- 
ordinate axes  are  respectively  cosa ,  cos  a  +  d.cos  a . . . . ;  and  therefore 

the  projections  of  the  line  joining  their  extremities  are  d.ooeo,  d,eo9fi, 
d.cosy,  hut  this  line  measures  dr,  since  it  subtends  dr,  at  a  distance  unity; 
and  therefore        ^^  ^  {d.coBa)^  +  (rf.cos^)^  +  (rf.coey)^. 
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equating  which  values  of  YQ^  we  have 

ds*  dr^  =  (d«ar)«  +  {dhff  -h  {dHf  -  {dh\K  (jSO) 

And  therefore  by  (2), 

i  =  ±  ^  {(rf"^)*  +  {dh,f  4  {4^z)^  -  (d«*)»}  i.         (81) 

Hence  also  we  have  the  following  value  of  the  angle  of  con- 
tingence, 

dr  ='^{(rf»a7)»  +  (rf»y)»+(rf2«)-(rf2*)»}*.  (82) 

881.]  Again  consider  fig.  128^  and  project  the  parallelogram 
PQEV  on  the  plane  of  xy ;  the  projections  on  the  axes  of  x  and 
y  of  the  sides  pq  and  qr  are  severally  dx,  dy,  and  dx-\-d^Xj 
dy+d^y;  so  that^  as  was  shewn  in  Art.  295,  the  area  of  the 
projected  parallelogram  is  equal  to  dxd^—dyd^x,  that  is,  to 
the  quantity  represented  by  z  in  Art.  377.  Similarly  the  pro- 
jections of  the  parallelogram  pqrv  on  the  planes  of  yz  and  zx 
are  x  and  y  ;  also,  as  in  Art.  295, 

area  of  pqbv  =  pq  x  qb  x  sin  Rqs„ 

=r  d8{ds  +  dh)  sin  rfr, 

=  ds^  X  rfr, 

ds^ 
=  — •  (88) 

Hence  by  a  property  of  projected  areas, 

P 
the  same  as  equation  (21).    Hence  also  we  have  the  following 
values  of  the  direction-cosines  of  the  binormal,  which  is  perpen- 
dicular to  the  plane  in  which  the  parallelogram  pqrs  lies,  viz. 
px      ^     ^ 
ds^'    ds^'    ds^'  ^"^^ 


882.]  On  torsion  and  the  radius  of  torsion. 

Since  in  Art.  876  d(o  is  the  angle  between  two  consecutive 
binormals,  and  since  the  direction-cosines  of  the  first  binormal 
are 


X      Y       a 

v'     t'     t' 

or  in  terms  of  (84), 

pX          pY          pZ 

ds^'    ds^'    ds^' 
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it  follows  from  equation  (29),  Art.  879,  that 

.-  =  |(^.i)%  (..1)V  (,/.l)'|'i  ,86, 

,.    rf„.=  (!^5=i*)V(t^I=l^)%(J*Z^')'    (,8, 

(X«-f  Y»  +  Z«)  (rfx«  4  |/Y«  +  rfz«)  -  (Xrfx  +  YrfY  +  xrfz)» 


(X«  +  Y«  +  ZV 
(Yrfz— zrfY)*  +  (zrfx  — xrfz)'  +  (xrfY  — Yrfx)* 


(37) 


(X«  +  Y«  +  Z*)* 

But  differentiating  the  several  terms  of  (6),  we  have 

rfx  =  dyd^z—dzfPy,  ^ 

dr  =  dzd^x-dxd^z,  I  '  (38) 

dz  =  d'Td^y—dycPx;} 

.'.   Yrfz— zrfY  =  Y(djcdh/'-dy€Px)^z{dzcPx'-dxd^z), 

=  dx{xd^x -f-  Yrf^  +  Z€Pz)—d^x(xdx  +  Yrfy  -f-  zdSs)  : 

but  xcfr  +  Yflfy  +  zd^t;  =  0; 

.-.     Yrfz  — zrfY  =  diF(xrf*j?  +  Yrf'y-f.zrf^^r);  (39) 

and  as  similar  values  are  true  for  the  other  terms  of  the  nume- 
rator of  (37), 


_  rf*«  _  ds*  (X  d^x  -f  Y  rf^y  -h  z  dH)^  , 
^  ■"   r2   "  (x«  +  yHz*)» 

1  __  X d^x-^Yd^y 4- z rf^g 

R  ""  X*  +  Y^-f.Z*  ' 

ds^ 
And  since  x^  +  y^  +  z*  =  — r-, 


(40) 


.-.      \  =  '^  {xrf»a?  +  Yrf3y  +  zrf»;c};  (41) 

and  rfo)  =  ^-y  {xrf'4?-f  Yrf'y  +  zrf';?;}.  (4vJ) 

Also  substituting  the  second  set  of  the  values  of  the  directioti- 
cosines,  given  in  (34), 
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888.3  In  reference  to  singular  forms  of  the  values  of  dr  and^ 
d«  which  have  been  determined  by  equations  (27)  and  (42),  it 
is  to  be  observed  that 

(a)  If  at  any  point  of  a  curve  dr  =  0,  or,  which  is  the  same 


thing. 


..g  =  0,      .*  =  0.      ..g  =  0,  («, 


then  there  is  no  change  of  direction  of  the  tangent  as  we  pass 
to  a  third  point  on  the  curve;  that  is,  the  curve  becomes  a 
straight  line,  or  the  curvature  is  su9pended,  and  there  is  what, 
is  called  a  point  of  suspended  curvature. 

(fi)  And  if  dr  =  0,  and  changes  its  sign,  then  not  only  does 
the  curve  at  the  point  run  into  and  coincide  with  its  tangent, 
but  it  intersects  it ;  and  we  have  what  corresponds  to  a  point 
of  inflexion  of  plane  curves,  and  is  called  a  point  of  Inflected 
Curvature. 

(y)  And  if  at  all  points  of  a  curve  in  space  dr  =  0,  then  the 
line  is  straight,  as  is  apparent  from  the  three  conditions  (44). 

(5)  If  at  any  point  d(o  =  0,  or  what  is  equivalent, 

xrf3jp  +  Yrf8y  +  zrf*;?  =  0,  (45) 

the  osculating  plane  does  not  change  position  as  we  pass  from 
a  third  to  a  fourth  conse'cutive  point,  and  the  torsion  at  that 
point  is  suspended,  or  the  curve  is  plane ;  such  a  point  is  con- 
veniently called  a  point  of  Suspended  Torsion. 

(c)  And  if  dfo  =  0,  and  changes  its  sign,  then  the  direction 
in  which  the  torsion  takes  place  is  changed,  and  we  have  what 
is  called  a  point  of  Inflected  Torsion. 

(0  And  if  at  all  points  of  a  curve  cfcn  =  0,  then  the  binormals 
are  all  parallel,  and  the  curve  is  plane.  This,  it  is  to  be  observed, 
is  the  same  condition  as  that  before  found  in  Art.  848. 

384.3  We  proceed  now  to  consider  certain  surfaces  which 
are  generated  by  planes  and  straight  lines,  the  positions  and 
directions  of  which  depend  on  properties  of  curves  of  double 
curvature ;  and  first  let  us  conyider  the  effects  of  the  intersec- 
tion of  consecutive  normal  planes. 

Two  consecutive  normal  planes  of  course  generally  intersect '; 
for  did  they  not,  the  elements  of  the  curve  to  which  they  are 
perpendicular  would  be  in  the  same  straight  line,  which  is  true 

4  B  2 


Digitized  by 


Google 


566  THE  POLAR  SUBFAG&.  [385. 

of  only  particular  parts  of  carves;  and  they  intersect  in  a 
straight  line,  which,  in  accordance  with  the  nomenclatare  of 
M.  de  Saint  Venant,  and  taken  from  Monge  and  Lancret,  we 
will  call  the  polar  line :  the  polar  line  manifestly  passes  through 
the  centre  of  absolute  cunrature,  and  is  perpendicular  to  the 
osculating  plane.  Consider  again  a  third  consecutive  normal 
plane;  this  will  intersect  the  second  one  in  a  straight  line, 
which  is  a  consecutive  polar  line ;  and  so  on ;  thus  a  developable 
surface  will  be  formed  by  the  intersection  of  such  normal  planes ; 
and  as  it  is  also  generated  by  the  polar  lines  according  to  the 
properties  of  developable  surfaces  investigated  in  the  last  Chapter, 
it  is  called  the  Polar  Surface. 

Also  a  curve  is  formed  by  the  intersection  of  the  polar  lines ; 
for  the  lines  ef  intersection  of  the  first  two  and  of  the  last  two 
of  three  consecutive  normal  planes  lie  in  the  second  plane,  and, 
not  being  paraUel,  necessarily  intersect,  and  must  by  their  iu- 
tersection  form  a  curve  of  double  curvature,  which  is  the  edge 
of  regression  of  the  polar  surface.  To  this  edge  of  regression 
therefore  the  polar  lines  are  tangents ;  and  as  two  consecutive 
polar  lines  are  perpendicular  to  two  consecutive  osculating 
planes  of  the  original  curve,  it  follows  that  the  angle  of  curva- 
ture of  this  ,edge  of  regression  is  equal  to  the  corresponding 
angle  of  torsion  of  the  primitive  curve^  Also  it  is  manifest  from 
the  mode  of  generation  that  the  normal  planes  of  the  primitive 
curve  are  osculating  planes  of  the  edge  of  regression ;  and  there- 
fore the  angle  of  torsion  of  the  edge  of  regression  is  equal  to 
the  angle  of  curvature  of  the  primitive  curve.  We  cannot  how- 
ever hence  conclude,  that  the  curvatures  and  torsions  of  the  two 
curves  are  reciprocally  equal,  because  the  lengths  of  the  cor- 
responding elements  of  the  two  curves  are  not  always  equal. 

385.]  Investigation  of  mathematical  expressions  connected 
with  polar  surfaces  and  polar  lines. 

Let  (,  If,  C  be  the  current  coordinates  of  the  normal  plane ; 
(a?,  y,  z)  the  point  on  the  curve  at  which  it  is  drawn ;  then  the 
equation  to  the  normal  plane  is 

(f-jp)*i?  +  <iy-y)rfy +  (f-;?)rfz  =  0;  (46) 

and-  the  equation  to  the  consecutive  normal  plane  is 

{i'-x)d^x  +  (ii-'y)d*y  +  (i:-z)dH  =  cfc» ;  (47) 

by  means  of  which,  and  of  the  two  equations  to  the  curve,  4p,  y,  z 
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may  be  elimiaated,  and  the  resulting  equation  in  terms  of  (,  ri,  ( 
is  that  of  the  polar  surface. 

'  386.3  Again^  to  find  the  equations  to  the  polar  line. 

I^t  iy  11,  C  be  the  current  coordinates  of  the  line ;  then,  as  it 
passes  through  t^e  centre  of  absolute  curvature,  and  is  per- 
pendicular to  the  osculating  plane,  or  is  parallel  to  the  binormal, 
its  equations  are,  by  means  of  (22), 

<to      ds        '     ^      ds      ds         (h     ds     ^ 

X  Y  Z 

887.3  Also  to  find  the  coordinates  of  the  point  of  inter- 
section of  two  consecutive  polar  lines :  that  is,  the  coordinates 
to  a  point  on  the  edge  of  regression  of  the  polar  surface :  we 
must  agfun  differentiate  (47),  whereby  we  have 

(f-5?)rf«a?  +  (v-y)d^y  +  ((-z)d^z  =  Sdsdh;         (49) 

and  by  cross-multiplication  between  (46),  (47),  and  (49), 

(f-a?)(xrf»jr+Yrf3y  +  «rf'«)  =  ^dsdhx-^ds^dx,       (50) 

and  similar  values  are  true  for  the  symmetrical  expressions. 
Therefore  by  means  of  (41), 


p*E    .     Y 


(52) 


By  means  of  which  and  the  two  equations  to  the  curve,  r,  y,  z 
may  be  eliminated,  and  the  two  resulting  equations  in  terms  of 
i^n^C  vill  b®  those  to  the  edge  of  regression  of  the  polar  surface. 

388.3  Let  us  further  consider  these  properties  in  relation  to 
a  sphere  which  has  contact  with  the  primitive  curve. 

As  a  circle  is  definite  when  it  passes  through  three  consecu- 
tive points  on  a  curve,  and  cannot  in  general  pass  through  more, 
so  a  sphere  is  definite  when  it  passes  through  four  points,  pro- 
vided that  these  four  points  have  not  such  a  position  as  to  give 
a  singular  form  to  the  sphere,  as  for  instance  to  make  it  a 
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plane;  this  is  manifest  geometrically,  inasmuch  as  an  infinite 
number  of  spheres  may  be  made  to  pass  through  three  points, 
but  of  these  that  which  passes  through  the  fourth  point  has  a 
definite  radius ;  and  also  algebraically,  because  the  equation  to 
a  sphere  involves  four  arbitrary  constants,  and  these  may  be 
expressed  in  terms  of  the  coordinates  of  four  given  points. 
Consider  then  a  sphere  to  be  so  placed  as  to  pass  through  a 
given  point  on  a  curve,  and  to  touch  the  tangent  to  the  curve 
at  the  point ;  the  sphere  passes  through  two  consecutive  points 
on  the  curve,  and  its  centre  may  be  at  any  point  which  is  equi- 
distant from  these  two ;  it  may  therefore  be  any  where  in  the 
normal  plane.  Suppose  also  that  the  sphere  passes  through  a  third 
consecutive  point  in  addition  to  the  former  two,  then  its  centre 
mnst  also  be  in  the  second  consecutive  normal  plane,  and  must 
therefore  be  in  the  intersection  of  these  two  normal  planes ; 
that  is,  it  must  be  in  the  polar  line,  but  it  may  be  at  any  point 
in  that  line  ;  that  line  therefore  may  be  considered  as  the  locns 
of  the  centres  of  spheres  which  pass  through  the  same  three 
consecutive  points  on  a  curve.  Suppose  again  that  the  sphere 
also  passes  through  four  consecutive  points,  then  its  centre 
must  be  in  the  point  at  which  the  polar  line  is  intersected  by 
its  consecutive  polar  line,  and  is  therefore  at  a  definite  point, 
and  the  radius  of  the  sphere  is  of  definite  length.  The  point 
then  at  which  the  centre  of  such  a  sphere  must  be  placed  is 
a  definite  point  on  the  edge  of  regression  of  the  polar  surface ; 
such  edge  therefore  may  be  defined  to  be,  the  locus  of  the  cen- 
tres of  spheres  which  pass  through  four  consecutive  points  on  a 
ciurve  of  double  curvature. 

Therefore  (,  17,  C  of  equations  (52)  are  the  coordinates  to  the 
centre  of  the  osculating  sphere,  and  f-^o?,  l^tff  C— ^  are  the 
projections  on  the  coordinate  axes  of  its  radius.  Now  -after 
some  long  but  not  difficult  reductions,  equations  (52)  assume 

the  forms 

.  p    .  dx      Kdp  px 


(58) 


and  since  -j-d.-j- , arc  the  direction-cosines  of  the  radius 


rf*      rf»' 
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of  curvature,  and  ~^ are  the  direction-cosines  of  the  polar 

line,  it  follows  that  the  projections  on  the  coordinate  axes  of 
the  radius  of  the  osculating  sphere  is  equal  to  the  sum  of  the 
projections  on  the  same  axes  of  the  radius  of  absolute  curva- 
ture, and  of  a  line  equal  in  length  to  -^  measured  from  the 

centre  of  curvature  along  the  polar  line ;  and  therefore  as  the 
polar  line  is  perpendicular  to  the  radius  of  absolute  curvature, 

the  radius  of  the  osculating  sphere  =  \p^  +  {~d^)  \  '       (^*) 

And  if  the  radius  of  absolute  curvature  of  a  curve  is  constant 
for  all  points  of  the  curve,  so  that  dp  =  0,  then  the  centres  of 
absolute  curvature  and  of  the  osculating  sphere  are  coincident ; 
and  if  at  a  point  on  a  curve  p  is  a  maximum  or  a  minimum,  the 
same  result  follows. 

And  bj  differentiating  (52)  or  (58)  we  may  find  d(,  d-n,  dC 
and  thereby  the  length  of  an  element  of  the  edge  of  regression 
of  the  polar  surface;  and  thence  the  curvature  and  torsion  of 
the  edge  of  regression  in  terms  of  the  coordinates  of  the  corre- 
sponding point  of  the  primitive  curve. 

889.]  The  above  investigations  lead  us  immediately  to  an 
inquiry  respecting  those  properties  of  curves  of  double  curva- 
ture which  are  analogous  to  evolutes  of  plane  curves. 

Let  a  normal  line  be  drawn  at  any  point  of  a  curve  of  double 
curvature ;  it  will  be  in  the  normal  plane  at  the  point,  and  will 
therefore  touch  the  polar  surface. 

Now  conceive  a  second  and  consecutive  normal  plane  to  be 
drawn ;  it  will  meet  the  first  normal  line  on  the  polar  surface^ 
and  at  the  point  of  meeting  let  a  normal  line  be  drawn  to  the 
curve :  and  conceive  again  a  third  consecutive  normal  plane  to 
be  drawn,  and  to  meet  the  second  normal  line :  and  another 
normal  line  to  be  drawn  to  the  curve,  and  by  a  method  similar 
to  the  former  one :  and  so  on ;  then  will  a  curve  be  described 
on  the  polar  surface,  the  elements  of  which  are  elements  of 
these  successive  normal  lines,  and  which  curve  is  such  that  if 
a  perfectly  flexible  and  inextensible  string  is  fixed  at  any  pmnt 
of  it,  and  of  such  a  length  as  when  stretched  will  reach  to  the 
curve ;  then,  if  it  be  wrapped  round  the  polar  surface  and  along, 
and  tangential  to,  the  curve  thereon  described,  the  extremity  of 
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the  string  will  describe  the  original  curve  of  double  curvature. 
On  this  account  the  curve  described  on  the  polar  surface  is 
called  the  Evolute^  and  the  original  curve  is  called  the  Involute 
with  respect  to  it. 

Thus^  let  (.r,  y^  z)  be  the  point  on  the  original  curve  at  which 
the  normal  line  is  drawn^  and  let  the  point  on  the  polar  aurfiioe 
at  which  the  normal  meets  it  be  ((,  rj,  O1  and  let  da  be  a  length- 
element  of  the  evolute ;  and  let  r  be  the  distance  between  the 
two  points ;  then,  as  r  is  to  be  a  tangent  to  the  evolute, 

dj  _  x-(  drj  ___  y-ri^         dC  _   z^C. 

d<r  r    '        dcr  r    '        d<r  r     * 

Also  r'-  =  (a?-f)*  +  (y-i?)*  +  (^-0', 

^rdr  =  (J?-f)rff  +  (y-»?)rf»7  4-  (^-Orff, 

da  — 

.-.     rfr  +  rf<r  =  0; 

and  taking  the  negative  sign  r  —  cr  =  a  constant ;  so  much  of 
the  string  therefore  is  taken  off  from  its  length  by  the  wrap^ 
ping,  as  to  leave  the  remainder  equal  to  the  distance  of  the 
point  on  the  old  curve  from  the  point  on  the  evolute  where  the 
wrapping  ends. 

Hence  if  from  two  points  on  an  evolute  tangents  to  the  evo- 
lute are  drawn  to  the  involute,  the  difference  of  their  lengths 
is  equal  to  the  length  of  the  arc  of  the  evolute  between  the 
points  of  contact. 

As  the  basis  of  the  construction  of  the  evolute  thus  far  has  been 
an  arbitrarily  chosen  normal  line  at  a  given  point  of  the  original 
curve,  so  may  any  other  normal  line  be  taken ;  and  thus  there 
may  be  any  number  of  evolutes,  all  of  which  will  be  on  the  polar 
surface,  and  which  may  therefore  be  considered  as  the  locus 
surface  of  such  evolutes. 

The  locus  of  the  centres  of  absolute  curvature  is  not  an  evo- 
lute, although  it  is  a  curve  described  on  the  polar  sur&ce;  and 

for  this  reason ;  suppose  f,  Q,  R to  be  consecutive  points  on 

the  curve,  and  p^q,r to  be  the  centres  of  curvature  cor- 
responding to  the  points;  then,  if  the  line pgr were  an 

evolute  of  fqr ,  the  arc  pq  should  lie  in  the  line  Fp  pro- 
duced, the  arc  qr  should  lie  in  q^  produced,  and  so  on:  and 
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such  can  be  the  case  only  when  vp,  q^,  kv are  two 'and 

two  in  the  same  plane ;  but  all  these  lie  severaUy  in  different 

planes,  viz.  in  the  osculating  planes  at  p,  q,  a The  radii 

of  absolute  curvature  therefore  cannot  meet  and  by  their  in- 
tersections form  an  evolute,  unless  all  are  in  the  same  plane, 
or^  in  other  words,  unless  the  curve  is  plane.  A  surface  how- 
ever is  generated  by  such  radii  of  curvature,  which  is  ruled,  but 
of  the  class  termed  Skew. 

There  is  also  another  remarkable  property  of  evolutes  of 
curves  of  double  curvature,  viz.  when  the  polar  surface  is  de- 
veloped into  a  plane,  they  become  straight  lines  all  diverging 
from  the  same  point.  For  consider  two  consecutive  normal 
planes  vp  and  Qq  drawn  at  p  and  q,  and  imagine  the  second 
one  to  turn  about  the  polar  line  in  vp,  until  the  two  planes 
coincide ;  then^  as  is  manifest  from  the  construction,  q  falls  on 
and  coincides  with  f,  and  the  line  p/>  coincides  with  Qq,  so  that 
pq^  the  element  of  the  evolute,  coincides  in  direction  with  Tp ; 
and  as  a  similar  result  would  follow  from  a  similar  operation 
being  performed  on  the  other  normal  planes,  it  follows  that  the 
evolute  of  which/? 9  is  an  element  becomes  a  straight  line  ema- 
nating from  p,  the  point  into  which  the  whole  original  curve 
becomes  absorbed;  and  as  a  similar  result  is  true  of  all  the 
other  evolutes,  it  follows  that  when  the  polar  surface  is  de- 
veloped, the  evolutes  become  a  pencil  of -straight  lines  diverging 
firom  the  point  into  which  the  curve  falls. 

And  as  the  length  of  an  element  of  an  evolute  is  not  altered 
by  the  development,  it  follows  that  the  element  of  an  evolute  is 
the  shortest  distance  between  the  two  extremities  of  the  ele- 
ment. The  evolute  therefore  is  the  geodesic  between  any  two 
points  on  the  polar  surface. 

390.3  To  enable  the  reader  to  obtain  an  adequate  concep- 
tion of  the  results  of  the  last  few  Articles,  the  geometrical 
figure  129*  is  given. 

Let  Pi,  Vt,  Pa,  P4 be  successive  points  in  a  curve  of 

double  curvature;  and  through  the  middle  points  Mi,  M2,  Mg, 

...  of  successive  elements  let  the  normal  planes  li,  L2,  L3, be 

drawn,  intersecting  each  other  consecutively  in  the  straight  lines 

*  The  figure  is  the  same  as  that  given  by  Monge  in  his  "Application 
d'Analyse,"  and  thenoe  has  been  copied  into  most  of  the  ordinary  text  books. 
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AiBi,  AsB2, which  are  therefore  the  polar  lines;  and  the 

surface  formed  by  the  intersection  of  the  normal  planes  is  the 
developable  polar  surface ;  then,  as  all  the  elements  of  the  cnire 
are  not  in  the  same  plane,  the  p<dar  lines  are  not  parallel,  and 
therefore  intersect  consecutively,  and  thereby  form  an  envelope, 
viz.  the  non-plane  curve  QiQsQs »  which  is  the  edge  of  re- 
gression of  the  polar  surface. 

Also  let  the  normal  planes  Li,  Lj  be  cut  by  the  osculating 
plane  containing  the  elements  P1P2  and  PsPs,  and  which  is 
therefore  perpendicular  to  li  and  ls,  and  let  the  lines  of  inter- 
section be  MiCi,  MiCii  then  Ci  is  the  centre  of  absolute  cur- 
vature of  the  curve  at  Pi,  and  P]  Ci  is  the  radius  of  absolute 
curvature. 

Again,  let  the  consecutive  osculating  plane  be  drawn  con- 
taining the  elements  P2Ps  and  P3P4,  and  let  its  lines  of  inter- 
section with  L2  and  L3  be  Ms  €3  and  M3C2;  then  C2  is  the  centre 
of  absolute  curvature  of  the  curve  at  P2,  and  P2  C2  is  the  radins 
of  absolute  curvature.  It  is  manifest  now  that  the  line  M2  C2 
does  not  coincide  with  M2  Ci,  because  they  are  the  lines  of 
intersection  of  the  same  plane  L2  by  different  planes;  M2C2 
therefore  does  not  cut  Ai  Bi  in  the  point  Ci ;  and  therefore  the 
consecutive  radii  ifiCi  and  M2C2  do  not  meet.  The  successive 
centres  of  curvature  therefore  do  not  arise  from  the  intersection 
of  consecutive  radii  of  curvature,  and  consequently  these  radii 
are  not  tangents  to  the  locus  of  the  centres ;  and  therefore  it 

follows  that  the  curve  C]  C2 cannot  be  regarded  as  an  evo- 

lute  of  the  original  curve.  It  is  manifest  however  from  the 
construction  that  such  wiU  be  the  case,  if  the  original  curve  is 
plane. 

The  diagram  gives  us  also  a  clear  notion  of  the  formation  of 
evolutes.  From  M]  let  any  line  Mi  Di  be  drawn  in  the  normal 
plane,  meeting  at  Di  the  polar  surface,  to  which  it  is  tangential ; 
and  from  Di  let  the  line  Di  M2  be  drawn  to  M2,  the  middle  point 
of  the  next  element;  then  this  line  lies  in  the  consecutive 
normal  plane,  and  is  tangential  to  the  polar  surface,  and  has  an 
element  Di  i>2  in  contact  with  it ;  and  let  a  similar  process  be 
continued  on  other  consecutive  normal  planes ;  then  there  will 

be  described  on  the  polar  surface  a  curve  Di  D2 ,  such  that 

each  successive  element  on  it  being  produced  will  pass  through 
and  be  normal  to  the  original  curve,  and  such  that  the  differ- 
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ence  between  two  successive  lines  drawn  from  the  new  to  the 
old  curve  is  equal  to  an  element  of  the  new  curve,  as  is  mani- 
fest from  the  construction;    therefore  the  curve  D1D2 is 

an  evolute  to  the  original  curve,  which  is  called  an  involute 
relatively  to  it.     Hereby  also  a  developable  surface  will  be 

formed  of  which  the  curve  DiD^  is  the  edge  of  regression, 

the  osculating  planes  to  which  are  those  containing  the  suc- 
cessive elements  of  the  original  curve. 

And  as  the  first  normal  Pi  Di  was  drawn  to  a  point  Di,  chosen 
arbitrarily,  so  might  any  other  point  have  been  taken  on  the 
polar  line  Bi  Ai  Qx  ;  and  thus  there  may  be  any  number  of  evo- 
lutes  on  the  polar  surface,  and  the  polar  surface  may  be  con- 
sidered as  the  locus-surface  of  such  curves. 

It  is  manifest  from  the  geometry  that  if  the  polar  surface  is 

developed  into  a  plane,  Di  D2 would  become  a  straight  line ; 

therefore  Di  D2 is  a  geodesic  line  on  the  polar  surface. 

391.3  From  the  figure  also  may  be  deduced  results,  some  of 
which  are  identical  with  those  above  investigated  by  algebraical 
methods. 

Through  the  points  m^^  M29 ,  the  middle  points  of  succes- 
sive elements,  let  there  be  drawn  the  binormals  Mi  Li,  M2  L2> 

which  are  parallel  to  the  polar  lines  AiBi,  A2B2 ; 

then  tlie  angle  ai  Qi  A2,  being  that  between  two  successive  polar 
lines,  is  equal  to  the  angle  of  torsion.  Also  let  the  line  M2  C2 
cut  the  polar  line  Ai  Bx  in  i  ;  then  we  have  the  following  values  : 

Ml  Ci  =  p  =  the  radius  of  absolute  curvature, 
M2I  =  dp  ^  the  differential  of  ditto, 
MiQi  =  the  radius  of  the  osculatiug  sphere, 

AiQiAs  =  the  angle  of  torsion  =  {/a>  = 

R 

Since  then  C2I  may  be  considered  as  an  arc  of  a  circle,  sub- 
tending an  angle  aiQxA2  at  Qi,  we  have 

C3I  =  QiCa  X  angle  AiQiAg; 

,'.       dp   =:   Q1C2  X  rfo), 

•••  «»"»  =  £  =  »S'  ^^^^ 

and  since  MxCiQi  is  a  right  angle, 

MiQi*   =    MlClHClQl^ 

4  c  2 
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{the  radius  of  the  osculating  sphere}*  =  P*  +  (*^)  >    (^6) 

fQiCi         B.dp  ^^^. 

tauQiMiCi  =^-^  =  -£.  (57) 

IPiCi        pas 

Also  as  MfCi,  M2C2  are  the  lines  of  intersection  of  the  normal 
plane  at  P2,  by  two  consecutive  osculating  planes  which  are 
both  perpendicular  to  it,  the  angle  CiMsCs  is  that  between  the 
osculating  planes^  and  is  therefore  equal  to  the  angle  of  torsion : 

'  C1M2C2  :=  aa>; 

and  as  MsCi  is  perpendicular  to  AiBi,  Cii  may  be  considered 
the  arc  of  a  circle  subtending  at  Ma  an  angle  d^ ;  therefore 

Cii  =  M2C1  X  angle  CiMsCa, 

=  pdia;  (58) 

and  therefore  if  CiCa  is  joined,  c^ca  is  an  element  of  the  curre- 
locus  of  the  centres  of  curvature ; 

.-.       C1C2*   =   CiI«  +  IC2*, 

=  p«rf««  +  rfp».  (59) 

If  the  curve  is  plane  dw  =  0,  and  C1C2  =  dp,  in  which  case 
ci 02  is  an  element  of  the  evolute  of  the  original  curve;   but  if 

the  original  curve  is  non-plane^  the  curve  C1C2, is  not  an 

evolute. 

As  Ci  C2  is  an  element  of  the  curve-locus  of  the  centres  of 
absolute  curvature,  it  is  equal  to  {df*-l-rfiy*  +  rff*}*  of  the 
expressions  given  in  equations  (11)  or  (22)  of  the  present 
Chapter;   that  is^ 

whence,  after  several  reductions, 

392.3  Now  this  last  equation  deserves  attention ;  for  on  re- 
ferring to  equations  (25)  it  appears,  that  the  direction-cosines  of 
the  radius  of  absolute  curvature  are 
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i^S-  i4'-  i^'i- 

and  therefore  on  comparison  of  (61)  with  (29),  it  appears  that 
the  right-hand  member  of  (61)  is  the  square  of  the  infinitesimal 
angle  contained  between  two  consecutive  radii  of  absolute  cur- 
vature. Therefore  if  da  is  the  angle  between  these,  viz.  the 
angle  between  MjCi  and  MsC2  in  fig.  129;  then 

and  assuming  K  to  be  such  that  ds  =  ^  rf  o,  we  have 

^.  =  ^  +  ij  (65) 

and  calling  —  complex  flexure,  and  ift  the  radius  of  complex 
flexure,  we  have 

(complex  flexure)*  =  (curvature)^  -h  (torsion)*.         (66) 
Fig.  129  affords  an  easy  geometrical  proof  of  (64). 

393.]  On  the  osculating  surface  of  a  non-plane  curve. 

The  osculating  planes  of  a  non-plane  curve  by  their  con- 
secutive intersections  form  a  developable  surface,  whose  edge 
of  regression  is  the  curve  itself;  or  the  surface  may  be  con- 
sidered to  be  generated  by  the  tangent  lines  in  their  successive 
positions.  The  tangent  line  therefore  is  the  characteristic  of 
the  surface,  which  is  called  the  osculating  surface. 

Let  the  equation  to  an  osculating  plane  be 

(f-j?)  X  +  (1,-y)  Y  +  (f-2r)  z  =  0;  (67) 

then  the  equation  to  the  consecutive  plane  is 

(f-j?)  dx  +  (»,-y)  dr  +  (f-«)  rfz  =  0,  (68) 

•."     Jidx-\-\dy-\^zdz  =  0. 

Eliminating  therefore  x,  y,  z  from  (67),  (68),  and  the  two  equa- 
tions to  the  curve,  there  will  result  an  equation  in  terms  of 
(,  17,  C  which  will  be  that  to  the  osculating  surface. 
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From  the  mode  of  geueratiou  of  the  surface,  it  is  manifest 
that  all  involutes  to  the  given  curve  lie  in  it;  and  that  each 
involute  cuts  all  the  generating  lines  of  the  surface  at  right 
angles. 

An  example  of  a  problem  of  this  kind  has  been  solved  in 
Ex.  1,  Art. 


394.]  Again,  suppose  planes  to  be  drawn  at  every  point  of 
a  non-plane  curve  and  perpendicular  to  the  radius  of  absolute 
curvature  at  the  point;  such  will  by  their  intersections  gene- 
rate a  developable  surface,  the  equation  to  which  is  found  as 
follows. 

Let  £,ri,(he  the  current  coordinates  of  the  plane ;  then,  since 
it  is  perpendicular  to  the  radius  of  absolute  curvature,  or  to 
the  principal  normal  whose  direction-cosines  are  given  by  equar- 
tions  (25),  its  equation  is 

(f-a;)rf.^  +  (i,-y)rf.g  +  (f-r)i/.g  =0;         (69) 

and  the  equation  to  the  consecutive  plane  is 

(i^x)  d\  g  +  {n-y)  dK  g  +  {(-z)  d\^  =  0.        (70) 

The  elimination  therefore  of  x,  y,  z  between  (69),  (70),  and 
the  two  equations  to  the  curve,  will  leave  an  equation  involving 
f ,  ri,  C  which  will  be  that  to  the  required  surface. 

The  planes,  by  the  consecutive  intersection  of  which  the  sur- 
face is  formed,  are  tangential  to  the  original  curve,  and  are  by 
their  position  perpendicular  to  both  the  osculating  and  normal 
planes  to  the  curve  at  the  common  point.  This  surface  there- 
fore always  cuts  at  right  angles  the  osculating  surface  of  the 
curve ;  and  since  to  the  osculating  surface  the  curve  is  the  edge 
of  regression,  this  surface  is  perpendicular  to  the  osculating 
surface,  through  the  whole  length  of  its  edge  of  regression. 
Now  when  the  osculating  surface  is  developed,  the  original 
curve  becomes  a  straight  line ;  but  what  effect  has  such  a  de- 
velopment of  the  osculating  surface,  or  such  a  rectification  of 
its  edge  of  regression,  on  the  surface  which  is  perpendicular  to 
it  through  its  edge  ?  it  developes  this  orthogonal  surface  into  a 
plane,  and  the  line  of  contact  of  the  original  curve  witli  it  be- 
comes a  straight  line.  This  surface  is  accordingly  called  the 
rectifying  developable  surface^  as  being  that  which  touches  the 
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curve^  and  the  curve  of  contact  of  which^  with  the  given  curve, 
becomes  a  straight  line  when  the  surface  is  developed  into  a 
plane.  It  is  also  for  this  reason  that  the  plane  which  touches 
a  curve,  and  is  perpendicular  to  the  radius  of  absolute  curva- 
ture, is  called  the  rectifying  plane  *. 

395.3  The  line  of  intersection  of  two  successive  rectifying 
planes  is  called  the  rectifying  line ;  hence  it  is  the  line  of  inter- 
section of  the  two  planes  whose  equations  are  (69)  and  (70) ; 
therefore  its  equations  are 

d.^d^.-^  -d.-j-d^.-f        d.-^d*.-=--d.-j-d*.-j- 
ds       ds  ds       ds  ds       ds  ds       ds 


\z 


ds       ds  ds       ds 


(71) 


also  it  is  perpendicular  to  two  consecutive  principal  normals. 

Also  by  means  of  the  denominators  of  the  above  fractions 
the  infinitesimal  angle  between  two  consecutive  rectifying  lines 
may  be  determined. 

And  the  edge  of  regression  of  the  rectifying  surface  may  be 
determined  by  differentiating  (70),  and  then  determining  two 
equations  in  terms  of  (,  17,  C  between  (69),  (70)  and  its  differ- 
ential, and  the  two  equations  to  the  curve. 


396.3  Let  us  apply  to  the  helix  the  results  which  have  been 
arrived  at  in  the  present  Chapter.  As  in  Ex.  2,  Art.  347,  let 
the  equations  to  the  curve  be 

x=acos^,-|  .•.     rfo?  =  —  asin^rf^  =  —  yrf4>,  -^ 

y  =  a  sin  <^,  I  dy  =    a  cos  <^  rf0    =      x  d<f>,   I     (72) 

z=zka(t>;    J  dz  =:^        kad<l>        =     kad(p;J 

ds^  =  (l  +  *2)a«d<^«; 

and  taking  <^  to  be  equicrescent, 

d^y  =  -  y  rf<^*,  I  rf»y  =  -xd<t?X  (73) 

rf»z  =  0;  J  d»;f  =  0;  J 

*  See  a  paper  by  Lancret  in  "  M^moires  des  Savans  Etrangdres,"  tome  I^^e^ 
Paris,  An.  XIV  (1805). 
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and  from  the  results  of  Ex.  2,  Art.  847,  and  from  (6)  and  (7) 
of  Art  877, 


d*x           —X 

x  =  *oyrf<^. 

dt*  ~  «»(!  +  *»)' 

d*y  _        -y 
d»>  ~  a»(l  +  *»)' 

T  =  —  kax  rf<^', 
i  =  a*d<f?\ 

ds*  -  "' 

p»=o*  (!  +  *»)</*«; 

therefore  by  (24)  and  (25) 

,  p  =  o(l  +  **); 

cos  X  =  —  cos  (^, 

M)8/i=—  sin^,       cosv  = 

dr 

_       d<l> 

(74) 


^    -  ,  (75) 

(1  +  **)* 

The  radius  of  absolute  curvature  therefore  coincides  in  direc- 
tion with  the  radius  of  the  base-cylinder  of  the  helix ;  and  as  its 
value  is  constant^  its  extremity  describes  another  helix  of  the 
same  axis  and  the  same  thread,  and  which  is  traced  on  a  base- 
cylinder  whose  radius  is  k^a. 


Again,  from  (40)  and  (42), 


R  =  a 


diA  = 


k 
k 


•=!■ 


d4>. 


(76) 


(1  +  *')* 
Also  for  the  direction-cosines  of  the  binormal,  we  have 


cos  #  =   -  =    r 

^        (!  +  *«)* 


Y                 k 
cosm  =  -  = 

^  (l-f*V 

z  1 

cos  n  =  -  =  r  . 

^  (!  +  *»)* 


sm<^, 
cos^,  S. 


(77) 


The  equation  to  the  polar  surface  has  been  found  in  the  last 
Chapter,  see  Ex.  1,  equation  (72),  Art.  363,  and  therefore  it 
is  unnecessary  to  apply  equations  (46)  and  (47)  to  the  same 
problem. 

By  means  of  (48)  the  equations  to  a  polar  line  are 
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ky  ^kx  a 

Again,  to  find  the  equations  to  the  edge  of  regression  of  the 
polar  surface,  we  have  from  equations  (52), 

f=-*«^,        i?  =  -*V,        f=^;  (79) 

substituting  which  in  the  equations  to  the  helix,  viz. 

ss  ss 

a?  =  acosj^,  y  =  asinj^,  (80) 

we  have 

f  =  -*«acos^,  7,=  -A^asinj^;         (81) 

which  represent  a  helix  described  on  a  cylinder,  whose  axis  is 
the  axis  of  the  original  base-cylinder,  and  radius  =  k^a,  and 
the  inclination  of  whose  thread  to  the  plane  of  xy  is  the  same 
as  that  of  the  original  helix. 
Also  from  (54), 

the  radius  of  the  osculating  sphere  =  a  (1  +  A') ;        (82) 

and  is  therefore  equal  to  the  radius  of  absolute  curvature ;  and 
similarly  the  coordinates  to  the  centre  of  the  osculating  sphere 
are  those  given  in  (79). 

From  (64),  rfo  =  rf<^,  (88) 

that  is,  two  consecutive  radii  of  absolute  curvature  are  incUned 
to  each  other  at  the  same  angle  as  the  corresponding  radii  of 
the  base-cyliuder. 

Also  from  (65),  K  =  (1  +*«)*a.  (84) 

The  equation  to  the  osculating  surface  has  been  investigated 
in  Ex.  1,  Art.  863. 
By  equation  (69)  the  equation  to  the  rectifying  plane  is 

fx  +  iyy  =  a«,-  (86) 

that  is,  the  plane  is  parallel  to  the  axis  of  z^  and  perpendicular 
to  the  radius  of  the  base-cylinder. 
And  by  (71)  the  equations  to  the  rectifying  line  are, 

f  =  a?,        i,  =  y,        f=§.  (86) 

PRICB,  VOL.  I.  4  D 
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CHAPTER  XVm. 

ON  THE  CURVATURE  OF  SECTIONS  OF  CURVED  SURFACES. 

897.]  Consider  on  a  curved  surface  a  point  which  is  not  one 
of  discontinuity,  and  at  which  the  derived-functions  of  the 
equation  to  the  surface  are  neither  singular  nor  indeterminate. 
Through  this  point  let  any  number  of  lines  be  drawn  on  the 
surface;  these  will  generally  be  curved,  and  the  curvature  of 
them  will  vary  continuously  as  we  pass  from  one  to  another ;  to 
the  determination  of  their  curvature  we  propose  to  apply  the 
principles  already  explained ;  and  by  means  of  them  to  form  a 
conception  of  the  actual  flexure  or  curvature  of  the  surface  at 
the  point  under  consideration. 

Now  our  principles  require  an  investigation  into  the  incli- 
nation of  two  consecutive  elements,  or  into  the  relative  position 
of  three  consecutive  points,  see  Art.  281.  The  first  point  is 
that  under  consideration,  and  the  next  two  are  of  ikeoessity 
in  the  same  plane  with  it ;  and  according  as  the  plane  of  the 
three  consecutive  points  does  or  does  not  contain  the  normal 
to  the  surface  at  the  first  point,  will  the  process  of  inquiry  be 
diflerent. 

Firstly^  let  the  three  points  be  such  that  their  plane  may 
contain  the  normals  at  the  first  and  second  pdints ;  then  the 
two  consecutive  normals  lie  in  the  same  plane>  and  therefbM 
intersect.  Accordingly  the  principles  on  which  we  have  esti- 
mated radius  of  curvature  are  directly  applicable ;  this  is  the 
case  ^tpfindpul  normal  iection. 

Secondly,  let  the  plane  of  the  three  points  contain  the  fiist 
normal,  but  not  the  second ;  then  th6  principles  of  estimating 
curvature  which  were  adopted  in  the  last  Chapter  are  applicable ; 
and  we  must  investigate  the  distance  from  the  surface  of  the 
point  at  which  the  normal  plane  of  the  second  element  meets  the 
normal  to  the  surface  at  the  given  point ;  for  such  it  point  will 
be  identical  with  the  point  of  intersection  6n  the  osculating 
plane  of  two  consecutive  normal  planes  :  this  is  the  case  of 
ordinary  normal  section. 

Thirdly,  the  three  points  may  be  such  that  their  plane  may 
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not  contain  tlie  normal  line  at  the  first  point ;  in  vhich  case  we 
must  then  apply  the  retults  of  Art.  875  to  determine  the  ra^dius 
of  abaolnte  oorvature.  This  is  the  ease  of  oblique  section,  the 
oaeolating  plane  of  the  two  elements  being  inclined  at  a  given 
angle  to  the  normal  <^  the  surface. 

398.^  I  propose  first  to  investigate  the  curvature  of  principal 
normal  sections. 

Let  the  equation  to  the  surface  be 

ri^.y,^)  =  0;  (1) 

and  for  the  sake  of  abbreviating  the  notation  let  us  employ  the 
following  symbols^  as  in  Art.  832^  and  in  Art.  860^ 


w; 


w; 


/€Pr\  /rf*F\  /d^r\ 


(2) 


U»+V»  +  W*  ;=  Q*.  (3) 

Tbeo  the  equations  to  the  norqif^  at  the  point  x,  y,  z  are, 

tzH^^V-y^tll^t^a,    (say),  (4) 

whe|«  p  is  the  distance  between  (jr,  y^  z)  and  {(,  -q,  ().  He&ee 
we  have 

f — a?  =  jjQ,         n—y^  vo,  f-«  =  wo.      (5) 

Now  when  two  consecutive  normals  intersect^  (6)  must  consist 
with  their  difier^itials^  when  a7,y,  z,  and  therefore  when  u,  v,  w^ 
n  vary;  accordingly^  diiferentiating,  we  have 

dx-^vdQ  +  Qdv  =  0,  1 

rfy  +  V  do  +  o  rfv  =  0,   I  (6) 

rfz  +  wrfo  +  o^w  =  0;J 

whence^  eliminating  o  and  dik,  we  have 

(vdw  — wrfv)d!a?-f  (wrfu  — udw)rfy  +  (udv  — vrfu)(fo  =  0;   (7) 

and  as  this  is  independent  oi  (,  ?},  C  it  is  true  for  any  point  on 
the  surface,  and  is  therefore  the  differential  equation  of  lines 
drawn  on  the  surface,  which  are  such  that  the  consecutive  nor- 
mals to  the  surface  along  th^n  intersect.    These  lines  are  called 

4  D  2    . 
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the  Une»  of  curvature,  to  the  consideration  of  which  we  shall 
hereafter  rettinL  The  geometrical  meaning  of  (7)  is^  that  the 
line  of  intersection  of  the  two  tangent  planes  drawn  at  the  ex- 
tremities of  d9,  the  element  of  a  line  on  the  sar£Eu»,  is  at  right 
angles  to  the  tangent  line  whose  direction-cosines  are  propor- 
tional to  dx^  dy,  dz. 

The  equation  to  the  lines  of  curvature  may  also  be  expressed 
as  follows :  since 

vrfw  — wrfv  =  Y  {v'dx  -\-  u'dy  +  wdz)  ^"wiw'dx  -^^  vdy  -\-  ^dz), 
=  (vt/— wie>')dip  +  (vti'— wt;)dy  +  (vtr— wti')<fa; 
and  since^  similarly, 
wrfu  —  0rfw  =  (wtt  —  v^)dx  +  (yrw'—vu')dy  +  (wt^—  vw)  dz, 
udv  — vrfu  =  (uw'— vtt)rfir-|-  (ut?  — vtc/)dy-f  (utt'— vt;')«b, 
the  equation  to  the  lines  of  curvature  becomes 
(ytf — ww')  dx^  4-  (Wtt?'  -  vu')  dy^  +  (ui^  —  vt;')  ife* 

+  (wr'— utc;  -h  w  —  yu>')dydz  -f  (uw/— vw  -f  vie?  —  wi^)  d^d«r 
+  (vi^— wv  +  wu  — ut;')<forfy  =  0.     (8) 

And  as  this  is  of  two  dimensions  in  terms  of  dx,  dy,  dz,  there 
are  in  general  two  distinct  lines  of  curvature  passing  through 
every  point  on  a  surface;  these  we  shall  shew  to  be  perpen- 
dicular to  each  other  at  the  point. 

899.]  Let  therefore,  as  in  (4),  p  be  the  length  of  the  radius  of 
curvature  of  a  principal  normal  section ;  and  let  (,  17,  C  be  the 
coordinates  to  its  extremity,  so  that 

then  BM  (,ri,C  pBie  the  same  for  the  next  consecutive  normal, 
and  therefore  for  the  next  two  consecutive  points,  we  have 

(f-ar)£to  +  (9-y)rfy  +  (i-z)dz  =  0,  (9) 

(f-j?)  d*a?+(iy-y)  rfV+(f-^)  rf"^  =  rf*';  (10) 

and  as  the  centre  of  curvature  is  on  the  normal, 

tzf.  -  llJL  =  Lll  =  £  =  ^l .     (11) 

•'•    ^^  vd^s+Yd^-^wd^z'  ^^^^ 
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Now  differentiating  the  equation  to  the  surface  twice,  we  have 
V  d^x  -\-y  d^ +w  dh-\-u  dx^  -\^vdy^'\-wdz^ 

+  2  {u'dydz^v'dzdx-i-u/dvdy}  =  0,     (13) 

and  employing  I,  m,  n,  to  represent  the  direction-cosines  of  the 
element  of  the  curve  whose  curvature  we  are  investigating,  so 


that 


dx       J        dy  dz 


(14) 


we  have,  neglecting  the  ambiguity  of  sign, 

-  =  ttP-f  vm«  +  t£7«*-f  2tt'm«-f  2t;'»/+2M;7w.  (15) 

P 
Suppose  that  at  the  point  on  the  surface  neither  u,  v,  nor  w 
vanishes,  then  this  expression  admits  of  the  following  modifica- 


tion ; .  since 


vdx+vdy-^wdz  =  0; 
.'.  u/+vm4-w«  =  0; 
.•.     vm+w»  =  —vl; 

u'P— v>m^--w^n' 


(16) 
(17) 


nmilarly 


2n/  = 


2fo>  = 


vw 
v'wt'— w*»«— u'P 

wu  ' 

w*n'— u*P— v*wt* 


uv 


and  substituting  as  follows, 


(18) 


we  have 


H  =  tt  +  — (ut*'— vr'—wtr'), 

vw  ^ 

Y 

K   s:  r  +  (VV'  —  Wm/—  Uti'), 

WU 


L  =te?H (wtr'— utt'  — vr'); 

uv  ^ 


-  =  nP-^Km^  +  hfiK 
P 


(19) 


(20) 


But  as  the  section  whose  curvature  we  are  considering  has 
an  element  coincident  with  that  of  a  line  of  curvature,  we  may 
introduce  this  condition,  and  modify  (20)  accordingly ;  return- 
ing to  (7)  and  (8), 

vrfw  —  w rfv  =  {Yv'  —  wie^') dx  +  (vw'  —  wv)dy  -f  {vta  —  ww')  dz ; 
whence,  by  means  of  (16)  and  (19), 
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▼  rfw  — wrfv  =  YhdZ'-^Kdy.  (21) 

Similarly        wrfu  —  urfw  =:WHdar  —  ul&,  (22) 

urfv  — vrfu  =  UKify  — vHctp;  (23) 

whereby  the  differential  equation  to  the  lines  of  cunrature 
becomes, 

u(k  — L)dyflfo  +  v(L  — H)ifcdip  +  w(H  — K)dirdy  =  0,      (24) 

or  u(k  — L)mn  +  v(L  — H)n/  +  w(H  — K)Zm  =  0.       (25) 

Also  from  (17),       ,T  ?.,,•«.  I  «-       n. 

whence,  eliminating  u,  v,  w  in  order,  and  simplifying  the  result 
by  means  of  (20),  we  hare 

u  V  w 


,(.-?)       »(.-5)       .(.-?) 


(26) 


whence                  -i—  +  — —  +  -1—  =  0;  (27) 

Q                  Q                 Q 
H K L 

P  P  P 

a  quadratic  equation,  which  gives  the  two  values  of  p  cor- 
responding to  the  two  radii  of  curvature  of  the  principal  normal 
sections. 

If  however  at  the  point  of  the  surface  under  investigation 
either  u,  v  or  w  vanishes,  the  process,  by  which  h^  k^  l  have  been 
formed,  must  be  modified  accordingly;  and  neither  can  the 
equation  of  the  principal  radii  of  curvature  be  expressed  in  the 
forms  (20)  and  (27),  nor  the  equation  of  the  lines  of  curvature 
in  the  form  (25).  In  this  case  then  we  are  obliged  to  recur 
to  the  original  forms,  which  are  also  most  general,  viz.  (8) 
and  (15). 

400.]  Equations  *  (26)  give  us  also  values  for  /,  m,  n  which 
are  the  direction-cosines  of  the  lines  of  curvature,  and  therefore 
of  the  principal  normal  sections ;  whereby  it  may  be  shewn,  that 
the  principal  normal  sections  are  at  right  angles  to  each  other. 

For  let  limiHi,  l^mitif  be  the  direction-cosines  of  the  nor- 
mal sections  corresponding  to  which  the  radii  of  curvature  are 

*  For  this  Article,  as  well  as  for  a  great  part  of  the  preceding  one,  and  for 
Art.  403,  I  am  indebted  to  Gref<ory'8  Solid  Gcoroetrf,  CMiibrid|[e,  1645. 
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Pu  PM ;  then  we  have,  writing  in  (27)  each  value  of  />»  and  sub- 
tracting one  from  the  other, 

.j  =  0.  (28) 


Pi'  "^        pi- 


V         Pi  /  \         Pa  /        V        pi  /  V        p2  ^ 

Hence,  if  pi  and  p2  are  unequal,  as  they  will  usually  be,  the 
second  factor  must  be  equal  to  0;   and  therefore  by  reason 

^^  ^^®^'  hk  +  tnim^  +  nitH^Oi  (29) 

and  therefore  the  principal  normal  sections  intersect  each  other 
at  right  angles. 

Hence  also  the  lines  of  curvature  at  any  point  of  a  surface 
cut  each  other  at  right  angles. 

The  radii  of  curvature  of  the  principal  normal  sections  are 
called  the  principal  radii  of  curvature. 

401.]  To  determine  the  radius  of  curvature  of  any  normal 
section. 

Observing  the  mode  of  determining  the  radius  of  curvature 
of  such  a  section  which  was  mentioned  in  Art.  397,  it  appears 
that  we  have  to  find  the  point  of  intersection  of  the  normal 
whose  equations  are 

0  V  w    ' 

and  the  plane  which  is  perpendicular  to  the  second  element^ 
and  whose  equation  is  given  in  (10) ;  whence,  using  the  same 
notation  and  the  same  method  of  investigation  as  that  of 
Art  399,  we  have 

-  =  ti/^  +  i^m'-f  tt>»"+2i«'mn+2t/n/+2w7m;  (80) 

P 

and  if  neither  u,  v,  nor  w  vanishes^  then 

?  s=  B^-f  ftrn'  +  LH^,  (81) 

P 

H,  K,  L  being  given  in  equations  (19),  and  /,  m,  n  being  the 

direction-coeines  of  the  element  of  the  curve  at  the  p(Hnt  on 

tlie  sarfiice>  and  the  curvature  of  which  we  are  examining. 
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402.]  Of  all  radii  of  conratnre  of  normal  sections^  to  deter- 
mine  whether  any,  and  what^  are  maxima  and  minima. 

For  all  normal  sections  passing  through  a  given  point 
Q>  u,  y,  w,  H,  K,  L  being,  or  involving,  the  partial  derived- 
functions  of  the  equation  to  the  surface  at  the  point,  are  con- 
stant, and  I,  m,  n  vary.  Hence  we  have  to  determine  the 
maximum  and  minimum  of  (81)^  having  given  the  conditions 

uZ  +  VOT-f  w»  =  0,  (82) 

/«  +  m«  +  ««  =  1 ;  (83) 

.-.     d(-)  =  2{HZ<B-fKmrfwt  +  Lnrf»}  =  0,  1 

vdl  +  vrfm  4-  wrfn    =  0,    ^  (84) 

Idl   +  mdm  +  ndn     =s  OjJ 

and  using  indeterminate  multipliers  —A  and  —  fji,  according  to 

Art.  167,  „j      ^„        I       n  . 

Km— Av— /4m  =  0,  I  (85) 

Ln— Aw— fAn  =  0;J 

whence  multiplying  severally  through  by  2,  m,  n,  and  adding. 


(86) 


and  therefore      —  +  —  -f  —  =  0;  (87) 

H--?  K-?  L-5 

P  P  P 

which  last  results  are  identical  with  (26)  and  (27) ;  whence  it 
follows,  that  of  aU  normal  sections  the  principal  ones  are  those 
whose  curvature  is  respectively  a  maximum  and  a  minimum. 
Hence  the  normal  sections  of  greatest  and  least  curvature  are 
at  right  angles  to  each  other. 

408.]  The  radius  of  curvature  of  any  normal  section  may  be 
expressed  as  follows,  in  terms  of  the  radii  of  curvature  of  the 
principal  normal  sections. 

The  proposition  having  been  discovered  by  Euler,  is  known 
by  the  name  of  Euler's  Theorem  of  Normal  Sections. 

Let  pi  and  pt  be  the  principal  radii  of  curvature,  and  h^fh^* 
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hnh^  be  the  direction-cosines  of  the  elements  of  the  lines  of 
curvature  passing  through  the  given  point  on  the  surface,  and 
therefore  of  the  directions  of  the  principal  normal  sections  at 
the  point ;  let  p  be  the  radius  of  curvature  of  any  other  normal 
section,  and  Imn  the  direction-cosines  of  its  element;  and  let 
a  be  the  angle  between  its  plane  and  that  of  the  maximum 
principal  radius  of  curvature ;  then  we  have 

u/  -h  \m  4-  wn  =  0,  -^ 

u/i  -f  vwii  4-  wni  =  0,  I  (38) 

III  +  f^ff^i  +  ^^1   =  cos  a, 
lli-^-mm^-^-  nn^  =  sin  a; 

hh-^  W1W3  +  nin2  =  0.  (40) 

Also  if  we  suppose  the  lines  of  curvature,  and  the  normal  of 
the  surface,  to  constitute  a  system  of  rectangular  axes  at  the 
point  under  consideration  as  the  origin,  we  have 

/  =    /i  cos  a  +  /g  sin  a^  ^ 
m  =  9»i  cos  a  +  »h  fiui  a,  \  (41) 

n  =  »!  cos  a  +  »2  sin  a ;  J 

the  last  term  of  the  general  formula  for  such  cosines  vanishing, 
because  the  element  of  the  normal  section  is  perpendicular  to 
the  normal  to  the  surface. 


(39) 


Also  from  (36), 

(h  -  — )  /i  =  Au, 

(k-— )mi  =  Av, 
\         Pi' 

(l  -—)»!=  Xw; 


Pi' 


(h  -  -)  ^  =  Au, 


P2 


(k-  — )wi2=  Av, 


9% 


(l )  «2  =  aw; 


(42) 


whence  multiplying  severally  by  /,  m,  n,  and  adding,  and  by 
reason  of  (38), 


H  //i  -f  K  w  Wi  +  L  nui  =  -  cos  a, 

P 

Rllt-\-Kfnmi-^L  nn2  =^  ~  sin  a ; 

P 


(43) 


and  multiplying  the  first  of  (43)  by  cos  a,  and  the  second  by 
sin  a,  and  adding  and  reducing  by  means  of  (41),  we  have 

PRICE,  VOL.  I.  4  E 
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H /*  -h  Km*  +  Ln*  =  —  (cos  a)*  -|-  —  (sin  a)" ;  (44) 

Pi  P% 

and  therefore  by  (31)^ 

1^  (C08a)»^(8ma)^.  ^^^ 

P  Pi  Pi 

which  is  Euler's  Theorem ;  and  is  of  importance^  as  by  it  the 
radius  of  curvature  of  any  normal  section  is  expressed  in  terms 
of  the  principal  radii  of  curvature  at  the  point  in  question. 

404  J  Hence  we  have  the  following  proposition  as  to  the 
radii  of  curvature  of  any  two  normal  sections  which  are  per- 
pendicular to  each  other. 

Let  p  and  p'  be  the  radii  of  curvature  of  two  normal  sections 
perpendicular  to  each  other ;  then 

1       (coso)*       (sino)*  1        (sino)*      (oosa)^ 

—  = 1- ,  -  = 1 , 

P  pi  Pt  P  Pi  P% 

.-.     i  +  i  =  -  +  -;  (46) 

P       P         Pi       P% 

that  is^  the  sum  of  the  curvatures  of  any  two  normal  sections 
perpendicular  to  each  other  is  constant. 

405.3  As  an  example  of  the  preceding  formulae,  let  us  take 
the  ellipsoid  whose  equation  is 

F(^,y,2r)  =  ^  + 1^  +  ^=1;  (47) 

2  2  2 

a* '  A*  c* 

tt'=0,  t;'=0,  w'=0; 

if  j9  is  the  perpendicular  from  the  centre  on  the  tangent  plane; 
see  equation  (81),  Art.  338.     Hence  equation  (27)  becomes 

^^  ,  y'  ,  ^'         ^  ft  /4QX 

aHpp-o')      V'ipp-b^)  ^  cHpp-c^)  ^  ^ 

the  roots  of  which  quadratic  equation  are  the  greatest  and  least 
principal  radii  of  curvatiu<e  at  any  point  on  the  ellipsoid. 
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And  a»  the  last  term  of  the  quadratic  when  written  in  an 
integral  form  is  — --j— ,  it  follows  that  the  product  of  the  great- 
est and  least  radii  of  currature  is  invariable  for  all  points  for 
which  p  is  constant. 

Again^  putting  (48)  in  the  form 

x^  y^  z^ 

a«(l_^)"'*Wl-£l)"*"c»(l-fl) 

PP  PP  ^  PP 

and  subtracting  it  from  the  equation  to  the  ellipsoid,  we  have 

'^2  «^2  ^s 


=  0; 


which  is  the  equation  to  a  concentric  and  confocal  surface  of 
the  second  order. 

Also  by  means  of  (26),  the  directions  of  the  principal  normal 
sections  may  be  determined  at  any  point  of  the  ellipsoid. 

406.]  We  proceed  now  to  consider  certain  singular  values  of 
pi  and  p^  and  the  nature  of  a  point  on  a  surface  whereat  the 
siDgnlar  values  exist. 

In  equations  (11)  and  (12)  an  ambiguity  of  sign  exists,  which 
is  introduced  in  extracting  the  root  of  u^+v'+w>,  and  there- 
fore p  may  be  affected  with  a  +  or  a  —  sign ;  and  the  same 
ambiguity  of  sign  continues  in  (27). 

As  u,  V,  w  are  the  same  for  different  normal  sections  at  the 
same  point,  and  as  p  is  an  absolute  length  of  line,  it  appears 
from  (11)  that  the  change  of  sign  arises  from  f — a?,  »j— y,  C— ^; 
and  therefore  the  change  of  sign  implies,  that  the  centres  of 
cntvature  are  for  different  normal  sections  situated  on  different 
sides  of  the  surface. 

With  respect  to  (46)  it  is  to  be  borne  in  mind,  that  pi  and  p^ 
are  both  taken  with  the  positive  sign,  and  that  q  has  the  same 
sign,  viz.  + ,  in  both.  From  (46)  therefore  it  follows,  that  if 
Pi  and  p%  have  the  same  sign,  p  has  always  the  same  sign  as 
either  of  them;  and  that  therefore  aU  normal  sections  have 
their  curvature  in  the  neighbourhood  of  the  point  turned  in  the 
same  direction.  The  analytical  condition  derived  from  equa- 
tion (27)  that  this  should  be  the  case,  is,  that 

u*KL-hv*LH  +  w*HK  must  be  positive.  (49) 

4  E  a 
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Also  it  is  manifest  that,  as  pi  and  ps  are  a  maiimom  and  a 
minimum  value  of  the  radii  of  curvature,  p  always  lies  between 
them. 

Again,  if  the  signs  of  pi  and  pt  are  different,  that  is,  if 

u*KL  -f  v^LH  4-  w*HK  is  negative,  (50) 

the  radii  of  curvature  of  some  normal  sections  are  turned  in  a 
direction  contrary  to  that  of  others,  and  (45)  becomes 
1         (cos  a)*        (sin  a)* 


/>  Pi  Pi 


(51) 


let  a  be  such  that         tana  =  (— )',  (52) 

\pi  / 

then  for  all  values  of  a,  from  —a  to  -f  a,  and  from  ir— a  to 
ir  +  a\  the  radii  of  curvature  of  normal  sections  are  turned  in 
the  same  direction  ;  and  when  a  =  +  o',  and  =  tt  +  a,  p  =  00 ; 
then  the  normal  section  becomes  a  straight  line  in  its  consecu- 
tive elements  which  abut  at  the  point,  or  the  curvature  is  sus- 
pended ;  see  Art.  383 ;  and  for  all  values  of  a  outside  those 
limits^  the  curvature  of  the  normal  sections  is  turned  in  a  con- 
trary direction. 

According  to  our  hypothesis  pi  is  the  maximum  and  ps  is 
the  minimum  radius  of  curvature. 

In  the  case  in  which  one  of  the  principal  radii  of  curvature 
is  infinite,  say  pi  =  00 ,  ^^  ^^^ 

P  =  — —-  *  (53) 

Pi 

the  analytical  condition  of  which  derived  from  (27)  is 

U*KL-|-V*LH -I- W*HK   =   0,  (54) 

and  which,  when  expanded,  becomes  identical  with  that  de- 
termined in  Art.  360,  equation  (62),  as  the  differential  equation 
of  developable  surfaces.  Hence  we  have  the  geometrical  mean- 
ing of  this  equation.  One  of  the  principal  normal  sections  of 
the  surface  lies  along  the  straight  generating  line,  and  therefore 
the  curvature  of  this  section  vanishes. 

Again,  suppose  the  two  values  of  pi  and  pa  to  be  equal  and  of 
opposite  signs ;  then  the  coefficient  of  the  second  term  of  the 
quadratic  (27)  must  be  equal  to  zero,  whereby  we  have 

U2(K4  L)  +  V»(L-f  h)-|-w»(h  +  k)  =  0.  (55) 

In  this  case,  a  of  (52)  =  46° ;   and  therefore  of  the  surface 
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about  the  point,  the  curvature  of  one-half  is  turned  in  one 
direction,  and  that  of  the  other  half  in  the  opposite  direction, 
and  the  dividing  lines  of  these  districts  of  opposite  curvature 
are  two  straight  lines  passing  through  the  point,  and  perpen- 
dicular to  each  other. 

407  J  Lastly,  let  us  consider  the  case  when  the  principal 
radii  of  curvature  are  equal  and  have  the  same  sign.  Here 
pi  =  p2i  <ind  equation  (45)  becomes 

p  =  pi  =  Pjj  ;  (56) 

that  is,  the  radii  of  curvature  of  all  the  normal  sections  at  such 
a  point  are  equal.     The  point  is  called  an  umbilic. 

At  it  (27)  when  arranged  in  powers  of  p  is  a  complete  square ; 
whence  the  condition  might  be  found ;  but  the  following  process 
is  easier.  As  all  the  principal  radii  of  curvature  must  be  equal, 
the  direction-cosines  which  determine  their  directions  must  be 
indeterminate;  and  as  these  are  the  same  as  those  which  de- 
termine the  lines  of  curvature,  equations  (25)  or  (26)  must  be 
satisfied  identically  and  independently  of  any  particular  values 
of/,  m,  n;  but  this  is  eifected  if 

H  =  K  =  l;  (57) 

these  two  equation  therefore,  together  with  that  to  the  surface, 
determine  the  position  of  an  umbilic.  In  these  however  the 
simultaneous  values  of  a^yz  must  not  be  such  as  to  make  to 
vanish  either  u,  v  or  w,  for,  if  so,  the  process  according  to  which 
H,  K,  L  were  determined  in  Art.  399  fails.  And  if  the  two 
equations  (57)  are  equivalent  to  only  one,  then  this,  together 
with  the  equation  to  the  surface,  will  determine  a  line  on  the 
surface  which  is  the  locus  of  such  umbilical  points,  and  is  called 
the  line  of  spherical  curvature. 

Also  if  H  =  K  =  L,  we  have  from  equation  (20) 

Q 

and  all  the  radii  of  curvature  are  equal.  And  as  in  this  case 
(49)  is  satisfied,  so  all  the  curvatures  of  the  normal  section  are 
in  the  same  direction. 

In  the  case  however  in  which  either  u,  v,  or  w  vanishes,  and 
thereby  h,  k  and  l  are  rendered  indeterminate,  we  may  pro- 
ceed as  follows : 
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Suppose  V  to  Tanish;  then  retanung  to  equatioii  (8)  we  have 

(vr  —  vfu/)dx^  +  ww'dy^—rtfdz*  +  {:wv''-vw)dydz 

+  (vtt?— vti— wtt')£fedi?  +  (vi/+ Wtt— wr)dirrfy  =  0.     (58) 
And  since  u  =:  0^  equation  (16)  becomes 
ydy-^'wdz  =  0; 

.-.     dz^  ^^dy;  (59) 

substituting  which  in  (58)  we  have 

(vr'-wtr')  ^dx^^^l^dyA 

^2vw«-^w»t;-v«i.-f(v>^w»).^^^^^^      ^^^ 

dv 
which,  for  an  umbilic,  must  be  satisfied  independently  of  ^; 

hence  the  conditions  are 

when  u  s=  0,  vr'  — wtc;'=  0, 

u 


vr'  — wtc;'=  0,      -j 
_  v^w  — 2vwtt'4-w^ty  V. 

"  v*  +  w*  J 


(«1) 


Simihirly  the  conditions  are 
when  V  =  0,  wto'— uw'=  0, 

w^tt  — 2wut;'4-u*w 


V  = 


.w'  +  u* 

And  when  w  =  0,  ui^  —  vr'  =  0, 

__  u«t?-2uvtg>  v«i»  }^ .  (63) 

"^  —  u'  +  v* 

Hence  to  find  all  the  umbilics  on  a  surface,  we  must  first  ae^ 
the  number  of  points  which  satisfy  the  general  conditions  (57) ; 
and  also  inquire  when  any  and  what  points  satisfy  eitlier  of 
the  three  systems  (61),  (62),  and  (68). 

4O8.3  Examples  of  umbilics. 

Ex.1.   The  ellipsoid. 

2x  2y  %z 

whence  u  =  -^,      v  =  -t5,      ^  =  ":s'» 

or  b^  c^ 

2  2  2 

a*  o*  r* 
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tt'=  v'=  w'=  0; 
2  2  2 

It  is  evident  therefore  that  h,  k^  l  can  never  be  equal.  Also 
id  ecmditions  (61),  (62)  and  (63),  the  first  and  last  lead  to  im- 
possible results;  and  as  to  (62),  let  v  =  0,  therefore  y  =  0,  and 


4ni 


c^a 


The  ellipsoid  therefore  has  four  umbilics  situated  symmetri- 
cally in  the  plane  of  the  greatest  and  least  principal  axes;  and 
the  tangent  planes  at  these  points  are  paraUel  to  the  circular 
plane  sections  of  the  surface.     The  radius  of  curvature  at  the 

umbilic  =  — 
ac 

If  a  =  6,  the  surface  becomes  an  oblate  spheroid ;  x  =  0, 
z  =^  ±  c,  and  the  umbilics  are  the  points  where  the  axis  of 
revolution  meets  the  surface. 

£very  point  of  a  sphere  is  an  umbilic ;  and  a  sphere  is  the 
only  surface  possessing  this  property. 

Ex.  2.  Find  the  umbilic  of  the  surface  xyz  =:  k^, 
V  =  yz,         Y  =  ziP,    '    w  =  5?y, 
w  =  0,  t?  =  0,  m;  =  0, 

yz  zx  xy 

X  '  y  '  z  * 

,-.     H  =  K  =  L,   if  a?  =  y  =  5?  =  A. 

and  the  umbilic  is  at  the  point  {k,  k,  k). 

If  the  position  of  an  umbilic  is  determined  by  the  condition 
(57),  then  (24)  or  (25)  is  identically  satisfied  independently  of 
the  values  of  2,  m,  n;  and  therefore  through  such  an  umbilic 
the  number  of  lines  of  curvature  may  be  infinite.  But  if  it  is 
determined  by  either  of  the  conditions  (61),  (62),  or  (68),  one 
only,  or  at  all  events  only  a  determinate  number  of  lines  of 
curvature  will  pass  through  the  umbilical  point.  Thus  through 
the  umbilic  on  the  ellipsoid  found  in  Ex.  1,  only  one  line  o^ 
curvature  passes,  and  corresponding  to  it  we  have 
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di  ^  "c  \^^^^) 


and  therefore  the  line  of  curvature  is  in  the  plane  of  the  a  and 
c  semi-axes. 

409.]  To  return  to  the  consideration  of  lines  of  curvature, 
and  of  the  locus  of  the  centres  of  principal  curvature  which  is 
closely  allied  to  them. 

A  normal  at  a  point  of  a  curved  surface  is  always  intersected 
by  two  other  adjacent  normals,  drawn  in  the  two  principal 
normal  planes  which  are  perpendicular  to  each  other.  Now 
imagine  a  point  to  pass  from  a  given  point  on  a  surface  to  the 
adjacent  point  in  one  of  its  principal  normal  sections ;  and  on- 
again  in  the  same  direction  from  this  point  to  the  infinitesimally 
adjacent  point  in  its  principal  normal  section ;  and  so  on ;  it  is 
evident  that  the  point  passes  along  a  curve  described  on  the 
surface ;  and  if  the  same  process  is  carried  on  for  all  the  points 
of  the  surface,  it  is  evident  that  the  surface  will  be  divided  into 
a  series  of  zones  or  bands  of  varying  width. 

Imagine  again  the  moving  point  to  set  out  from  the  first 
point  on  the  surface  along  its  principal  normal  section  in  the 
direction  perpendicular  to  the  former  path ;  and  that  it  passes 
along  this  path  to  a  second  point ;  and  thence  to  a  third  and  so 
on ;  it  is  evident  that  it  traverses  a  path  which  cuts  each  of  the 
other  curves  at  right  angles ;  and  if  the  same  process  is  per- 
formed in  reference  to  other  points  on  the  surface,  the  surface 
will  be  divided  into  a  series  of  bands  of  varying  width  the  lines 
of  which  are  perpendicular  to  those  by  which  the  bands  of  the 
former  series  were  formed :  and  thus  the  surface  will  be  divided 
into  a  series  of  small  curvilinear  rectangles,  all  the  angles  of 
which  are  right,  the  sides  of  them  being  portions  of  lines  of 
curvature  of  the  surface,  and  these  always  intersecting  at  right- 
angles. 

Let  us  illustrate  these  propositions  by  means  of  a  surface  of 
revolution ;  say,  to  fix  the  ideas,  of  a  paraboloidal  form.  The 
lines  of  intersection  of  the  surface  by  its  meridianai  planes 
evidently  form  one  series  of  lines  of  curvature;  because  all 
normals  along  any  of  these  meridianai  curves  pass  through  the 
axis  of  the  figure.  And  all  "parallels''  intersect  the  surface  in 
lines  of  curvature  of  the  other  series,  because  all  the  normals 
drawn  at  points  on  the  same  parallel  meet  in  the  axis.     The 
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surface-elements  into  which  the  whole  surface  is  divided  by 
these  lines  of  curvature  are  rectangular.  If  these  lines  of 
curvature  are  projected  on  a  plane  perpendicular  to  the  axis 
of  revolution  of  the  surface,  the  parallels  give  concentric  circles, 
and  the  meridians  give  right  lines  radiating  from  the  common 
centre,  and  therefore  cut  all  the  concentric  circles  at  right- 
angles. 

Let  us  for  an  instant  consider  the  lines  of  curvature  of  the 
ellipsoid^  whose  equation  is 

:^  .  ^  .  f;!- 1 

a»  "^  A*  "^  c3  " 
From  (7),  Art.  898,  we  have 

(6«_c»)  f-  +  (c«-«*)  X  4.  (a»-6»)  ^  =  0.  (64) 

and  this  is  the  differential  equation  to  the  lines  of  curvature ; 
from  which  however  we  have  at  present  no  means  of  deducing 
the  integral  equation :  and  therefore  we  must  defer  the  discus- 
sion to  the  succeeding  volume*. 

The  preceding  properties  of  the  lines  of  curvature,  and  of  the 
developable  surfaces' formed  by  the  consecutive  normal  planesi 
are  of  great  importance  in  architecture.  If  an  area  is  to  be 
covered  with  a  vaulted  dome  of  stone  or  similar  material,  the 
plane  joints  of  the  voussoirs  ought  to  be  at  right  angles  to  the 
exposed  surface  of  the  stone ;  and  therefore  the  lines  of  division 
of  the  stones  in  the  vault  ought  to  be  lines  of  curvature  of  the 
vaulted  dome ;  and  then  these  side-siurfaces  of  the  voussoirs  will 
be  perpendicular  to  the  exposed  surfaces,  and  the  pressures  will 
be  at  right-angles  to  the  surfaces  which  bear  them.  To  the  ob- 
servations made  by  Monge  as  to  the  lines  of  joints  of  the 
voussoirs  in  a  vault,  I  may  add,  that  not  only  in  vaulted  domes, 
but  in  all  kinds  of  curved  masonry  and  woodwork  the  lines  of 
joint  ought  to  be  the  lines  of  curvature,  and  the  surface  joints 
of  the  voussoirs  ought  to  be  the  developable  surfaces  which 
correspond  to  these  lines.  It  is  important  therefore  that  we 
should  be  able  to  construct  these  lines  of  curvature ;  and  with 
this  object  M.  Ch.  Dupin  discovered  the  following  general 
theorem : 

*  For  a  graphic  description  of  the  lines  of  curvature  on  an  ellipsoid  I  must 
refer  the  reader  to  "  Application  de  1* Analyse  a  Geoinetrie"  of  Monge. 
PRICK,  VOL.  1.  4  r 
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410.]  If  there  are  three  systems  of  surfaces  whioh  mutually 
intersect  each  other  at  right-angles^  every  two  of  them  trace  on 
the  third  its  lines  of  curvature. 

Let  the  three  systems  of  surfaces  be  represented  by  the 
equations 

»i  i^,  y,  z)  =  /i  (a),   n  i^Dy  y,  z)  =  /» (a),    F,  {x,  y,  z)  =  /s  (a) ;  (65) 

where  a  is  a  variable  parameter  by  the  variation  of  which  each 
member  of  the  several  systems  is  formed ;  and  where /i^/a,^  are 
symbols  of  functions  and  are  such  that  the  several  systems 
intersect  at  right  angles. 

Let  Ui,  Vi,  Wi,  «!,  Vi,  Wi,  Ui,  Vi',  tai\  and  similar  symbols,  with 
the  subscripts  2  and  3^  represent  the  partial  derived  functions  of 
(65)  as  heretofore ;  then,  as  the  three  surfaces  intersect  at  right 

•^*^®®'  UjUs  -f  VjVs  -f  w,ws  =  0  -| 

V9V1  -f  VsVi  4.  wswi  =  0  L  (66) 

UiXTj-f  V1V8-1-W1W2  =  oJ 

Let  dx,  dy,  dz  be  the  projections  on  the  axes  of  a  length-element 
of  the  intersection  of  two  members  of  f^  and  f^  ;  this  is  therefore 
perpendicular  to  a  member  of  Fi  ;  so  that 

^=^  =  ^;  (67) 

and  the  x,  y,  z  are  subject  to  the  relation  given  in  the  third 
equation  of  (66) ;  so  that  differentiating  weliave 

Ujrfui  +  Uirfuj-f-Vjrfvi-f  virfvj-f  Wjrfwi-f  Wirfwj  =  0;  (68) 

and  replacing  dvi, by  their  values^  which  are  given  in 

(61),  Art.  360,  we  have 

4-  Vi  {U,tt?s  +  V9W2  -f  V,t?8  -f  V8t?2  +  WjKg'  +  WsW} 

+  Wi{Ujt?8'-hU8»i'+ Vails' +  V8tt2'+W2U?8+W8Wj}   =   0; 


and  this  is  in  terms  of  second  partial  derived  functions  the  con- 
dition that  the  line  of  intersection  of  two  members  of  f^  and  Ps 
should  at  the  common  point  of  intersection  with  the  member  of 
Wi  be  perpendicular  to  Pi.  And  two  other  similar  expressions 
can  be  found,  because  the  lines  of  intersection  of  members  of  Vs 
and  Fi,  and  of  Pi  and  Fa  respectively,  are  perpendicular  to  the 
members  of  Fa  and  of  Fa.     If 
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-f(V2W3  +  VsWa)tti'+(w2U84-W3Ua)ri'  +  (U2V8  +  U3Va)wi'=Ai;(70)  I 

and  if  similar  values  are  formed  by  the  interchange  of  subscripts  I 

for  A2  and  As;  then  (69)  and  the  other  two  similar  expres- 
sions become 

A8  +  A3  =  0,  A3  +  Ai  =  0,  Ai+A2  =  0;  (71) 

.-.      ▲i  =  A2  =  A3=:0;  (72) 

80  that  the  conditions  requisite  that  the  three  systems  of  sur- 
faces should  intersect  at  right  angles  are 

+  (V2W8  -f  ▼sW2)tti'  +  (waus  +  W3U2)ri'  +  (Ujv,  +  U3V2)m^i'  =  0;  (73) 

U$Uitt2  +  ▼8Vit;2  +  WsWitl^a 

+  (VsWi  +  ViW8)tt2'+  (W8Ui-|-WiU8)V8'+(U8Vi  +  UiV8)tt;2'=0;    (74) 

UiUatts  -f  Vi  V2t?8  +  W1W2W8 

+  (VlW2  +  V2Wi)tt8'+  (WiU2  +  WaUi)r3'+  (UiT2-|-U2Vi)tt^'=  0;  (75) 

now  from  the  first  of  these  I  propose  to  shew  that  an  element 
of  the  line  of  intersection  of  two  members  of  Fi  and  F29  <^t  the 
point  where  they  are  intersected  by  the  corresponding  member 
of  F8,  is  an  element  of  a  line  of  curvature  of  the  member  of  Fi. 
From  (66)  we  have 

—  U2U8  =  V2V8-I-W2W8, 

(ViVa  +  WiWa)  (viV8-f  WiW8) , 
U2U8  =  — ^j , 

.-.  (VsVsH- WjWj)  Ui*  +  (viVa-f  WiWa)  (ViVs-f- W1W3)  =  0; 

«  «     L  «  -r  Ul^U>U>-Vl^V>V3-Wi^W2W8  .^^. 

.-.      V2W8-fV3W2  =  — ~ ;        (76) 

ViWi 

.      .,      1  Vi*V2V8— Wi*W2W8  — Ui*U2U8  ,„„. 

similarly,     W2U8-hW8U2  = =-?,       (77) 

„  ^   ^„  ^     -   Wl^W2W8-Ul»U2U8-Vl»V2V8  .^ov 

U2V84-U8V2  =   -— ;        (78) 

UiVi 

and  substituting  these  in  (78),  we  have 

U2U3lh4-V2V8t?l  +  W2W8tt;i  -f  ^^  {Ui»U2U8-Vi*V2V3-Wi«W2W8} 

^f 

+  -— -  {Vi«VaV8-Wi*W2W8-0i*0|U8} 

WiUi 

-f  -^  {Wi«W2W8-Ui«U»U8-Vi«V2V8}  s  0.  (79) 
4  F  2 
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Let  d$  be  the  length-element  on  Fi,  whkh  is  the  intersection 
of  F]  and  Fs,  and  it  perpendicufair  to  j%\  then 

Vtdx^ytdtf^wtdz  =  0,  r,u,+v,v,+w,w,  =  0; 

(80) 


Therefore  in  (79)  replacing  Vt,  Vf,  wj,  Uj,  v,,  wj,  bjr  these  propor- 
tionalt^  we  have,  after  all  rednctiona, 

dydzvi  {r,-iiT,  +  -^  (v,ri'- w,ipi'-  c,«i') 

W,  Ui 

-  -^(wiiri~u,«,'-vir/)}  +  ...+...  =  0;    (82) 

and  if  we  substitute  in  this  expression  the  valnes  of  h,  k,  l 
given  in  (19),  Art.  399,  we  have 

Vi(Ki'-hi) dydz  +  Vi(li  — H,)rfj?rfr  +  Wi(Hi— Ki)iirrfy  =  0,   (83) 

which  is  the  same  as  (24),  Art.  399,  and  is  the  differential 
equation  to  a  line  of  curvature  on  F].  It  is  also  evident  that 
we  should  have  obtained  the  same  equation  if  by  means  of 
(73)  we  had  investigated  the  condition  that  the  line  of  inter- 
section of  Fi  and  F3  should  be  perpendicular  to  Fs  at  the  common 
point  of  intersection :  and  as  (83)  is  a  quadratic  equation,  in 
terms  of  the  proportions  of  the  length-element,  its  two  roots 
refer  to  the  two  lines  of  intersection  of  Fj  and  f^  with  Fi  ;  and 
therefore  we  conclude  that  the  lines  of  intersection  of  Ft  and  f^ 
with  Fi  at  the  common  point  are  the  lines  of  curvature  of  Fi. 

If  processes  in  all  respects  similar  are  performed  on  (74)  and 
(75),  two  equations  with  the  subscripts  2  and  3,  and  similar  in 
form  to  (83),  will  result :  and  therefore  the  members  of  F3  and 
F]  will  intersect  all  the  members  of  F2,  and  the  members  of  Fj 
and  F2  will  intersect  all  the  members  of  F3,  along  their  respective 
lines  of  curvature :  and  this  is  Dnpin's  Theorem. 

If  therefore  a  system  of  surfaces  of  the  form  Fi  is  given,  and 
if  we  can  find  any  other  two  systems  such  as  Fs  and  Fs,  the 
several  members  of  which  intersect  all  the  other  members  of  Fi 
and  of  each  other  at  right-angles,  then  the  lines  of  intersection 
are  lines  of  curvature. 

41 1 .]  Of  this  proposition  we  have  one  remarkable  example. 
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Let  us  call  surfaces  of  the  second  order  confocal,  when  their 
principal  sections  are  confocal.  Then  three  systems  of  confocal 
surfaces  of  the  second  order,  which  are  severally  an  ellipsoid,  a 
hyperboloid  of  one  sheets  and  a  hyperboloid  of  two  sheets,  in- 
tersect at  right  angles ;  as  we  may  thus  prove.  As  the  surfaces 
are  confocal  we  may  take  their  equations  to  be 

yi(^,y,z)  =  £-  +  -?'      4-7^  =  1, 


A»  ^  A2-6»^  A»-c2 


T,{a:,y,z)  =  ^  +  ^  +  j^  =  1, 


J?*  y^  z^ 


F3(.?,y.z)  =  ^  +  ^;^-^  +  -^—^  =  1; 


(84) 


where  \*>b^>c^;  y?>l^<c^\  v^<V<c^;  so  that  the  three 
equations  represent  severally  an  ellipsoid,  a  hyperboloid  of  one 
sheet,  and  a  hyperboloid  of  two  sheets.     Now 

=  0; 

and  therefore  all  the  members  of  F2  and  F3  intersect  each  other 
at  right-angles.  Similarly  it  may  be  shewn  that  all  the  mem- 
bers of  Fi  intersect  at  right-angles  all  the  members  of  F2  and  F3. 
Hence  by  Dupin's  Theorem  we  infer  that  the  lines  of  curva- 
ture on  an  ellipsoid  are  the  lines  of  intersection  of  it  with  two 
confocal  hyperboloids,  which  are  respectively  of  one  and  two 
sheets ;  and  thus  the  construction  of  the  lines  of  curvature  is 
reduced  to  the  much  more  simple  problem  of  the  intersection 
of  surfaces. 

412]  On  the  locus-surface  of  the  centres  of  principal  cur- 
vature. 

Imagine  at  a  given  point  on  a  surface  the  two  lines  of  curva- 
ture to  be  drawn ;  and  at  every  point  along  one  of  these  lines 
of  curvature  imagine  normal  planes  to  be  drawn  touching  it ; 
these  will  by  their  intersection  generate  a  developable  surface, 
cutting  the  given  surface  at  right  angles ;  the  normal  line  will 
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be  the  characteristic  of  this  developable  surface ;  and  the  curve 
formed  by  their  intersection  will  be  its  edge  of  regression,  which 
will  also  be  the  locus  curve  of  the  centres  of  principal  curvature 
whose  section  touches  the  line  of  curvature. 

Similarly^  if  normal  planes  are  drawn  touching  the  other  line 
of  curvature  which  passes  through  the  given  point,  another 
developable  surface  will  be  generated  which  cuts  the  former  at 
right  angles ;  and  there  will  also  be  another  edge  of  regression, 
which  is  the  locus-curve  of  these  second  centres  of  principal 
curvature. 

And  as  a  similar  process  will  hold  true  for  all  points  of*  a 
surface,  so  will  the  series  of  developable  surfaces  arising  from 
the  first  line  of  curvature  cut  at  right  angles  each  of  the  series 
arising  from  the  second  line  of  curvature,  and  thus  will  space 
be  filled  with  developable  surfaces  intersecting  each  other  at 
right  angles ;  and  as  the  edges  of  regression  belonging  to  the 
first  line  of  curvature  continuously  vary,  so  wiU  they  generate 
a  surface-locus  of  all  the  corresponding  centres  of  curvature. 
And  similarly  will  another  surface  be  generated  by  the  other 
centres  of  curvature.  We  shall  hereby  obtain  a  surface  of  two 
sheets,  to  each  of  which  the  normal  of  the  surface  is  a  tangent ; 
and  any  two  planes  drawn  through  the  normal  and  touching 
the  two  sheets  are  at  right  angles  to  each  other. 

Hence  it  appears  that  the  surfaces  which  are  the  locus-surfaces 
of  the  two  centres  of  principal  curvature  must  have  particular 
properties.  They  wil]  be  of  two  sheets;  their  algebraical  equa- 
tions therefore  must  be  of  even  dimensions ;  these  sheets  must 
intersect  at  right  angles.  A  surface  therefore  which  does  not 
fulfil  these  two  conditions  cannot  be  the  surface  of  the  centres 
of  curvature ;  it  may  be  the  locus-surface  of  the  centres  of  one 
principal  curvature,  but  it  will  require  another  surface  to  be  its 
conjugate,  and  this  will  be  the  locus-surface  of  the  other  coitre 
of  principal  curvature. 

If  at  any  point  the  two  sheets  of  the  locus-surface  of  the 
centres  of  principal  curvature  intersect  each  other,  so  that  their 
edges  of  regression  have  a  common  point,  the  principal  radii  of 
curvature  of  the  original  surface  corresponding  to  that  point  are 
equal,  and  there  is  an  umbilic;  and  if  there  is  a  continuous 
locus  of  such  points  of  intersection,  the  corresponding  line  on 
the  original  surface  is  a  line  of^herical  curvature.  See  Art.  407. 


Digitized  by 


Google 


413']  ^^  PRINCIPAL   CURVATURE.  591 

The  analytical  process  for  finding  the  equation  of  this  suiface- 
locos  of  two  sheets  is  obvious  enough.  The  equations  to  the 
snrfiEU^e,  to  its  lines  of  curvature  through  a  given  pointy  and  to 
the  points  of  intersection  of  consecutive  normals^  or  the  coordi- 
nates to  the  centre  of  curvature  given  by  equations  (11),  are 
sufficient  for  eliminating  xyz,  and  for  giving  an  equation  in 
terms  of  f  17  and  f . 

As  at  an  umbilic  the  equations  (8)  or  (24)  for  determining 
the  directions  of  the  lines  of  curvature  give  indeterminate  re- 
sults, we  must  evaluate  them  by  differentiation  according  to 
the  method  of  Art.  139.  On  examining  which  it  will  be  seen 
that  each  differentiation  increases  by  unity  the  power  of  ehp, 
dy^  dz ;  and  therefore  as  we  begin  with  a  quadratic,  after  one 
differentiation  we  shall  have  a  cubic ;  after  two  differentiations 
a  biquadratic;  and  so  on.  Suppose  then  that  the  directions 
are  determinate  after  one  differentiation,  if  all  the  three  roots 
are  real  there  will  be  three  lines  of  curvature  passing  through 
the  point ;  if  two  roots  are  impossible,  there  will  be  but  one  line 
of  curvature ;  and  such  is  the  case  at  the  umbilics  on  the  ellip- 
soid. Similarly  may  there  be  four  or  more  lines  of  curvature 
at  an  umbilic;  nay,  an  infinite  number^  as  is  the  case  at  the 
pole  of  a  surface  of  revolution. 

The  lines  of  curvature  are  generally  non-plane  curves,  and 
have  a  contact  of  only  the  first  order  with  the  principal  normal 
section,  which  they  touch  at  the  point  of  contact :  this  is  mani- 
fest from  the  fact  that  the  equation  of  the  lines  of  curvature 
involves  differentials  of  the  first  order  only. 

413.]  If  the  equation  to  the  surface  is  given  in  the  explicit 

^*'™  *    ^=/(^,y),  (85) 

we  must  replace  as  follows;  and  as  the  results  assume  forms 
from  which  most  of  the  properties  of  the  curvature  of  surfaces 
have  been  derived  in  former  text  books,  we  give  them  in  order 
to  exhibit  the  identity  of  the  conclusions  : 

F(^,  y,z)  =  f{x,y)^z  =  0.  (86) 


dz\  idz\ 


(i)=y.  ©= 


dx'      ^'      \dyf 


1, 


(d^z\ 


(rf,*)  -  »"♦  (da,rfy)  -  *'  Kdyt)  -  *' 
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tt  =  r,         t?  =  /,         M?  =  0,      I  (87) 

?/=0,         t;'=0,         m;'=*;     J 
also  since  dz  ^ pdx-tqdy,  (88) 

therefore  equation  (8)  of  the  lines  of  curvature  becomes 

-dy^{s{\-\-^)^pqt}  =  0.  (89) 

This  is  a  quadratic  equation  in  terms  of  dy  :  dx^  and  is  the 
differential  equation  to  the  projections  of  the  lines  of  curvature 
on  the  plane  of  xy.  Suppose  the  coordinate  planes  to  be  so 
chosen  that  the  tangent  plane  at  the  point  under  consideration 
is  parallel  to  the  plane  of  xy,  then  J9  =  0,  9  =  0,  and  equation 

^dx'  8     dx 

and  as  the  product  of  the  two  roots  =  —  1,  it  follows  that  the 
lines  of  curvature  are  perpendicular  to  each  other. 

Hence  it  follows,  that  there  is  only  one  line  of  curvature 
through  an  umbilic  of  the  ellipsoid,  and  that  it  is  in  the  section 
of  the  greatest  and  least  axes. 

The  equation  (15)  of  the  principal  radii  of  curvature  becomes 

the  conditions  (49),  (50),  (54)  become 

rt-s^  >,  <,  =  0.  (92) 

Hence  the  condition  of  a  developable  surface  is,  see  Art.  360, 

r^-*3^0.       .  (93) 

And  the  condition  (55),  that  the  two  principal  radii  of  curvature 
should  be  equal  and  affected  with  opposite  signs,  is 

(l4-5^)r-2/?9*  +  (l-fl^)/  =  0.  (94) 

Also  the  general  conditions  (57)  for  an  umbilic  become 

and  of  the  three  sets  of  special  conditions,  (61)  and  (62)  become 
jo  =  0,        *  =  0,        r(lH-y«)  =  /,  (96) 

g  =  0,         *  =  0,         ^(l+/>«)=rr;  (97) 

(63)  cannot  be  satisfied,  since  w  cannot  vanish. 
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Hence  also  we  have  a  geometrical  interpretation  of  Lagrange's 
condition  that  a  function  of  two  variables,  say  z  =/(^,  y), 
should  admit  of  a  maximum  or  of  a  minimum  value. 

The  condition  is  that,  see  Art.  158  and  159, 


WM^/"  \d^r 


or  rt  —  **  should  be  positive ;  whence  it  follows,  that  the  prin- 
cipal radii  of  curvature  must  be  measured  in  the  same  direction. 

Now  at  a  point  where  (^)  =  (^)  =  0,  the  tangent  plane  is 

parallel  to  that  of  xy ;  if  then  all  the  radii  of  curvature  of  the 
normal  sections  at  that  point  are  measured  in  the  same  direc- 
tion, z  is  a  maximum  or  a  minimum :  but  if  some  are  turned  in 
one  direction  and  others  in  the  opposite  direction,  that  is,  if 
rt  — 9*  in  negative,  there  will  be  a  partial  maximum  and  a  par- 
tial minimumi  but  no  total  maximum  or  minimum;  and  if 
rt  —  9*=z0,  then  the  surface  is  developable,  and  the  generating 
line  will  give  a  series  of  partial  maxima  or  minima. 

414]  Meunier's  Theorem  on  the  curvature  of  oblique  sections 
of  a  surface. 

The  two  cases  of  principal  and  of  ordinary  normal  sections 
having  thus  been  investigated,  it  remains  for  us  to  consider  the 
third  case  of  Art.  397 ;  that  in  which  a  curve  is  described  on  a 
surface,  but  the  osculating  plane  to  which  at  the  given  point  is 
not  normal  to  the  surface. 

Let  p'  be  the  radius  of  absolute  curvature  of  such  a  curve, 
and  let  A,  ia,  v  be  the  direction-angles  of  its  direction ;  then, 
taking  8  to  be  equicrescent,  by  (26),  Art.  378, 

/^^  td^y  fd^z      ,^^^ 

multiplying  these  severally  by  - ,  - ,  — ,  and  adding,  we  have 

,trrf*;r-f  vrf*y-hwd*«        ucosX  +  vcos/m-f- wcosi^      .^^^ 
^  ^d? =  ^ '    (®^> 

bat  the  right-hand  member  of  the  equation  is  the  cosine  of  the 
angle  between  the  radius  of  curvature  of  the  oblique  section 
and  the  normal  to  the  surface,  =  cos  ^,  say ;  and  by  equation 
(12),  if  p  is  the  radius  of  curvature  of  the  normal  section  at 
PRICE,  VOL.  I.  40 
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the  point,  and  which  has  the  same  tangent,  the  latter  fiictor 

of  the  left-hand  member  =  -, 

P 

,'.     p  =  pcoB6.  (100) 

Hence  the  radius  of  corTature  of  an  oblique  section  is  equal 
to  the  projection  on  the  osculating  plane  at  the  point,  of  the 
radius  of  curvature  of  the  normal  section  of  the  surface  which 
has  the  same  tangent  line  with  the  oblique  section. 

Hence  if  a  sphere  is  described  having  for  centre  and  radius 
the  centre  and  radius  of  curvature  of  any  normal  section,  all  the 
oblique  sections  which  touch  the  normal  section  at  the  point 
on  the  surface  have,  for  osculating  circles  at  the  common  point, 
the  small  circles  of  the  sphere  made  by  their  respective  planes. 

415.3  -^  whatever  tends  to  elucidate  the  difficulties  of  an  ob- 
scure subject  deserves  attention,  I  do  not  hesitate  to  introduce 
the  following  process,  although  it  proves  theorems  which  have 
been  discussed  in  the  previous  Articles ;  and  it  exhibits  the  re- 
lations existing  between  the  curvatures  of  normal  sections  in  a 
remarkable  light,  and  hereby  indicates  the  nature  of  a  point  of 
a  surface  at  which  the  partial  derived-functions  are  not  inde- 
terminate. 

Let  the  point  of  the  surface  under  consideration  be  taken  as 
the  origin,  and  let  the  tangent  plane  be  that  of  xy ;  and  there- 
fore the  normal  is  the  axis  of  z.  Let  the  equation  to  the 
surface  be  z  ^  f{x,y).  (101) 

At  an  infinitesimal  distance  dz  from  the  origin  let  a  plane  be 
drawn  parallel  to  that  Gixy,  and  cutting  the  surface ;  the  curve 
of  section  we  will,  after  M.  Ch.  Dupin,*  call  the  indicatriXj  as 
the  form  of  it  indicates  the  nature  of  the  surface  at  the  origin ; 
let  dx,  dy,  dz  be  the  coordinates  to  a  point  on  this  curve ;  and 
through  that  point  and  the  axis  of  z  let  a  normal  section  be 
drawn,   making   an  angle  a  with   the  plane   of  xz,  so  that 

tan  a  =  -p- ;  and  let  ds  be  the  arc  of  the  normal  section  of  the 
ax 

surface  between  the  origin  and  the  point  {dx^  dy^  dz) ;  then 

*»=  d2r»  +  rfy2  +  rfa«;  (102) 

and  if  p  is  the  radius  of  curvature  at  the  origin  of  this  normal 

♦  D^vcloppemcnts  de  G^m^trie;  par  Ch.  Dupin,  Paris  1813,  page  48. 
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section^  and  which  lies  along  the  axis  of  z^  from  the  geometry 
of  the  circle,  we  have  *  , 

P  =  2^;  (108) 

that  is,  the  radius  of  curvature  of  a  normal  section  varies  as 
the  square  of  the  distance  between  the  point  and  the  intersec- 
tion of  the  normal  plane  with  the  indicatrix. 

Using  the  notation  of  Art.  413^  and  expanding  according  to 
Art.  140,  we  have 

and  neglecting  higher  powers  of  the  infinitesimals  dx  and  dy, 
and  observing  that  p  =:  g  =  0,  because  the  normal  at  the  origin 
is  perpendicular  to  the  axes  of  ^  and  y,  we  have 

£fe  =  i  {rdai»-\-2sda^dy-^tdy^}i  (105) 

and  therefore  *  , 

^  ^  rdai^+2sdafdy-{-tdy^''  ^^^^ 

which  equation  is  equivalent  to  (15)^  and  gives  the  value  of  the 
radius  of  curvature  of  the  normal  section. 

As  p  is  generally  finite,  it  appears  from  equation  (103)  that  dz 
is  an  infinitesimal  of  the  same  order  as  ds^;  therefore  in  equa- 
tion (102)  dz^  must  be  neglected^  and  we  have 

A»  =  dp»  +  dyK  (107) 

Hence  p  =     ,  .  ^t^f    ^^  a>  (108) 

^       rdar-\-2sdafdy-{-idy^  ^      ' 

^  (109) 


r  (cos  a)^+2«sin  a  cos  a-f  ^  (sin  a)^ ' 
which  result  is  the  same  as  equation  (91),  and  from  which  there- 
fore the  properties  of  maxima  and  minima  radii  of  curvature 
might  be  deduced. 

Suppose  the  coordinate  axes  of  x  and  ^  to  be  turned  about 
the  axis  of  z  through  an  angle  0,  such  that 

tan2tf=^;  (110) 

then  (105)  becomes 

2rff  =  rdx^^tdy^;  (111) 

which  equation,  if  we  consider  dx,  dy,  dlsr  to  be  the  coordinates 
to  a  point  on  the  surface  near  to  the  origin,  is  that  of  a  para- 

4  0  2 
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boloid ;  of  which  the  principal  sections  are  those  made  by  the 
planes  of  xz  and  yz ;  and  if  p,  and  p,  are  the  radii  of  eorvature 

of  these  sections  respectively,  p^^  =  -,  py  =  y.     If  the  axes  of 
X  and  y  are  turned  about  that  of  z  as  above,  (109)  becomes 
-  =  r  (cos  a)*  +  t  (sin  of 

^(cosa)«^(8m«)^_  (112) 

which  is  Euler's  Theorem ;  see  Art.  403. 

To  return  to  the  equation  of  the  indicatrix,  viz.  (105) ;  dz^ 

being  the  distance  between  the  parallel  planes  of  xy  and  of  that 

of  the  curve,  is  constant ;  and  dx  and  dy  are  the  rectangular 

coordinates  to  the  indicatrix,  the  origin  being  at  the  point  where 

the  axis  of  z  cuts  its  plane,  and  ds  is  the  radius  vector;  hence, 

c 
replacing  dx  and  dy  by  (  and  ?},  and  £fe  by  ^  we  have 

rf»-|-2*fiy  +  /i,«=  c,  (113) 

which  is  an  equation  of  the  second  dq^e,  referred  to  its  centre 
as  origin,  and  represents  an  ellipse  or  hyperbola  according  as 
rt—1^  is  positive  or  negative;  and  represents  a  circle  if  r  es  ^^ 
and  «  s:  0 ;  and  two  parallel  straight  lines  if  ri^9^  es  0.  Henee 
we  conclude,  that  if  a  sur&ce  is  cut  by  a  plane  parallel  and 
infinitesimally  near  to  a  tangent  plane,  the  curve  of  section  is 
either  an  ellipse,  a  hyperbola,  or  two  parallel  straight  lines; 
the  ellipse  of  course  admitting  of  the  variety  of  a  circle,  and 
the  hyperbola  in  certain  cases  being  rectangular,  and  in  other 
two  intersecting  straight  lines. 

If  thq  indicatrix  is  an  ellipse  the  surface  is  wholly  concave 
towards  it,  such  as  is  the  case  at  all  points  of  an  ellipsoid ;  and, 
if  it  is  a  hyperbola,  some  part  of  the  snrface  about  the  point  has 
its  curvature  turned  in  one  direction  and  some  part  in  the 
opposite;  and  if  the  indicatrix  is  two  parallel  straight  lines, 
the  surface  is  concave  towards  them  in  a  direction  perpendicular 
to  them,  but  is  in  a  straight  line  in  a  direction  parallel  to  them. 

Also  since  ds  is  the  central  radius  vector  of  the  indicatrix, 
and  since  the  radius  of  curvature  of  the  normal  section  varies 
as  ds\  the  latter  quantity  partakes  of  sinffular  values  analogous 
to  those  which  the  former  admits  of. 

In  the  ellipse  all  the  radii  veotores  are  real;  therefore  if  the 
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indicatrix  is  an  ellipae,  that  is,  ifrt^s^  is  positiTe^  all  the  radii 
of  curvature  of  nomial  sections  are  turned  in  the  same  direction  : 
the  radii  vectores  of  the  ellipse  have  two  maxima  and  two 
minima  values,  which  are  at  right  angles  to  each  other;  there- 
fore  the  radii  of  curvature  of  normal  sections  have  values  re- 
spectively a  maximum  and  a  minimum,  which  are  perpendicular 
to  each  other.  In  the  circle  all  the  radii  vectores  are  equal ; 
therefore,  if  r  =  /  and  s  =z  0,  all  the  radii  of  curvature  of 
normal  sections  are  equal,  and  there  is  an  umbilic;  thus  the 
tangent  plane  at  an  umbilic  of  an  ellipsoid  is  parallel  to  a  plane 
of  circular  sections. 

In  the  hyperbola  some  of  the  radii  vectores  are  real  and  some 
are  impossible ;  therefore  if  rt—s^  is  negative,  the  radii  of  curva- 
ture of  normal  sections  are  turned  in  one  direction  for  all  real 
radii  vectores  of  the  hyperbola,  and  in  the  opposite  direction 
for  the  impossible  ones ;  the  asymptotes  being  the  lines  bound- 
ing the  parts  which  have  their  curvatures  turned  in  opposite 
directions ;  and  if  the  hyperbola  is  rectangular,  equal  portions 
of  the  surface  at  the  point  have  their  curvatures  turned  in  oppo- 
site directions.  Hence  also^  as  the  principal  axes  of  the  hy- 
perbola are  at  right  angles,  one  being  real  and  the  other  being- 
impossible,  so  will  the  sections  of  greatest  and  least  curvature 
be  at  right  angles  to  each  other,  and  the  radii  will  be  turned  in 
opposite  directions. 

If  rt  =  8*y  that  is  if  the  indicatrix  is  two  parallel  straight 
lines,  the  origin  being  at  a  middle  point  between  them^  the  radii 
vectores  which  are  perpendicular  to  the  lines  are  the  least,  and 
the  normal  section  coincident  with  them  is  that  of  greatest  cur- 
vature ;  but  as  the  line,  which  is  parallel  to  and  bisects  them, 
never  meets  them,  the  corresponding  radius  of  cutvature  is 
infinite,  and  the  curvature  of  the  coincident  normal  section 
vanishes.   This  is  manifestly  the  case  with  developable  surfaces. 

416.]  Hence  also  it  is  plain,  that  if  the  condition  of  oscu- 
latum  of  two  surfaces  is  made  to  depend  on  the  second  derived 
functions  as  well  as  the  first  being  the  same  in  both,  or  in  other 
words,  on  the  two  surfaces  having  the  same  indicatrix,  a  surface 
of  the  second  order  can  always  be  found  to  osculate  to  a  given 
surface  at  a  givooi  poi^t ;  and  that,  in  the  ease  of  an  umbilic, 
the  surface  may  be  a  sphere,  and  in  a  developable  surface  it 
becomes  a  cylinder. 
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417.]  On  the  measure  of  curvature  of  a  surface  at  a  giyen  point* 
Oau88  in  his  celebrated  memoir  ^^  Disqmntioneg  Generale$ 
circa  Superficies  Curvas/^  has  introduced  a  definition  of  curva- 
ture of  a  surface  which  is  derived  analogously  from  the  means 
of  measuring  the  curvature  of  a  plane  curve ;  and  from  his  defi* 
nition  has  deduced  a  mathematical  estimate  of  curvature. 

Suppose  AS  to  be  the  finite  arc  of  a  plane  curve  commencing 
at  a  point  p  ;  and  at  the  extremities  of  a«  let  two  normals  to  the 
curve  be  drawn.  In  the  same  plane  take  a  circle  whose  radius 
is  unity,  and  through  its  centre  let  two  radii  be  drawn  parallel 
to  the  two  normals  at  the  extremities  of  a^^  and  let  the  radii 

include  an  angle  or  arc  A>|f ;  then  the  limit  -^  towards  which 
—  converges,  when  the  arc  of  the  original  curve  is  infinitesi- 
mal, is,  according  to  the  definition  of  Art.  281,  the  curvature  of 
the  curve  at  the  point  p. 

Imagine  now  upon  a  curved  surface  a  finite  area  enclosed  by 
a  contour,  within  which  is  a  given  point  p ;  and  also  imagine  a 
sphere  whose  radius  is  unity;  and  suppose  normals  to  the  surface 
to  be  drawn  at  every  point  of  the  enclosing  contour,  and  radii  of 
the  sphere  to  be  drawn  parallel  to  these  normals  y  by  this  process 
a  spherical  area  will  be  enclosed  on  the  surface  of  the  sphere. 

Let  AS  be  the  area  enclosed  by  the  contour,  and  as  the 
area  of  the  enclosed  figure  on  the  surface  of  the  sphere ;  then 

the  limit  -7-  towards  which  —  converges,  when  the  contour 

becomes  infinitesimal  but  still  encloses  the  point  p,  is  the  cur- 
vature of  the  surface  at  the  point  p. 

Let  the  area  as  on  the  given  surface  be  a  rectangle  con- 
tained by  four  lines  of  curvature;  and  let  a<^,  a^  be  the 
angles  subtended  at  the  centres  of  principal  curvature  by  two 
adjacent  sides  of  the  rectangle ; 

.-.       AS  =   pip2A<^iA<^2;  (114) 

and  similarly,  as  =  A^iA</>a;  (11^) 

.-.     the  curvature  =  -=-  =  ;  (116) 

08         pi  pi 

and  the  curvature  of  the  surface  at  any  point  is  equal  to  the 
product  of  the  curvatures  of  the  principal  normal  sections  at 
the  same  point. 
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The  truth  of  the  result  is  manifestly  independent  of  the  form 
of  the  small  area ;  for  whatever  its  form  be,  it  can  always  be 
divided  into  a  number  of  infinitesimal  rectangles,  for  every  one 
of  which  the  result  of  equation  (116)  will  be  true;  and  there- 
fore by  simple  addition  the  aggregate  of  all,  which  is  expressed 
by  equation  (116),  will  be  true  also.  The  curvature  then  will  be 
affected  with  a  positive  or  a  negative  sign,  according  as  the  radii 
of  the  principal  normal  sections  have  the  same  or  different  signs. 

In  the  case  of  developable  surfaces,  one  of  the  principal 
normal  sections  has  an  infinite  radius  of  curvature ;  it  would 
therefore  follow  from  (116),  that  the  curvature  of  a  developable 
surface  is  zero :  but  such  is  the  case  only  with  a  plane.  We 
must  therefore  retrace  our  steps  and  modify  the  process  in  the 
following  manner,  by  operating  on  a  right  circular  cylinder 
whose  radius  is  unity  instead  of  on  a  sphere : 

Let  the  two  containing  sides  of  the  rectangular  area  on  the 
given  surface,  and  which  are  coincident  with  the  lines  of  curva- 
ture, be  ASi  and  asz;  of  which  let  asz  lie  along  a  generating 
line  of  the  developable  surface,  and  a^i  be  at  right  angles  to  it; 
then  in  the  limit,  if  d<t>i  be  the  angle  subtended  by  dsi  at  the 
centre  of  principal  curvature,  dsi  =  pi  rf<^.  Let  the  axis  of 
the  cylinder  be  parallel  to  the  generating  line  of  the  develop- 
able at  the  given  point,  and  from  a  point  in  the  axis  of  the 
cylinder  let  normals  be  drawn  to  the  cylinder  parallel  to  normals 
drawn  to  the  developable  surface  along  a«i,  and  let  A<ri  be  the 
intercepted  arc  of  the  circle  on  the  surface  of  the  cylinder ;  then 
Aci  ==  A<^i ;  also  let  a  line  equal  to  a«2  he  taken  on  the  surface 
of  the  cylinder  and  perpendicular  to  aci  through  one  of  its 
extremities;  by  this  process  therefore 

da  =  pid(tndSi,  f[^  —  J_.  ni7\ 

d%  =  d<f>i  ds^,  '  '     da  "  pi' 

and  therefore  the  curvature  of  a  developable  surface  at  a  given 
point  is  equal  to  the  curvature  of  the  principal  normal  section 
which  is  perpendicular  to  a  generating  line. 

I  must  in  conclusion  observe  that  a  different  definition  of 
curvature  of  a  surface  has  been  given  by  Madame  Sophie  Ger- 
main ;  for  which  I  must  refer  the  reader  to  her  own  memoir  on 
the  Curvature  of  Surfaces ;  see  Crelle,  VII.  1 ;  and  Recherches 
sur  la  Theorie  des  Surfaces  filastiques,  Paris,  1821  and  1826. 
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CHAPTER  XIX. 

THB  CALCULUS  OF  OPERATIONS. 

418.]  Many  theorems,  which  occur  in  common  Algebra  and 
elsewhere,  are  true,  not  because  the  subjects  of  them  have  any 
special  nature  as  quantities,  but  because  they  conform  to  cer- 
tain laws  and  combine  in  certain  manners ;  and  these  theorems 
therefore  are  equally  true  of  all  symbols  which  are  subject  to 
these  laws.  For  the  sake  of  an  example  let  us  take  the  bino- 
mial theorem,  and  its  ordinary  proof:  n  simple  factors  of  the 
form  ^— a,  a?— 6,  ...  are  multiplied  together;  and  the  law  of 
their  combination  having  been  detected,  we  are  thence  led  to  a 
general  form ;  and  if  we  assume  a  =  A  =  c  =  ... ,  we  obtain  the 
general  expansion  of  (a?— a)'*.  Now  this  theorem  is  true,  not 
because  ^,  a,  6,  ...  are  symbols  of  quantity,  but  because  being 
symbols  of  quantity  they  satisfy  certain  laws,  in  conformity  with 
which  the  said  theorem  is.  All  other  symbols  therefore  which 
satisfy  these  laws  are  subject  to  the  same  theorem.  Similarly 
other  algebraical  theorems  of  expansion,  and  expansions  such 
as  those  which  have  been  given  in  the  preceding  pages  for  e* 
sin  07,  tan~^^,  and,  in  short,  Maclaurin's  and  Taylor's  Series, 
are  true  of  all  symbols  which  satisfy  certain  laws. 

A  distinction,  and  a  division  consequent  upon  that  distinc- 
tion, has  been  made  of  symbols;  some  are  called  symbols  of 
operation,  others  symbols  of  quantity :  those  which  indicate 
processes  to  be  performed  on  subjects,  such  as  symbols  of  dif- 
ferentiation ;  those  of  trigonometrical  operations,  as  sin,  tan, 
sec"-^;  those  of  logarithmic  affection,  as  loga,  e^  \  &c.  are  called 
symbols  of  operation:  whereas  the  subjects  on  which  these 
operations  are  performed  are  called  symbols  of  quantity.  Thus 
if  a,  A,  x^  y  are  symbols  of  the  ordinary  quantities  of  Algebra, 
they  are  called  symbols  of  quantities.  The  distinction  however 
is  scarcely  accurate ;  for  may  not  x  be  the  same  as  ^  x  1  ?  in 
which  case  x  symbolizes  a  process,  that  of  multiplication,  per- 
formed on  unity,  and  is  a  symbol  of  operation  ;  but  it  is  useful 
enough  for  our  purpose. 
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419.]  Let  us  investigate  and  define  two  or  three  laws  to  which 
symbols  whether  of  operation  or  of  quantity  may  be  subject. 

Let  <f>,  xff  be  symbols  of  operation ;  and  let  u  and  v  be  symbols 
of  quantity,  and  of  subjects  on  which  <^  and  yjr  are  performed. 
And  let  us  suppose  (f>,  \lf,  u  to  be  such  that 

<pylf(u)  =  ylf<f>iu);  (1) 

that  is,  if  the  two  operations  indicated  by  4>  and  yj/  are  performed 
successively  on  Uy  one  on  the  back  of  the  other,  let  us  assume 
the  result  to  be  the  same  whatever  is  the  order  in  which  they 
are  performed :  two  such  symbols  of  operation  are  said  to  be 
commutative^  and  to  satisfy  the  law  of  commutation. 
Similarly^  again,  if  (f>,  y\r,  x  ^e  such  that 

these  symbols  are  commutative.  Quantities  multiplied  into 
each  other,  satisfy  this  commutative  law :  thus  if  a,  &,  c  are 
constants 

axbxcxu=zbxcxaxu:=cxbxaxu,         (3) 

Symbols  of  differentiation  are  also  subject  to  the  same  law: 
thus,  if  tt  is  a  function  of  x  and  y, 

d    d  d    d 

—^  — —  u  ^s  -^^  — —  ft  '  (4i\ 

dy  dx  dx  dy     * 

and  a  similar  theorem  Is  thie  if  u  is  a  function  of  three  or  more 
variables.  The  form  in  which  the  law  of  commutation  has  been 
heretofore  expressed  as  to  differentiation  is,  "  the  order  of  differ- 
entiation is  indifferent.*'  See  Art.  79.  Trigonometrical  functions 
are  not  generally  subject  to  this  law ;  thus,  sin  2  ^  is  not  equi- 
valent to  2  sin  0? ;  neither  is  sin  tan"^  x  equivalent  to  tan~^  sin  x. 
Again,  let  ^  be  a  symbol  of  operation,  and  u  and  v  two 
symbols  of  quantity ;  and  let  <^  be  such  that 

<^(w  +  i;)  =  <^(w)4-<^(t?);  (5) 

then  the  operation  expressed  by  <^  is  said  to  be  distributive,  and 
^  is  said  to  satisfy  the  distributive  law.  Similarly  the  number 
of  subjects  of  the  function  may  be  n ;  and  we  may  have 

*(ttl-|-«2-f 4- W»)  =  <^(ttl)+<)(W2)+ -f  <^K).     (6) 

Let  us  at  present  take  only  two  subjects,  as  in  (5) ;  and  let  us 
operate  on  them  again  with  the  symbol  0 ;  then,  if  we  symbolize 
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two  such  operations,  performed  successively  on  a  subject  by  4»^, 
^®'**^®  <^«(«  +  t;)  =  <^  {<>(«  +  *;)} 

and  if  the  operation  is  performed  n  times  successively 

<^"(tt  +  t;)  =  <^"  («)  +  *"(»).  (7) 

Symbols  of  multiplication  are  in  conformity  with  this  law;  thus, 
if  a  is  a  constant^ 

a  (tt  -f- 1?)  =  at«  +  av,  a"  («  +  v)  =  a^u  +  a^v. 

Symbols  of  differentiation  are  also  subject  to  it;  thus^  if  u  and 
V  are  functions  of  a?, 

rf  /         ^       du      dv 

trigonometrical  operations  are  not  subject  to  it ;  thus,  sin  {u  4-  r) 
is  not  equivalent  to  sin  tt  +  sin  v. 

Constants  and  other  symbols  of  multiplication  are  also  sub- 
ject to  a  law  of  notation ;  or  rather  a  law  of  notation  has  been 
framed  with  respect  to  them  to  which  other  operative  symbols 
may  be  subject,  when  they  are  repeated  successively  on  the  back 
of  each  other.  The  origin  of  this  law  which  is  analogically  ex- 
tended is  the  following ;  let  a  be  a  constant  multiplied  into  u ; 

*^®^  a~a»tt  =  a«+»tt; 

that  is,  if  If  is  multiplied  by  a  first  n  times,  and  then  m  times, 
the  result  is  the  same  as  if  t«  had  been  multiplied  m-f-n  times 
by  a.  So  if  <^  is  a  symbol  of  operation  which  is  performed  on 
u  first  n  times  and  then  m  times,  and  if  the  result  of  these  suc- 
cessive operations  is  the  same  as  if  the  operation  of  which  ^  is 
the  symbol  had  been  performed  m-\-n  times,  then 

<^"»  if,^  (tt)  =  <^«+«  (tt).  (10) 

this  law  of  notation  is  called  the  iterative  or  the  repetitive  law. 
Evidentiy  differentiation  is  a  process  subject  to  it ;  because  it 
has  been  shewn  in  the  preceding  pages  that 

Now  the  calculus  wherein  these  and  other  similar  laws  of 
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operation^  as  distinct  from  symbols  of  quantity,  are  developed,  is 
called  the  Calculus  of  Operations ;  and  also  is  sometimes  called 
the  method  of  separation  of  symbols  of  operation  from  those  of 
quantity :  its  laws  and  results  I  proceed  to  develope,  so  far  as 
they  are  applicable  to  differential  calculus.  Our  operations  thus 
fiur  have  been  those  of  direct  differentiation^  that  is,  m  and  n  in 
(11)  are  taken  to  be  positive ;  for,  although  with  certain  limita- 
tions, the  results  will  be  true  when  the  operations  are  inverse, 
that  is,  when  m  and  n  are  negative,  yet  at  present  it  is  unneces- 
sary to  fix  their  limitations,  and  therefore  I  shall  confine  myself 
for  the  most  part  to  direct  processes. 

420.]  First  1  must  shew  that  any  algebraic  function  of  a  dis- 
tributive symbol  is  also  itself  distributive ;  and  therefore  that  an 
algebraic  function  of  the  symbol  of  differentiation  is  also  itself 
distributive. 

Let  ^  be  a  distributive  function  of  which  u-^v  is  the  subject  : 
and  let  it  satisfy  (5)  and  (7) ;  let 

«o-f  ai<^  +  aa**+ +ai.</>'' 

be  an  algebraical  function  of  it;  then,  from  (5)  and  (7),  it  is 
manifest  that 

{ao  +  ai<^  +  02<)*+  +an*"}  (m  +  v)  = 

{ao  +  ai<^  +  aa<^*-f -|-a,<^"}tt 

+  {ao4-«i<^  +  02<^+ +aH<^~}r;  (12) 

and  if  r  symbolizes  an  algebraic  function,  then,  also 

F<>  («-!-»)  =  F  <^  (tt)  +  r  <)  (V) ;  (18) 

and  therefore  as  a?-differentiation  is  a  distributive  operation. 

Again,  ^differentiation  is  subject  to  the  commutative  law : 
now  suppose 

^-/'l^^+Z^^^- ±Pn-.^+PnU^O    (16) 

to  be  a  differential  expression;  then,  omitting  the  symbol  of 
quantity,  we  have 

^n-P^i^^  ±r-5;+P-  =  0,.  (16) 

let  the  roots  of  this  equation  be  ai,  ^2, ...  a„ ;  and  let  us  resolve 
(16)  into  its  factors ;  so  that  it  is  equivalent  to 

4  H  2 
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ii-'Hi-") a—)'"'    <•" 

and  if  the  operations  indicated  by  these  factorial  symbols  are 
successively,  and  one  on  the  back  of  another,  applied  to  the 
subject  u,  the  result  will  be  by  the  commutative  law  the  same 
as  ifu  had  been  operated  on  by  the  whole  symbol  (16). 

TB..(^-,)(.^_.).  =  {i -.)(*-..) 

-  —  —S—      2 

-  ^  —  -3  —      2lu 
~~  \dr^  dx         ) 

It  is  not  my  intention  to  enter  on  the  processes  of  general  differ- 
entiation, when  the  indices  are  fractional,  because  the  theory  is 
too  imperfect  for  an  elementary  treatise;  but  I  shaU  extend 
some  of  the  theorems  to  a  few  cases  wherein  the  index  of  differ- 
entiation is  negative ;  in  which  it  will  be  convenient  to  use  a 
distinctive  symbol  for  this  negative  differentiation ;  and  I  shall 
assume 

d-^  =  ^;  (18) 

80  that  (^)     =  d-^  xdx  =  j' dx,  (19) 

"^  (s)'"=  ''-'^'  =f^--  <*» 


80 


°«=0'to  +  ©rfy; 


421.3  First  let  us  investigate  certain  forms  which  are  taken 
by  results  proved  in  the  preceding  pages ;  by  Art.  47, 

so  that  if  we  omit  the  subject  of  the  operating  symbol, 

that  is,  the  operation  expressed  by  d  is  equivalent  to  the  two 

operations  expressed  in  the  right-hand  member  of  the  equation. 

As  these  operations  are  commutative,  and  as  their  Bymbols 
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are  subject  to  the  index  law,  we  may  raise  both  sides  of  (22)  to 
the  nth  power ;  whereby  we  have 

and  adding  the  subject^  we  have 

which  result  is  the  same  as  (104),  Art.  80. 
If  we  use  the  notation  of  Art.  47,  then 
Dtt  =  djeU  -h  dyU ; 

,\       D  =   d:c^dy, 

and     D«  =  rf^^  +  wrfx^-^rfy-f^^^^rf^^-^d^-f  ...  H-rf/.   (26) 

And  if  u  is  a  function  of  many  variables,  then  because 

D  =  rf,  +  dy  +  rf,-f (27) 

D'*  =   (4  +  rfy-frf*-f )";  (28) 

the  right-hand  member  of  which  must  be  expanded  by  the 
multinomial  theorem,  according  to  the  process  of  Ex.  3,  Art.  96 ; 
whereby  the  equivalent  of  d**  will  be  obtained  in  terms  of  par- 
tial differentials  and  derived  functions.  . 

422.]  We  proceed  now  to  the  investigation  of  the  results 
consequent  on  other  symbols  of  operation  beside  those  of  simple 
differentiation.     Since 

d  rf** 

—  a"**  =  we"•^  .-.    ^^c«*  =  m»»a«^  (29) 

and  therefore  if  f  represents  an  algebraical  function 

f(^)€~«  =  C««P(W):  (80) 

and  I  may  observe  that  this  result  is  true  when  n  is  negative. 

Next  let  us  take  the  operating  symbol  3^^"*^;  that  is,  let  us 

suppose  a  subject  u  to  be  a  function  of  $y  and  to  be  multiplied 
by  6"*^,  and  subsequently  to  be  operated  upon  by  the  operation 

of  which  the  symbol  is  -^ ;  then 
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do  de 

=  e~*|j^  +  m|tt;  (31) 

80  that  omittiDg  the  subject  u,  we  have 

^-e-  =  .-(^,  +  m);  (82) 

and  therefore     [^^t'-*  =  e"  (^  +  «)";  (83) 

...    (^  +  -)"«  =  --(^)>«;  (8*) 

and  these  equalities  are  true  when  n  is  negative;  in  which  case, 
using  the  notation  of  Art.  420,  we  have 

(J^  4.w)"''tt  =  e--^'f%^'ud6-;  (36) 

and  if  v  expresses  an  algebraical  function, 

,(J^).-  =  .-,(^  +  «).  (87) 

From  these  expressions  another  theorem  may  be  deduced. 
Since  from  (82)  we  have 

(^  +  «.)„=e-J^.-«;  (38) 

in  it  let  US  substitute  form  successively  0,  —1,  —2,...  — (»— 1); 
and  let  all  these  processes  be  performed  successively  on  u ;  then 
we  have 

-*       d0^    de *    rfo" 

=  «-(e-J^)"«;  (39) 

which  and  (30)  and  (87)  are  three  fundamental  theorems  of  this 
kind  of  operating  symbol. 

423.]  Aud  they  may  by  the  following  substitution  take  forms 
which  are  useful  ir  the  solution  of  many  differential  equations. 
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Let        c*  =  x:  then         -yr:  =  07-7- ;  (40) 

aO  ax 

and  from  (29)  and  (30)  we  have 

[^-T-)  x^  =  m'*x^,  (41) 

F  yx  --7-)  a?**  =  x^  '(«»).  (42) 

Again,  let  the  substitution  (40)  be  made  in  (34)  and  (37) ;  and 

we  have  ^  „  /     rf  \« 

(a?^ +mj  tt  =  a?-"»(a?^]a?*tt,  (48) 

and  p(d?-T-jd?"»tt  =  ^"p  fa?  ^ +  «»)«.  (44) 

Also  let  the  substitution  (40)  be  made  in  (39) ;  and  we  have 

rfv 


424.]  By  this  last  formula,  differential  equations,  of  which 

the  differential  terms  are  of  the  form  ^;r  -z-)  u,  that  is,  where 

X  is  equicreseent,  and  the  power  of  x  in  the  coefficient  and  the 
order  of  the  derived-function  are  the  same,  may  be  transformed 
into  others  of  which  the  coefficients  shall  be  constant.  Because, 
if  ^  =  e^. 

Of  this  transformation  some  examples  are  subjoined. 

_     -        ,rf*tt         du  , 

Ex.  1.     X*  -T-r  +Xj-  -\-u  =  logx. 
oa?'         dx 

By  (40)  this  becomes,  if  a?  =  e*, 


(  d  '   .\  d         du 


d^u  d^u         du 

Ex.2.     x»^  +  8^»^+^^  +  a«^-  =  0. 
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By  reason  of  (40),  if  a?  =  e*,  we  have 

\de      /  ^de      f  de      ^de      f  de    de  * 

425.3  Let  u  and  v  be  two  functions  of  x :  then 

d  du        dv  ,.^, 

In  the  right-hand  member  of  this  equation,  let  d  be  the  symbol 
of  differentiation  referring  to  u  only  and  8'  that  referring  to  t; 
only:  then  ^  ,  ^, 

^«r  =  ^t>«  +  ^t.tt;  (48) 

.-.     £  =  ±  +  ^.  (49) 

^       £&r      dx 

Let  both  members  be  raised  to  the  nth  power ;  then 

d^  __  h^     g"-^y    »(n~i)  ^»-»y»  ^ 

£to»  ^  rfi?«  "^  "^   da?"    "^  ~T:2         d^^  '^  ""^  dx-'    ^  ^ 

and  adding  the  subject^  we  have 

d\uv  _  d^u          d**-^u  dv       n(«  — 1)  d^-'u  d'r 
■"5^  ""  ^^"^"dr^^Sr"*"      1.2       dx^^  dx^'^  

+«£'  <") 


which  is  Leibnitz's  Theorem  given  in  Art.  55. 
Of  this  theorem  the  following  are  particular  examples 

Let  V  =  c^*, 
dM«e*^  (d"tt        d"-itt        n(»— 1)  d»-att 


da?" 


,  (rf*»tt        tf"-*tt        n(»— 1)  tf»-*tt    _  )  ,^^ 


which  is  the  same  as  (34)^  proved  above. 
Let  w  =  —1,  in  (52) ;  then 

.-.      iT^  +  ^i    u  =  e-"^ I ue'^'dx,  (58) 
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486.]  Also  Since      ^^        ^  ^^ 

let  us  take  d^  d,  d'  to  be  symbols  of  a?-differeiitiation ;  aud  let  us 
assume  d  to  apply  to  both  u  and  v,  and  b  and  b'  to  t<  and  to  v 
separately :  so  that  taking  symbols  of  operation  only 

y=  D-«.  (55) 

Let  both  members  of  this  equation  be  raised  to  the  nth  power ; 
then 

j'n  =  D»-»D'-i«  +  ^-^^^  D"-25»  4- (-r«^     (56) 

1  .Z 

and  appending  the  subject  uv^ 

d^v  _  d*^,uv      n  d^-^  /rfa\      «(»  — 1)   rf""*  /    rf^wN  __ 
5i^  *"  Ix^  "  T  ^^i^i  \dif  "^      1.2      S^^  V  rf^/  ""  ••• 

(-)-.^2.     (57) 

In  a  paper  by  Mr.  Hargreave  in  the  Philosophical  Transac- 
tions for  1848^  (51)  and  (57)  are  extended  to  algebraical  fuuc^ 

tions  of  -r-  • 
dx 

427.]  Taylor's  series  may  be  expressed  in  the  following  con- 
cise form^  if  the  symbol  of  quantity  is  separated  from  that  of 
operation. 

By  (^6)»  Art.  71,  if  we  replace  deriyed  functions  by  their  equi- 
valent ratios  of  differentials,  we  have 

/(a?  +  /i)=/(^)-h-^^j+  -^^^-h (58) 

and  therefore 

r.       rv        S^       d  h      (d^  h^       id\^    h^  )  .,  , 

nx^h)  ={  1^+  _-  +  (_)_  +  (_)_  +  ...  ^/(a.) 

=  e^^fix);  (59) 

so  that  if /(^)  is  operated  upon  by  the  symbol  e  <ir^  it  is  changed 
iuto  f(x-\-h). 

Similarly,  if /(y)  is  operated  upon  by  the  symbol  e  dp,  it  is 
changed  into  f(y-\-k).  And  therefore  if  if(x,y)  is  a  function 
of  two  independent  variables  x  and  y, 

c*Ai?'"*S^F(a?,y)  =  r(x  +  h,y^k)',  (60) 
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and  similarly 

£f*5^^*5^  +  'dr-p(ar,y,2r)  =  F(a?-f  A,  y  +  X:,  2r  +  /).  (61) 

428.]   Since  by  Euler^s  Theorem,  Art.  82^  if  k  is  a  homoge* 
neous  function  of  n  dimensions, 


^  /du\        (du\ 


+ = »«. 


and  therefore  the  effect  on  u  of  the  operation  symbolized  by 

•'^  3~  +  y  3-  +  ...  is  to  convert  it  into  nu :  and  therefore 
oa?      ^  dy 

But  on  these  subjects  I  must  say  no  more :  my  work  has  already 
well  nigh  exceeded  the  limits  required  in  a  didactic  treatise,  and 
many  theorems  and  processes  have  been  omitted,  not  because 
they  are  useless  or  inelegant,  but  because  I  could  not  afford 
the  space.  It  is  however  the  less  necessary  to  enlarge  on  this 
calculus  of  operations  because  Mr.  Carmichael,  Fdlow  of  Trinity 
College,  Dublin,  has  lately  published  a  treatise  on  the  subject*, 
to  which  I  am  indebted  for  reference  to  some  subjects  in  the 
preceding  pages.  I  cannot  however  conclude  without  recom- 
mending the  student  to  consult  (1)  '^Essai  sur  un  nouveau  mode 
d'exposition  des Principes de Calcul Biffiteniiel"  by M.  Servois, 
Nismes,  1814 ;  (2)  many  papers  in  the  Cambridge  Mathematical 
Journal  by  Mr.  Gh*egory,  Professor  Donkin,  Professor  Boole, 
Mr. Bronwin;  (3)  the  memoir  of  Professor  Boole,  "On  a 
general  method  of  Analysis/^  in  the  Philosophical  Transactions 
for  1844 ;  (4)  a  memoir  of  Mr.  Hargreave  in  the  Philosophical 
Transactions  for  1848;  and  (5)  the  papers  of  M.  Servois  in  the 
Annales  des  Mathematiques  de  M.  Oergonne,  Vol.  V. 

*  A  Treatise  on  the  Calculus  of  Operations,  by  tbe  Rev.  Robert  Cahnichael, 
A.M.;   London,  I^ngman  and  Co.,  1855. 
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